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Abstract

Let be the set  of all real numbers and  = ∪ {ϵ} whose ϵ = -∞. Max-plus algebra  is the set   that is equipped two operations

maximum and addition. It can be formed matrices in the size of m x n whose elements belong to , called matrix  over  max-plus 

algebra . Optimizing  range  norm  of the image  set  of matrix  over  max-plus algebra  with prescribed  components  has

been discussed. Interval  Max-Plus Algebra  is the set  with ϵ = [ϵ, ϵ], is equipped with two operations maximum and addition .

The set  of all matrices in the size of m x n whose elements belong to I() , called matrix  over  interval  max-plus algebra . 

Optimizing  range  norm  of the image  set  of matrix  over  interval  max-plus algebra  has been discussed. In this paper, we

will discuss optimizing  range  norm  of the image  set  of matrix  over  interval  max-plus algebra  with prescribed  

components . © 2019 IOP Publishing Ltd. All rights reserved.
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Preface 

The South East Asia Design Research (SEA-DR) as a forum of design research in collaboration with 
Master Program of Mathematics Education, Syiah Kuala University, organized the 6th SEA-DR 
conference with the theme “Inspiring students to learn: Fostering innovative teaching and learning of 
science, mathematics and technology”. 

This conference was an excellent opportunity for academics, researchers, teachers and students to share 
knowledge, experiences and research findings as well as to inspire the best practice of development 
research in the field of teaching mathematics, science, and technology. 

We had four keynote speakers that were Prof. Berinderjeet Kaur, Prof. Maarten Dolk, Prof. Lilia Halim, 
and Dr. John Willison. We also had ten invited speakers and four keynote speakers in workshop sessions. 
Furthermore, there were 181 papers, including 148 oral presentation and 33 posters presentations. The 6th 
SEA-DR conference successfully attracted delegates from many countries. There were seven countries 
participating in this conference, including: Singapore, the Netherlands, Denmark, Australia, Malaysia, 
Brunei Darussalam, and Indonesia. 

Finally, we would like to extend our gratitude for everyone involved for their contribution in the 
conference. 

 

 

 

 

 

http://creativecommons.org/licenses/by/3.0


4/5/22, 9:54 AM Journal of Physics: Conference Series, Volume 1306, 2019 - IOPscience

https://iopscience.iop.org/issue/1742-6596/1306/1 1/3

 NOTICE: Ukraine: Click here to read IOP Publishing's statement.

Table of contents

Open all abstracts

Preface

Papers

Volume 1306
2019

Previous issue Next issue

The 2nd International Conference on Mathematics: Education, Theory, and Application 30–31 October 2018, Sukoharjo, Indonesia

Accepted papers received: 11 July 2019

Published online: 09 September 2019

 

011001OPEN ACCESS

Preface


 View article 
 PDFOpen abstract

011002OPEN ACCESS

Peer review statement


 View article 
 PDFOpen abstract

012001OPEN ACCESS

The Relation between Almost Noetherian Module, Almost Finitely Generated Module and T-Noetherian Module
A Faisol, B Surodjo and S Wahyuni


 View article 
 PDFOpen abstract

012002OPEN ACCESS

Maternal Antibody Susceptible Vaccinated Infected Recovered (MSVIR) Model for Tetanus Disease and Its Applications in Indonesia
Purnami Widyaningsih, Primadita Candrawati, Sutanto and Dewi Retno Sari Saputro


 View article 
 PDFOpen abstract

012003OPEN ACCESS

Petri Net and Max-Plus Algebra Model in Bank Queue with Two Servers in Each Service

Gevinda Arulia Martha, Siswanto and Tri Atmojo Kusmayadi


 View article 
 PDFOpen abstract

012004OPEN ACCESS

Students' Intuition Characteristics in Solve Mathematical Problem In Stage Planning
Arwanto, I Ketut Budayasa and Mega Teguh Budiarto


 View article 
 PDFOpen abstract

012005OPEN ACCESS

Characteristic Polynomial of a Triangular and Diagonal Strictly Double -astic Matrices over Interval Max-Plus Algebra

Aisyah Vyni Wulandari and Siswanto


 View article 
 PDFOpen abstract

012006OPEN ACCESS

Super (a, d)-H-antimagic total labeling of edge corona product on cycle with path graph and cycle with cycle graph
Arum Permata Sari, Titin Sri Martini and Vika Yugi Kurniawan


 View article 
 PDFOpen abstract

012007OPEN ACCESS

Super (a, d)-H-antimagic total labeling on wheel edge corona product with a path and a cycle

Uffi Nadzima and Titin Sri Martini


 View article 
 PDFOpen abstract

012008OPEN ACCESS

On H-supermagic labeling of friendship edge corona product with path and sun edge corona product with path
T Noviati, T S Martini and D Indriati


 View article 
 PDFOpen abstract

012009OPEN ACCESS

H− Supermagic labeling on domino ʘ P  and C  ◊ S

D A Anggraeni, T S Martini and T A Kusmayadi

n n n


 View article 
 PDFOpen abstract

012010OPEN ACCESS

On Super (a, d) − H− Antimagic Total Labeling of Edge Corona Product and Corona Product of Gear Graph with Path and Cycle
R Nistyawati and T S Martini


 View article 
 PDFOpen abstract

012011OPEN ACCESS

A New Approach in Decision of Pareto Efficient Concept in Probabilistic Vendor – Buyer Supply – Chain Problem for Imperfect Quality with Lead – Free Demand

R Setiawan


 View article 
 PDFOpen abstract

012012OPEN ACCESS

(a, d)-H-Anti Magic Total Labeling on Double Cones Graph
Mania Roswitha, Titin Sri Martini and Surya Aji Nugroho


 View article 
 PDFOpen abstract

012013OPEN ACCESS

Estimation Claims Reserving Based on Archimedean Copula

Lienda Noviyanti, R Hasna Afifah, A. Zanbar Soleh and Anna Chadidjah


 View article 
 PDFOpen abstract

012014OPEN ACCESS

The local metric dimension of edge corona and corona product of cycle graph and path graph
Elis Dyah Wulancar and Tri Atmojo Kusmayadi


 View article 
 PDFOpen abstract

012015OPEN ACCESS

The local metric dimension of generalized broken fan graph and edge corona product of star graph and path graphThis site uses cookies. By continuing to use this site you agree to our use of cookies. To find out more, see our
Privacy and Cookies policy.

https://ioppublishing.org/news/statement-on-ukraine/
https://iopscience.iop.org/issue/1742-6596/1306/1
https://iopscience.iop.org/volume/1742-6596/1306
https://iopscience.iop.org/issue/1742-6596/1305/1
https://iopscience.iop.org/issue/1742-6596/1307/1
https://iopscience.iop.org/article/10.1088/1742-6596/1306/1/011001
https://iopscience.iop.org/article/10.1088/1742-6596/1306/1/011001/meta
https://iopscience.iop.org/article/10.1088/1742-6596/1306/1/011001/pdf
https://iopscience.iop.org/issue/1742-6596/1306/1
https://iopscience.iop.org/article/10.1088/1742-6596/1306/1/011002
https://iopscience.iop.org/article/10.1088/1742-6596/1306/1/011002/meta
https://iopscience.iop.org/article/10.1088/1742-6596/1306/1/011002/pdf
https://iopscience.iop.org/issue/1742-6596/1306/1
https://iopscience.iop.org/article/10.1088/1742-6596/1306/1/012001
https://iopscience.iop.org/article/10.1088/1742-6596/1306/1/012001/meta
https://iopscience.iop.org/article/10.1088/1742-6596/1306/1/012001/pdf
https://iopscience.iop.org/issue/1742-6596/1306/1
https://iopscience.iop.org/article/10.1088/1742-6596/1306/1/012002
https://iopscience.iop.org/article/10.1088/1742-6596/1306/1/012002/meta
https://iopscience.iop.org/article/10.1088/1742-6596/1306/1/012002/pdf
https://iopscience.iop.org/issue/1742-6596/1306/1
https://iopscience.iop.org/article/10.1088/1742-6596/1306/1/012003
https://iopscience.iop.org/article/10.1088/1742-6596/1306/1/012003/meta
https://iopscience.iop.org/article/10.1088/1742-6596/1306/1/012003/pdf
https://iopscience.iop.org/issue/1742-6596/1306/1
https://iopscience.iop.org/article/10.1088/1742-6596/1306/1/012004
https://iopscience.iop.org/article/10.1088/1742-6596/1306/1/012004/meta
https://iopscience.iop.org/article/10.1088/1742-6596/1306/1/012004/pdf
https://iopscience.iop.org/issue/1742-6596/1306/1
https://iopscience.iop.org/article/10.1088/1742-6596/1306/1/012005
https://iopscience.iop.org/article/10.1088/1742-6596/1306/1/012005/meta
https://iopscience.iop.org/article/10.1088/1742-6596/1306/1/012005/pdf
https://iopscience.iop.org/issue/1742-6596/1306/1
https://iopscience.iop.org/article/10.1088/1742-6596/1306/1/012006
https://iopscience.iop.org/article/10.1088/1742-6596/1306/1/012006/meta
https://iopscience.iop.org/article/10.1088/1742-6596/1306/1/012006/pdf
https://iopscience.iop.org/issue/1742-6596/1306/1
https://iopscience.iop.org/article/10.1088/1742-6596/1306/1/012007
https://iopscience.iop.org/article/10.1088/1742-6596/1306/1/012007/meta
https://iopscience.iop.org/article/10.1088/1742-6596/1306/1/012007/pdf
https://iopscience.iop.org/issue/1742-6596/1306/1
https://iopscience.iop.org/article/10.1088/1742-6596/1306/1/012008
https://iopscience.iop.org/article/10.1088/1742-6596/1306/1/012008/meta
https://iopscience.iop.org/article/10.1088/1742-6596/1306/1/012008/pdf
https://iopscience.iop.org/issue/1742-6596/1306/1
https://iopscience.iop.org/article/10.1088/1742-6596/1306/1/012009
https://iopscience.iop.org/article/10.1088/1742-6596/1306/1/012009/meta
https://iopscience.iop.org/article/10.1088/1742-6596/1306/1/012009/pdf
https://iopscience.iop.org/issue/1742-6596/1306/1
https://iopscience.iop.org/article/10.1088/1742-6596/1306/1/012010
https://iopscience.iop.org/article/10.1088/1742-6596/1306/1/012010/meta
https://iopscience.iop.org/article/10.1088/1742-6596/1306/1/012010/pdf
https://iopscience.iop.org/issue/1742-6596/1306/1
https://iopscience.iop.org/article/10.1088/1742-6596/1306/1/012011
https://iopscience.iop.org/article/10.1088/1742-6596/1306/1/012011/meta
https://iopscience.iop.org/article/10.1088/1742-6596/1306/1/012011/pdf
https://iopscience.iop.org/issue/1742-6596/1306/1
https://iopscience.iop.org/article/10.1088/1742-6596/1306/1/012012
https://iopscience.iop.org/article/10.1088/1742-6596/1306/1/012012/meta
https://iopscience.iop.org/article/10.1088/1742-6596/1306/1/012012/pdf
https://iopscience.iop.org/issue/1742-6596/1306/1
https://iopscience.iop.org/article/10.1088/1742-6596/1306/1/012013
https://iopscience.iop.org/article/10.1088/1742-6596/1306/1/012013/meta
https://iopscience.iop.org/article/10.1088/1742-6596/1306/1/012013/pdf
https://iopscience.iop.org/issue/1742-6596/1306/1
https://iopscience.iop.org/article/10.1088/1742-6596/1306/1/012014
https://iopscience.iop.org/article/10.1088/1742-6596/1306/1/012014/meta
https://iopscience.iop.org/article/10.1088/1742-6596/1306/1/012014/pdf
https://iopscience.iop.org/issue/1742-6596/1306/1
https://iopscience.iop.org/article/10.1088/1742-6596/1306/1/012015
http://ioppublishing.org/privacyPolicy


4/5/22, 9:54 AM Journal of Physics: Conference Series, Volume 1306, 2019 - IOPscience

https://iopscience.iop.org/issue/1742-6596/1306/1 2/3

Silfiatul Khoiriah and Tri Atmojo Kusmayadi


 View article 
 PDFOpen abstract

012016OPEN ACCESS

Students' Analytical Thinking Profile Based on Reflective Cognitive Style in Solving Mathematics Problem
A Qolfathiriyus, I Sujadi and D Indriati


 View article 
 PDFOpen abstract

012017OPEN ACCESS

On the metric dimension of generalized broken fan graph and edge corona product of path with star graph

Makarima Sabila and Tri Atmojo Kusmayadi


 View article 
 PDFOpen abstract

012018OPEN ACCESS

On the strong metric dimension of crossed prism graph and edge corona of cycle with path graph
Astri Yunitasari and Tri Atmojo Kusmayadi


 View article 
 PDFOpen abstract

012019OPEN ACCESS

Nonlinear system identification model of the spread of TB disease using the genetic algorithm and multilayer perceptron

A Damayanti, P Subiyanto and A B Pratiwi


 View article 
 PDFOpen abstract

012020OPEN ACCESS

Fuzzy modeling network type 2 and principal component analysis for the diagnosis of diabetic retinopathy
A Damayanti, S Maimunah and A B Pratiwi


 View article 
 PDFOpen abstract

012021OPEN ACCESS

Metaheuristic Algorithms for Solving Multiple-Trips Vehicle Routing Problem with Time Windows (MTVRPTW)

A B Pratiwi, A Sasmito, Q S Istiqomah, M R Kurniawan and H Suprajitno


 View article 
 PDFOpen abstract

012022OPEN ACCESS

A Simulation of Shallow Water Wave Equation Using Finite Volume Method: Lax-Friedrichs Scheme
R. Setiyowati and Sumardi


 View article 
 PDFOpen abstract

012023OPEN ACCESS

On Radical Property of Cross Polyomino Ideal

Yoshua Yonatan Hamonangan and Intan Muchtadi-Alamsyah


 View article 
 PDFOpen abstract

012024OPEN ACCESS

Think Pair Share (TPS) Model Using Science, Technology, Engineering, Mathematics (STEM) Approach in Mathematics Learning
I Werdiningsih, Budiyono and H Pratiwi


 View article 
 PDFOpen abstract

012025OPEN ACCESS

On Vertex Irregular Total k-labeling and Total Vertex Irregularity Strength of Lollipop Graphs

Siti' Aisyah Nur Ni'mah and Diari Indriati


 View article 
 PDFOpen abstract

012026OPEN ACCESS

Mathematical problem solving based on Kolb's learning style
W A Rokhima, T A Kusmayadi and L Fitriana


 View article 
 PDFOpen abstract

012027OPEN ACCESS

Modelling of Hypertension Risk Factors Using Logistic Regression to Prevent Hypertension in Indonesia

Putri Andriani and Nur Chamidah


 View article 
 PDFOpen abstract

012028OPEN ACCESS

Student's Difficulties in Solving Higher Order Thinking Skills (HOTS) Problem for Mathematics Based on Verbalizer Cognitive Style
A Rahmawatiningrum, T A Kusmayadi and L Fitriana


 View article 
 PDFOpen abstract

012029OPEN ACCESS

Analysis of Concept Understanding Student in Class X Inequalities Material

D N Sari, B Usodo and I Pramudya


 View article 
 PDFOpen abstract

012030OPEN ACCESS

Server Room Temperature & Humidity Monitoring Based on Internet of Thing (IoT)
Moechammad Alvan Prastoyo Utomo, Abdul Aziz, Winarno and Bambang Harjito


 View article 
 PDFOpen abstract

012031OPEN ACCESS

On Edge Irregular Total k-labeling and Total Edge Irregularity Strength of Barbell Graphs

Melli Aftiana and Diari Indriati


 View article 
 PDFOpen abstract

012032OPEN ACCESS

Total Edge Irregularity Strength of Arithmetic Book Graphs

Lucia Ratnasari, Sri Wahyuni, Yeni Susanti, Diah Junia Eksi Palupi and Budi Surodjo


 View article 
 PDFOpen abstract

012033OPEN ACCESS

Spatial Lag Fixed Effect Panel Model with Weights Queen Contiguity for Economic Growth Data of ASEAN Member Countries
R D Wisnumurti, H Pratiwi and S S Handajani


 View article 
 PDFOpen abstract

012034OPEN ACCESS

Optimal control of a mathematical model for Japanese encephalitis transmission

Heni Kharismawati, Fatmawati and Windarto


 View article 
 PDFOpen abstract

012035OPEN ACCESS

On the metric dimension of amalgamation of sunflower and lollipop graph and caveman graphThis site uses cookies. By continuing to use this site you agree to our use of cookies. To find out more, see our
Privacy and Cookies policy.

https://iopscience.iop.org/article/10.1088/1742-6596/1306/1/012015/meta
https://iopscience.iop.org/article/10.1088/1742-6596/1306/1/012015/pdf
https://iopscience.iop.org/issue/1742-6596/1306/1
https://iopscience.iop.org/article/10.1088/1742-6596/1306/1/012016
https://iopscience.iop.org/article/10.1088/1742-6596/1306/1/012016/meta
https://iopscience.iop.org/article/10.1088/1742-6596/1306/1/012016/pdf
https://iopscience.iop.org/issue/1742-6596/1306/1
https://iopscience.iop.org/article/10.1088/1742-6596/1306/1/012017
https://iopscience.iop.org/article/10.1088/1742-6596/1306/1/012017/meta
https://iopscience.iop.org/article/10.1088/1742-6596/1306/1/012017/pdf
https://iopscience.iop.org/issue/1742-6596/1306/1
https://iopscience.iop.org/article/10.1088/1742-6596/1306/1/012018
https://iopscience.iop.org/article/10.1088/1742-6596/1306/1/012018/meta
https://iopscience.iop.org/article/10.1088/1742-6596/1306/1/012018/pdf
https://iopscience.iop.org/issue/1742-6596/1306/1
https://iopscience.iop.org/article/10.1088/1742-6596/1306/1/012019
https://iopscience.iop.org/article/10.1088/1742-6596/1306/1/012019/meta
https://iopscience.iop.org/article/10.1088/1742-6596/1306/1/012019/pdf
https://iopscience.iop.org/issue/1742-6596/1306/1
https://iopscience.iop.org/article/10.1088/1742-6596/1306/1/012020
https://iopscience.iop.org/article/10.1088/1742-6596/1306/1/012020/meta
https://iopscience.iop.org/article/10.1088/1742-6596/1306/1/012020/pdf
https://iopscience.iop.org/issue/1742-6596/1306/1
https://iopscience.iop.org/article/10.1088/1742-6596/1306/1/012021
https://iopscience.iop.org/article/10.1088/1742-6596/1306/1/012021/meta
https://iopscience.iop.org/article/10.1088/1742-6596/1306/1/012021/pdf
https://iopscience.iop.org/issue/1742-6596/1306/1
https://iopscience.iop.org/article/10.1088/1742-6596/1306/1/012022
https://iopscience.iop.org/article/10.1088/1742-6596/1306/1/012022/meta
https://iopscience.iop.org/article/10.1088/1742-6596/1306/1/012022/pdf
https://iopscience.iop.org/issue/1742-6596/1306/1
https://iopscience.iop.org/article/10.1088/1742-6596/1306/1/012023
https://iopscience.iop.org/article/10.1088/1742-6596/1306/1/012023/meta
https://iopscience.iop.org/article/10.1088/1742-6596/1306/1/012023/pdf
https://iopscience.iop.org/issue/1742-6596/1306/1
https://iopscience.iop.org/article/10.1088/1742-6596/1306/1/012024
https://iopscience.iop.org/article/10.1088/1742-6596/1306/1/012024/meta
https://iopscience.iop.org/article/10.1088/1742-6596/1306/1/012024/pdf
https://iopscience.iop.org/issue/1742-6596/1306/1
https://iopscience.iop.org/article/10.1088/1742-6596/1306/1/012025
https://iopscience.iop.org/article/10.1088/1742-6596/1306/1/012025/meta
https://iopscience.iop.org/article/10.1088/1742-6596/1306/1/012025/pdf
https://iopscience.iop.org/issue/1742-6596/1306/1
https://iopscience.iop.org/article/10.1088/1742-6596/1306/1/012026
https://iopscience.iop.org/article/10.1088/1742-6596/1306/1/012026/meta
https://iopscience.iop.org/article/10.1088/1742-6596/1306/1/012026/pdf
https://iopscience.iop.org/issue/1742-6596/1306/1
https://iopscience.iop.org/article/10.1088/1742-6596/1306/1/012027
https://iopscience.iop.org/article/10.1088/1742-6596/1306/1/012027/meta
https://iopscience.iop.org/article/10.1088/1742-6596/1306/1/012027/pdf
https://iopscience.iop.org/issue/1742-6596/1306/1
https://iopscience.iop.org/article/10.1088/1742-6596/1306/1/012028
https://iopscience.iop.org/article/10.1088/1742-6596/1306/1/012028/meta
https://iopscience.iop.org/article/10.1088/1742-6596/1306/1/012028/pdf
https://iopscience.iop.org/issue/1742-6596/1306/1
https://iopscience.iop.org/article/10.1088/1742-6596/1306/1/012029
https://iopscience.iop.org/article/10.1088/1742-6596/1306/1/012029/meta
https://iopscience.iop.org/article/10.1088/1742-6596/1306/1/012029/pdf
https://iopscience.iop.org/issue/1742-6596/1306/1
https://iopscience.iop.org/article/10.1088/1742-6596/1306/1/012030
https://iopscience.iop.org/article/10.1088/1742-6596/1306/1/012030/meta
https://iopscience.iop.org/article/10.1088/1742-6596/1306/1/012030/pdf
https://iopscience.iop.org/issue/1742-6596/1306/1
https://iopscience.iop.org/article/10.1088/1742-6596/1306/1/012031
https://iopscience.iop.org/article/10.1088/1742-6596/1306/1/012031/meta
https://iopscience.iop.org/article/10.1088/1742-6596/1306/1/012031/pdf
https://iopscience.iop.org/issue/1742-6596/1306/1
https://iopscience.iop.org/article/10.1088/1742-6596/1306/1/012032
https://iopscience.iop.org/article/10.1088/1742-6596/1306/1/012032/meta
https://iopscience.iop.org/article/10.1088/1742-6596/1306/1/012032/pdf
https://iopscience.iop.org/issue/1742-6596/1306/1
https://iopscience.iop.org/article/10.1088/1742-6596/1306/1/012033
https://iopscience.iop.org/article/10.1088/1742-6596/1306/1/012033/meta
https://iopscience.iop.org/article/10.1088/1742-6596/1306/1/012033/pdf
https://iopscience.iop.org/issue/1742-6596/1306/1
https://iopscience.iop.org/article/10.1088/1742-6596/1306/1/012034
https://iopscience.iop.org/article/10.1088/1742-6596/1306/1/012034/meta
https://iopscience.iop.org/article/10.1088/1742-6596/1306/1/012034/pdf
https://iopscience.iop.org/issue/1742-6596/1306/1
https://iopscience.iop.org/article/10.1088/1742-6596/1306/1/012035
http://ioppublishing.org/privacyPolicy


4/5/22, 9:54 AM Journal of Physics: Conference Series, Volume 1306, 2019 - IOPscience

https://iopscience.iop.org/issue/1742-6596/1306/1 3/3

JOURNAL LINKS

Journal home

Journal Scope

Information for organizers

Information for authors

Contact us

Reprint services from Curran Associates

Satria Adhi Wijaya and Tri Atmojo Kusmayadi


 View article 
 PDFOpen abstract

012036OPEN ACCESS

Design of Student Worksheet Based On Discovery Learning to Improve the Ability of Mathematics Reasoning Students of Class VII Junior High School
F Marian and Suparman


 View article 
 PDFOpen abstract

012037OPEN ACCESS

Modelling of Diarrheal Sufferers Percentage and Certified Drink Water Providers in East Java Using Bivariate Binomial Negative Regression Method

N A P Rahmayanti, Y S Yonani and M F F Mardianto


 View article 
 PDFOpen abstract

012038OPEN ACCESS

The Validity of Algebraic Module with Living Values Education for Junior High School
Y Ningrum, T A Kusmayadi and L Fitriana


 View article 
 PDFOpen abstract

012039OPEN ACCESS

Graceful Chromatic Number of Unicyclic Graphs

R. Alfarisi, Dafik, R.M. Prihandini, R. Adawiyah, E. R. Albirri and I. H. Agustin


 View article 
 PDFOpen abstract

012040OPEN ACCESS

The γ-Dimension of Images of Bi-Lipschitz Function
S Wibowo, V Y Kurniawan and Siswanto


 View article 
 PDFOpen abstract

012041OPEN ACCESS

Indonesia's Inflation Analysis Using Hybrid Fourier - Wavelet Multiscale Autoregressive Method

Suparti, R Santoso, A Prahutama and A R Devi


 View article 
 PDFOpen abstract

012042OPEN ACCESS

Some properties on fuzzy chromatic number of union of fuzzy graphs through α-cut graphs coloring
I Rosyida, Widodo, Ch R Indrati and D Indriati


 View article 
 PDFOpen abstract

012043OPEN ACCESS

The Influence of Teacher's Conception of Teaching and Learning on Their Teaching Practice

Masduki, Suwarsono and M T Budiarto


 View article 
 PDFOpen abstract

012044OPEN ACCESS

Enhancing the Student's Reasoning Ability in Solving Real Number System Problems Using the Concept Map
R P Khotimah, Masduki and J Sungkono


 View article 
 PDFOpen abstract

012045OPEN ACCESS

Functional thinking profile of mathematics problems based on gender in senior high school

L N Pamungkas, T A Kusmayadi and L Fitriana


 View article 
 PDFOpen abstract

012046OPEN ACCESS

The r-dynamic chromatic number of corona of order two of any graphs with complete graph
Dafik, I H Agustin, D A R Wardani, B J Septory, A I Kristiana and E Y Kurniawati


 View article 
 PDFOpen abstract

012047OPEN ACCESS

The local antimagic total vertex coloring of graphs with homogeneous pendant vertex

Elsa Yuli Kurniawati, Ika Hesti Agustin, Dafik and Marsidi


 View article 
 PDFOpen abstract

012048OPEN ACCESS

Retinal Diseases Classification Using Levenberg-Marquath (LM) Learning Algorithm for Pi Sigma Network (PSN) and Principal Component Analysis (PCA) Methods
S Swasono, A Damayanti and A B Pratiwi


 View article 
 PDFOpen abstract

012049OPEN ACCESS

Classification of Javanese Language Level on Articles Using Multinomial Naive Bayes and N-Gram Methods

A P Ardhana, D E Cahyani and Winarno


 View article 
 PDFOpen abstract

012050OPEN ACCESS

Semiparametric approaches for modelling mortality with application to university employee data
Danardono, R S Utami, R Fitriani, Zulaela and S H Kartiko


 View article 
 PDFOpen abstract

012051OPEN ACCESS

Optimizing Range Norm of The Image Set of Matrix over Interval Max-Plus Algebra with Prescribed Components

Siswanto, A Suparwanto and M A Rudhito


 View article 
 PDFOpen abstract

012052OPEN ACCESS

Intensity of Teak Wood Production in Central Java Using Point Process by Counting Measure Approach

Respatiwulan, L Jatiningsih, Y Susanti, S S Handayani, H Pratiwi, I Slamet and Hartatik


 View article 
 PDFOpen abstract

This site uses cookies. By continuing to use this site you agree to our use of cookies. To find out more, see our
Privacy and Cookies policy.

https://iopscience.iop.org/1742-6596
https://iopscience.iop.org/1742-6596/page/scope
http://conferenceseries.iop.org/content/organizers
http://conferenceseries.iop.org/content/authors
http://conferenceseries.iop.org/content/aboutus
http://www.proceedings.com/2156.html
https://iopscience.iop.org/article/10.1088/1742-6596/1306/1/012035/meta
https://iopscience.iop.org/article/10.1088/1742-6596/1306/1/012035/pdf
https://iopscience.iop.org/issue/1742-6596/1306/1
https://iopscience.iop.org/article/10.1088/1742-6596/1306/1/012036
https://iopscience.iop.org/article/10.1088/1742-6596/1306/1/012036/meta
https://iopscience.iop.org/article/10.1088/1742-6596/1306/1/012036/pdf
https://iopscience.iop.org/issue/1742-6596/1306/1
https://iopscience.iop.org/article/10.1088/1742-6596/1306/1/012037
https://iopscience.iop.org/article/10.1088/1742-6596/1306/1/012037/meta
https://iopscience.iop.org/article/10.1088/1742-6596/1306/1/012037/pdf
https://iopscience.iop.org/issue/1742-6596/1306/1
https://iopscience.iop.org/article/10.1088/1742-6596/1306/1/012038
https://iopscience.iop.org/article/10.1088/1742-6596/1306/1/012038/meta
https://iopscience.iop.org/article/10.1088/1742-6596/1306/1/012038/pdf
https://iopscience.iop.org/issue/1742-6596/1306/1
https://iopscience.iop.org/article/10.1088/1742-6596/1306/1/012039
https://iopscience.iop.org/article/10.1088/1742-6596/1306/1/012039/meta
https://iopscience.iop.org/article/10.1088/1742-6596/1306/1/012039/pdf
https://iopscience.iop.org/issue/1742-6596/1306/1
https://iopscience.iop.org/article/10.1088/1742-6596/1306/1/012040
https://iopscience.iop.org/article/10.1088/1742-6596/1306/1/012040/meta
https://iopscience.iop.org/article/10.1088/1742-6596/1306/1/012040/pdf
https://iopscience.iop.org/issue/1742-6596/1306/1
https://iopscience.iop.org/article/10.1088/1742-6596/1306/1/012041
https://iopscience.iop.org/article/10.1088/1742-6596/1306/1/012041/meta
https://iopscience.iop.org/article/10.1088/1742-6596/1306/1/012041/pdf
https://iopscience.iop.org/issue/1742-6596/1306/1
https://iopscience.iop.org/article/10.1088/1742-6596/1306/1/012042
https://iopscience.iop.org/article/10.1088/1742-6596/1306/1/012042/meta
https://iopscience.iop.org/article/10.1088/1742-6596/1306/1/012042/pdf
https://iopscience.iop.org/issue/1742-6596/1306/1
https://iopscience.iop.org/article/10.1088/1742-6596/1306/1/012043
https://iopscience.iop.org/article/10.1088/1742-6596/1306/1/012043/meta
https://iopscience.iop.org/article/10.1088/1742-6596/1306/1/012043/pdf
https://iopscience.iop.org/issue/1742-6596/1306/1
https://iopscience.iop.org/article/10.1088/1742-6596/1306/1/012044
https://iopscience.iop.org/article/10.1088/1742-6596/1306/1/012044/meta
https://iopscience.iop.org/article/10.1088/1742-6596/1306/1/012044/pdf
https://iopscience.iop.org/issue/1742-6596/1306/1
https://iopscience.iop.org/article/10.1088/1742-6596/1306/1/012045
https://iopscience.iop.org/article/10.1088/1742-6596/1306/1/012045/meta
https://iopscience.iop.org/article/10.1088/1742-6596/1306/1/012045/pdf
https://iopscience.iop.org/issue/1742-6596/1306/1
https://iopscience.iop.org/article/10.1088/1742-6596/1306/1/012046
https://iopscience.iop.org/article/10.1088/1742-6596/1306/1/012046/meta
https://iopscience.iop.org/article/10.1088/1742-6596/1306/1/012046/pdf
https://iopscience.iop.org/issue/1742-6596/1306/1
https://iopscience.iop.org/article/10.1088/1742-6596/1306/1/012047
https://iopscience.iop.org/article/10.1088/1742-6596/1306/1/012047/meta
https://iopscience.iop.org/article/10.1088/1742-6596/1306/1/012047/pdf
https://iopscience.iop.org/issue/1742-6596/1306/1
https://iopscience.iop.org/article/10.1088/1742-6596/1306/1/012048
https://iopscience.iop.org/article/10.1088/1742-6596/1306/1/012048/meta
https://iopscience.iop.org/article/10.1088/1742-6596/1306/1/012048/pdf
https://iopscience.iop.org/issue/1742-6596/1306/1
https://iopscience.iop.org/article/10.1088/1742-6596/1306/1/012049
https://iopscience.iop.org/article/10.1088/1742-6596/1306/1/012049/meta
https://iopscience.iop.org/article/10.1088/1742-6596/1306/1/012049/pdf
https://iopscience.iop.org/issue/1742-6596/1306/1
https://iopscience.iop.org/article/10.1088/1742-6596/1306/1/012050
https://iopscience.iop.org/article/10.1088/1742-6596/1306/1/012050/meta
https://iopscience.iop.org/article/10.1088/1742-6596/1306/1/012050/pdf
https://iopscience.iop.org/issue/1742-6596/1306/1
https://iopscience.iop.org/article/10.1088/1742-6596/1306/1/012051
https://iopscience.iop.org/article/10.1088/1742-6596/1306/1/012051/meta
https://iopscience.iop.org/article/10.1088/1742-6596/1306/1/012051/pdf
https://iopscience.iop.org/issue/1742-6596/1306/1
https://iopscience.iop.org/article/10.1088/1742-6596/1306/1/012052
https://iopscience.iop.org/article/10.1088/1742-6596/1306/1/012052/meta
https://iopscience.iop.org/article/10.1088/1742-6596/1306/1/012052/pdf
https://iopscience.iop.org/issue/1742-6596/1306/1
http://ioppublishing.org/privacyPolicy


Journal of Physics: Conference Series

PAPER • OPEN ACCESS

Optimizing Range Norm of The Image Set of
Matrix over Interval Max-Plus Algebra with
Prescribed Components
To cite this article: Siswanto et al 2019 J. Phys.: Conf. Ser. 1306 012051

 

View the article online for updates and enhancements.

You may also like
Controlling optical responses through local
dielectric resonance in nanometre metallic
clusters
Chen Liang-Liang, Gu Ying, Wang Li-Jin
et al.

-

The strain and temperature scaling law for
the critical current density of a jelly-roll
Nb3Al strand in high magnetic fields
Simon A Keys, Norikiyo Koizumi and
Damian P Hampshire

-

Robust matrices in the interval max-plus
algebra
Siswanto, Pangadi and S B Wiyono

-

This content was downloaded from IP address 202.94.83.202 on 05/04/2022 at 03:47

https://doi.org/10.1088/1742-6596/1306/1/012051
https://iopscience.iop.org/article/10.1088/1009-1963/16/1/043
https://iopscience.iop.org/article/10.1088/1009-1963/16/1/043
https://iopscience.iop.org/article/10.1088/1009-1963/16/1/043
https://iopscience.iop.org/article/10.1088/0953-2048/15/7/301
https://iopscience.iop.org/article/10.1088/0953-2048/15/7/301
https://iopscience.iop.org/article/10.1088/0953-2048/15/7/301
https://iopscience.iop.org/article/10.1088/0953-2048/15/7/301
https://iopscience.iop.org/article/10.1088/1742-6596/1265/1/012029
https://iopscience.iop.org/article/10.1088/1742-6596/1265/1/012029
https://googleads.g.doubleclick.net/pcs/click?xai=AKAOjsvVQ5suD6mdoKRc0mYpxLGKjLVzBkjiuKyp0KIFQKFWmItRB0CGxBZUEFkvD2Yg6MrDUDL-aBlCVT8G6Wypg17b7pIDH2pAlDgUgI28_Vcn3vsmW8Oo2saHHMPLfzbyOtn18xFcEqTS7VttIDjOkm9jxn7jQFS9XlJtfyfAyYApaCmekXG-SanIUHK99skAouKsnNtIf7UBb7gADJ1JWy0HuFJFs32ZTEmOsAKCW6SKBBGhgMEZVV-OQIoaL1qpRCdFT2gs8bh3dgeZHfeCeU65o16LfIJR4W4&sig=Cg0ArKJSzD1BUhQfUnWH&fbs_aeid=[gw_fbsaeid]&adurl=https://ecs.confex.com/ecs/242/cfp.cgi%3Futm_source%3DIOP%26utm_medium%3DBanner%26utm_campaign%3D242Abstract%26utm_id%3D242Abstract


Content from this work may be used under the terms of the Creative Commons Attribution 3.0 licence. Any further distribution
of this work must maintain attribution to the author(s) and the title of the work, journal citation and DOI.

Published under licence by IOP Publishing Ltd

ICMETA 2018

IOP Conf. Series: Journal of Physics: Conf. Series 1306 (2019) 012051

IOP Publishing

doi:10.1088/1742-6596/1306/1/012051

1

 

 

 

 

 

 

Optimizing Range Norm of The Image Set of Matrix over 

Interval Max-Plus Algebra with Prescribed Components  

Siswanto, A Suparwanto, and M A Rudhito   

1 Department of Mathematics, Faculty of Mathematics  and  Natural  Sciences, Sebelas    

  Maret University, Surakarta  57126, Indonesia. 
2 Department of Mathematics, Faculty of Mathematics  and  Natural  Sciences,  Gadjah   

  Mada University, Yogyakarta  55281, Indonesia. 
3 The Program  Study  Mathematics  in  Education,  Faculty  of  Teacher  Training  and   

  Education, Sanata Dharma University, Yogyakarta  55282, Indonesia. 

 

E-mail : sis.mipa@staff.uns.ac.id  

Abstract. Let ℝ be the set of all real numbers and ℝ𝜀 = ℝ ⋃  {𝜀} whose 𝜀 = − . Max-

plus  algebra  is  the  set ℝ𝜀   that is equipped two operations maximum and addition. It 

can be formed matrices in the size of 𝑚 × 𝑛 whose elements belong to ℝ𝜀, called matrix 

over max-plus algebra. Optimizing range norm of the image set of matrix over max-plus 

algebra with prescribed components has been discussed. Interval Max-Plus Algebra is 

the set 𝐼(ℝ)𝜀 = { x = [x, x]|x, x  ∈  ℝ, 𝜀 < x  ≤ x} ∪ {ε} with ε = [𝜀, 𝜀], is equipped 

with two operations maximum (⊕) and addition (⊗). The set of all matrices in the size 

of 𝑚 × 𝑛 whose elements belong to 𝐼(ℝ)𝜀, called matrix over interval max-plus algebra. 

Optimizing range norm of the image set of matrix over interval max-plus algebra has 

been discussed. In this paper, we will discuss optimizing range norm of the image set of 

matrix over interval max-plus algebra with prescribed components. 

 

1.  Introduction 

Let ℝ be the set of all real numbers and ℝ𝜀 = ℝ ⋃  {𝜀} where 𝜀 = − . Max-Plus algebra  is  the  set 

ℝ𝜀 that is equipped two operations maximum (⊕) and addition (⊗). It can be formed matrices in the 

size of 𝑚 × 𝑛 whose elements belong to ℝ𝜀. Max-plus algebra has been used to model and analyze 

algebraically planning problems, communication, production system, queueing system with finite 

capacity, parallel computation, and traffic (Bacelli; et, al. [1]). Min-Plus algebra is the set ℝ𝜀 =
ℝ ⋃  {𝜀′} where  𝜀′ = −  which is equipped two operations minimum (⊕′) and addition (⊗′). Tam 

[3] also disccus about complete max-plus algebra that is the  ℝ𝜀 =  ℝ ∪ {𝜀, 𝜀′} is equipped with 

operations ⊕ and  ⊗, while complete min-plus algebra is ℝ𝜀′ =  ℝ ∪ {𝜀, 𝜀′} which is equipped 

operations ⊕ ′ and ⊗ ′. Then ℝ𝜀 and  ℝ𝜀′ are written as ℝ. 

The set of  all matrices in the size of  𝑚 × 𝑛 over  ℝ𝜀,  ℝ𝜀′   and  ℝ  can be formed. It is called the 

set of all matrices over max-plus algebra if its components belong to ℝ𝜀 and denoted by ℝ𝜀
𝑚×𝑛. 

Moreover, if 𝑛 = 1 we obtain the set of all vectors over max-plus algebra, namely ℝ𝜀
𝑚 =

{(𝑥1, 𝑥2, … , 𝑥𝑚)𝑇|𝑥1, 𝑥2, … , 𝑥𝑚 ∈ ℝ𝜀}. If m = n, ℝ𝜀
𝑛×𝑛 is idempotent semiring with operations ⊕ and 

mailto:sis.mipa@staff.uns.ac.id
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⊗ (Farlow [2], Akian, et. al. [4], Konigsberg [12]). Tam [3] gives an example of application of max-

plus algebra in the production system. The production matrix  𝐴 = (𝐴𝑖𝑗) ∈ ℝ𝜀
𝑛×𝑛 with 𝐴𝑖𝑗 shows the 

time is used of the production process from machine j to i, while  vector 𝑥(𝑘) = (𝑥𝑖(𝑘)) ∈ ℝ𝜀
𝑛 where 

𝑥𝑖(𝑘) is  the starting time of i machine at the kth stage. In this production process we obtain the equation  

𝑥(𝑘 + 1) = 𝐴 ⊗  𝑥(𝑘). 

One of the criteria is used by manufacturers is that the production process runs periodically with 

period 𝜆, such that 𝑥(𝑘 + 1) = 𝜆 ⊗  𝑥(𝑘). From equations 𝑥(𝑘 + 1) = 𝐴 ⊗  𝑥(𝑘) and 𝑥(𝑘 + 1) =
𝜆 ⊗  𝑥(𝑘) are obtained 𝐴 ⊗ 𝑥(𝑘) = 𝜆 ⊗ 𝑥(𝑘). The eigenvalue and eigenvector problem of matrix 𝐴 is 

problem of how to find eigenvalue 𝜆 and eigen vector 𝑥(𝑘) such that 𝐴 ⊗ 𝑥(𝑘) = 𝜆 ⊗ 𝑥(𝑘). 

In the real life situation, there are several ways for the manufacturer to determine the starting time 

of each machine. One of the ways is by choosing eigenvector as the starting time, so that the system will 

immediately reach the steady state; that is the process works periodically with the eigenvalue as its 

periods.  

However, in reality, there are more than one independent eigenvectors for the manufacturer to 

choose. In that case, a set of linear combination of the independent eigenvectors is constructed, and as 

such, the manufacturer needs an additional criteria to choose one element of the set. The additional 

criteria is by considering the difference between the largest and the smallest of the starting time of each 

machine. The difference is expressed as range norm of the starting time of each machine. Manufacturer 

can optimize the range norm of the starting time of each machine (Tam [3], Butkovic and Tam [6]). 

There are some determining factors of a manufacturer to optimize vector of range norm of the starting 

time of machine, that are the readiness of the raw material, the availability of the resources, and the 

distribution of the product. In solving the problems of a production system, Tam [3] has discussed 

optimizing range norm of the image set of matrix over max-plus algebra.  

Besides the criteria that have been submitted previously, manufacturers can also determine the start 

time of the machine began to work on certain machines. In this case, means that there are components 

that have been determined at the initial time vector machine start working. Furthermore, manufacturers 

only determine  the initial time for the machine left so initial time vector is an eigenvector with optimal 

range norm. 

Based on Kreinovich’s idea [11] about the probability to give an estimation of the period of time 

of a certain process and Rudhito [5] about generalization of max-plus algebra i.e. interval max-plus 

algebra, we will to expand concept in max-plus algebra which has been discussed by Tam [3] in interval 

max-plus algebra. Siswanto, et, al. [9] has discussed about existence of solution to the system of linear 

Equations in interval max-Plus algebra. Siswanto, et, al. [8] has discussed the optimizing range norm of 

the image set of matrix over interval max-plus algebra. In this paper, we will discuss  how to minimize 

and maximize range norm of the image set of matrix over interval max-plus algebra with prescribed 

components. Specially, about optimizing range norm of the image set of matrix over interval max-plus 

algebra with one component is prescribed and another one is unprescribed. 

Before discussing the result of this paper, several concepts which support the discussion are 

discussed. These are minimizing and maximizing range norm of the image set of  a matrix over max-

plus algebra with prescribed components. Other than that optimizing range norm of the image set of a 

matrix over interval max-plus algebra.  

 

2.  Preliminaries    

2.1.  Minimizing Range Norm 

The following the concepts about the problem minimizing of range norm of eigenvector of matrices 

over maks-plus algebra will be presented.  

Definition 2.1. If 𝑥 ∈ ℝ𝑚 then we will denote the function 𝛿(𝑥) =  ∑ 𝑥i
⨁
𝑖∈𝑀  − ∑ 𝑥i 

⨁′

𝑖∈𝑀  and called the 

range norm of x, i.e. range norm is largest value in x  – smallest value in x.  
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Problem 2.1. Given a matrix 𝐴 ∈ ℝ𝜀
𝑚 × 𝑛, solve  𝛿(𝑏) minimum, subject to  𝑏 ∈ 𝐼𝑚 (𝐴). 

Definition 2.2. If 𝑥 ∈  ℝ𝜀
𝑚 then the function 𝛿(𝑥) =  ∑ 𝑥𝑖

⨁
𝑖∈𝑀
𝑥𝑖≠𝜀

−  ∑ 𝑥𝑖
⨁′

𝑖∈𝑀
𝑥𝑖≠𝜀

 is the  range norm of x after 

only considering the finite components.  

Problem 2.2. Given a matrix 𝐴 ∈ ℝ𝜀
𝑚 × 𝑛, solve 𝛿(𝑏) minimum, subject to 𝑏 ∈ 𝐼𝑚 (𝐴). 

Futhermore, the minimizing of a norm range eigenvector with prescribed components are 

presented.  

Definition 2.3. Let 𝐴 ∈ ℝ𝜀
𝑚×𝑛 and 1 ≤ 𝑝 ≤ 𝑚 − 1. We will denote 𝐴1

𝑝
 to be the matrix that consist of 

the first p row(s) of A and 𝐴2
𝑝

 to be the matrix generated by deleting the first p row(s) of A. 

Problem 2.3. Given  𝐴 ∈ ℝ𝜀
𝑚×𝑛 and 𝑐 ∈ 𝐼𝑚(𝐴1

𝑝
) ∩ ℝ𝑝, 1 ≤ 𝑝 ≤ 𝑚 − 1. Find  𝑑 ∈ ℝ𝑚−𝑝 such that 

𝛿(𝑏) minimum, subject to 𝑏 ∈ 𝐼𝑚(𝐴) and 𝑏𝑇 = (𝑐𝑇 , 𝑑𝑇). 

Before we discussed the problem for all case of p, the two special cases for this problem when p = 

1 and 𝑝 = 𝑚 − 1 are presented.  

Theorem 2.4. Let 𝐴 ∈ ℝ𝜀
𝑚×𝑛  be doubly ℝ-astic and 𝑐 ∈ 𝐼𝑚(𝐴1

𝑝
) ∩ ℝ𝑝, 1 ≤ 𝑝 ≤ 𝑚 − 1. Suppose that 

𝑏̅ ∈ ℝ𝑚 is an optimal solution to Problem 1.1 for 𝐴 and 𝑑 ∈ ℝ𝑚−𝑝 is an optimal solution for Problem 

2.3 for 𝐴 and 𝑐, then 𝛿(𝑏̅) ≤ 𝛿(𝑏)  

where 𝑏𝑇 = (𝑐𝑇 , 𝑑𝑇). 

Theorem 2.4 guarantee lower bound of range norm which is obtained from optimal solution 

Problem 2.3. Using this result of the Problem 2.3, be obtained the solution of 𝑝 = 1. Suppose that only 

the starting time of one machine is prescribed, then by Theorem 2.4 can be obtained the result as the 

following. 

Theorema 2.5. Let 𝐴 ∈ ℝ𝜀
𝑚×𝑛 be doubly ℝ-astic and 𝑐 = (𝑐1) ∈ ℝ be the vector of prescribed 

component. Suppose that 𝑏 = 𝐴 ⊗ (𝐴∗ ⊗′ 0) and 𝑑 = (𝑐1 ⊗ 𝑏1
−1) ⊗ b where 𝑏1 is the first component 

of b. Then the vector(𝑑2, … , 𝑑𝑚)𝑇is an optimal solution to Problem 2.3. 

Futhermore, the case of 𝑝 = 𝑚 − 1, used the following theorem. 

Theorema 2.6. Let 𝐴 ∈ ℝ𝜀
𝑚×𝑛 be doubly ℝ-astic, 𝑐 ∈ 𝐼𝑚(𝐴1

𝑝
) ∩ ℝ𝑝 and 𝑑̃ be an optimal solution for 

Problem 2.3. Suppose 𝑥̅ = (𝐴1
𝑝

)
∗

⊗′ 𝑐 and 𝑑̅ = 𝐴2
𝑝

⊗ 𝑥̅ then 𝑑̃ ≤ 𝑑̅. 

2.2.  Maximizing Range Norm 

The following the concepts be related with the problem maximizing of eigenvector range norm of 

matrices over maks-plus algebra will be presented. 

Problem 2.4. Given  𝐴 ∈ ℝ𝜀
𝑚×𝑛, solve  𝛿(𝑏) maximum, subject to  𝑏 ∈ 𝐼𝑚 (𝐴). 

The maximizing range norm of the image set of a matrix over max-plus algebra with prescribed 

components will be presented.  

Problem 2.5. Given  𝐴 ∈ ℝ𝜀
𝑚×𝑛 and 𝑐 ∈ 𝐼𝑚(𝐴1

𝑝
) ∩ ℝ𝑝, 1 ≤ 𝑝 ≤ 𝑚 − 1, find  𝑑 ∈ ℝ𝑚−𝑝 such that 𝛿(𝑏) 

maximum, subject to 𝑏 ∈ 𝐼𝑚(𝐴) and 𝑏𝑇 = (𝑐𝑇 , 𝑑𝑇). 

Before discussing the problem for all case of p, the two special cases for this problem when 𝑝 = 1 

and 𝑝 = 𝑚 − 1 are presented. First discussed the cases where only one component prescribed that is 

𝑝 = 1. In the case of this special, Problem 2.5 can be considered the same as it counterpart Problems 

2.4. This can be seen in the following theorem. 

Theorem 2.7. Let 𝐴 ∈ ℝ𝑚×𝑛and 𝑐 = (𝑐1) ∈ ℝ be the prescribed component.  Suppose that 𝑏 ∈ 𝐼𝑚(𝐴) 

such that b is an optimal solution to Problem 2.4 and 𝑑 = (𝑐1 ⊗ 𝑏1
−1) ⊗ 𝑏 where 𝑏1 is the first 

component of 𝑏, then vector (𝑑2, … , 𝑑𝑚)𝑇 is an optimal solution to Problem 2.5. 

Teorema 2.8. Let  𝐴 ∈ ℝ𝑚×𝑛 be doubly ℝ-astic and non finite, i.e. ∃𝑖 ∈ 𝑀, 𝑗 ∈ 𝑁 such that 𝑎𝑖𝑗 = 𝜀. 

Suppose that 𝑐 = (𝑐1) ∈ ℝ  is the vector of prescribed component then Problem 2.5 is unbounded.  

Futhermore, we will consider the case when 𝑝 = 𝑚 − 1.   

Theorem 2.9. Let 𝐴 ∈ ℝ𝜀
𝑚×𝑛 be doubly ℝ-astic, 𝑐 ∈ 𝐼𝑚(𝐴1

𝑝
) ∩ ℝ𝑝 and 𝑑̃ be an optimal solution to 

Problem 2.5. Suppose that 𝑥̅ = (𝐴1
𝑝

)
∗

⊗′ 𝑐 and 𝑑̅ = 𝐴2
𝑝

⊗ 𝑥̅  then  𝑑̃ ≤ 𝑑̅. 
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Besides the concepts above namely about max-plus algebra, interval min-plus algebra, complete 

interval max-plus algebra, and complete interval algebra min-plus (Rudhito [5]; Siswanto [7]), also are 

used the concepts about optimizing a range norm the set of image matrix over interval algebra max-plus  

(Siswanto [10]). 

2.3.  Minimizing Range Norm of The Image Set of Matrix over Interval Max Plus Algebra  

Definition 2.10. Suppose that  x ∈ 𝐼(ℝ)𝑚 where x ≈ [x, x]; x, x  ∈ ℝ𝑚. The function  δ(𝐱) =

[𝑚𝑖𝑛 (𝛿(x), 𝛿(x)) , 𝛿(x)] is called the range norm of x.  

Definition 2.11. Given that matrix A ∈ 𝐼(ℝ)𝜀
𝑚×𝑛 with A ≈ [A, A]; A, A ∈ ℝ𝜀

𝑚×𝑛, then  𝐼𝑚(A) =

{A ⊗ p |p ∈ 𝐼(ℝ)𝜀
𝑛}. 

Problem 2.6 Given that matrix A ∈ 𝐼(ℝ)𝜀
𝑚×𝑛, solve δ(b) minimize, subject to   𝑏 ∈ Im (A), b ≈ [b, b].  

Definisi 2.12. Given that matrix b ∈ 𝐼(ℝ)ε
𝑚 with b ≈ [b, b]. The function δ(b) is said minimum if and 

only if  𝛿(b)  and  𝛿(b) are minimum. 

Definition 2.13. Suppose that  x ∈  𝐼(ℝ)𝑚 with x ≈ [x, x]. The function δ̃(x) =

[min (δ̃(x), δ̃(x)) , δ̃(x)] is the range norm of x, after only considering the finite components. 

Problem 2.7. Given that matrix A ∈ 𝐼(ℝ)𝜀
𝑚×𝑛, A ≈ [A, A]. Solve δ̃(b) minimize, subject to b ∈

 𝐼𝑚 (𝐴), b ≈ [b, b].  

Definition 2.14. Given that matrix b ∈ 𝐼(ℝ)ε
𝑚 with b ≈ [b, b]. The function δ̃(𝑏) is said minimum if and 

only if δ̃(𝑏) and δ̃(b) are minimum. 

Definition 2.15. Suppose that A ∈ 𝐼(ℝ)ε
𝑚×𝑛, A ≈ [A, A] is called double I(ℝ)- astic if A is double ℝ-

astic for every A ∈ [A, A].  

Theorem 2.16. The matrix A ∈ I(ℝ)ε
m×n where A ≈ [A, A] is double I(ℝ)- astic if and only if  A is 

double ℝ-astic . 

Lemma 2.17. Suppose that 𝐴 ∈ 𝐼(ℝ)𝜀
𝑚×𝑛 where A ≈ [A, A]. If A =  [A𝑖𝑗] be doubly 𝐼(ℝ)-astic, b ≈

[b, b], b = A ⊗ (A∗ ⊗′ 𝑣0), b = α ⊗ (A ⊗ (A
∗

⊗′ 𝑣0)) where 𝑣0 ∈ ℝ𝑚 be a vector whose every 

components is equal to a component 0 and 𝛼 = 𝑚𝑎𝑥𝑖 ((A ⊗ (A∗ ⊗′ v0))
i

− (A ⊗ (A
∗

⊗′ v0))
i
) ≥ 0 

then  

i.   b ≤ ([0, 𝛼], [0, 𝛼], … . , [0, 𝛼])𝑇, 

ii.  b𝑖 = 0  for some 𝑖 ∈ 𝑀, 

iii.  b𝑗 = α  for some 𝑗 ∈ 𝑀. 

Lemma 2.18. If x, y ∈ 𝐼(ℝ)𝑚 and α ϵ 𝐼(ℝ) where x ≈ [x, x], y ≈ [y, y] and a ≈ [a, a] then δ(x) =

δ(a ⊗ x).  

Theorem 2.19. Let A ∈ 𝐼(ℝ)𝜀
𝑚×𝑛 be double I(ℝ)-astic and 𝑣0  ∈  ℝ𝑚 be a vector whose every 

components is equal to a constant 0 then b ≈ [b, b] is a solution for Problem 2.6 where b = A ⊗

(A∗ ⊗′ 𝑣0),b = α ⊗ ( A  ⊗ (A
∗

⊗′ 𝑣0))and 𝛼 = 𝑚𝑎𝑥i ((A ⊗ (A∗ ⊗′ 𝑣0))
𝑖

− (A ⊗ (A
∗

⊗′ 𝑣0))
𝑖
). 

To determine solution of Problem 2.7 the next theorem is needed : 

Theorem 2.20. Suppose that A ∈ 𝐼(ℝ)𝜀
𝑚×𝑛, A ≈ [A, A] double I(ℝ)-astic and va ≈ [𝑣a, 𝑣a] ∈  𝐼(ℝ)𝑚 

be a vector whose every components is equal to an interval  a ≈ [a, a]. If x ∈  𝐼(ℝ)𝜀
𝑛 such that b =

 A ⊗ x, b ≈ [b, b] ∈ 𝐼𝑚(A) is solution of Problem 2.7 then ∀𝑗𝜖 𝑁 satisfy the conditions : 

a. x𝑗 = ε   or   

b. x𝑗 = [(A∗ ⊗′ 𝑣a)
𝑗
, (A

∗
⊗′ 𝑣a)

𝑗
] . 
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2.4.  Maximizing Range Norm of The Image Set of Matrix over Interval Max-Plus Algebra  

Problem 2.8 Given that matrix  𝐴 ∈ 𝐼(ℝ)𝜀
𝑚×𝑛, solve : maximize 𝛿(𝑏)  subject  to  𝑏 ∈  𝐼𝑚 (𝐴), 𝑏 ≈

[𝑏, 𝑏].  

Definition 2.22. The function δ(b) is called maximum if and only if 𝛿(b) and 𝛿(b) are maximum. 

Theorem 2.23. If  A ∈  𝐼(ℝ)𝑚 × 𝑛 then   

𝛿(b)  ≤ [𝑚𝑖𝑛 ( 𝑚𝑎𝑘𝑠
𝑗=1,2,…𝑛 

𝛿(Aj), 𝑚𝑎𝑥𝑗=1,2,…𝑛 𝛿(𝐴𝑗)) , 𝑚𝑎𝑥𝑗=1,2,…𝑛 𝛿(Aj)] for every b ∈ 𝐼𝑚(A). 

Theorem 2.24. Suppose that 𝑀 = {1, 2, … , 𝑚} and 𝑁 = {1, 2, … , 𝑛}. If 𝐴 ∈ 𝐼(ℝ)𝜀
𝑚 × 𝑛 be doubly 𝐼(ℝ)-

astic and there are 𝑖 ∈ 𝑀, 𝑗 ∈ 𝑁 such that 𝑎𝑖𝑗= ε then Problem 2.8 unbounded. 

3.  Results and Discussion 

This section will discuss the results of this research about optimizing range norm of the image set of 

matrix over interval max-plus algebra with some components are prescribed.  

 

3.1. Minimizing Range Norm  

Some definitions and theorems also problems the minimizing of a norm range the image set of matrix 

where one component is prescribed and one component is unprescribed, given as follows.  

Definition 3.1. Let A ∈ 𝐼(ℝ)𝜀
𝑚×𝑛 and 1 ≤ 𝑝 ≤ 𝑚 − 1. We will denote A1

𝑝
 to be the matrix that consists 

of the first p row (rows) of A and 𝐴2
𝑝

 to be the matrix generated by deleting the first p row (rows) of A. 

Problem 3.1. Given A ∈ 𝐼(ℝ)𝜀
𝑚×𝑛 and 𝑐 ∈ 𝐼𝑚 (A1

𝑝
) ∩ 𝐼(ℝ)𝑝, 1 ≤ 𝑝 ≤ 𝑚 − 1. Find d ∈ 𝐼(ℝ)𝑚−𝑝 such 

that δ(b) minimum subject to b ∈ 𝐼𝑚(A) and b𝑇 = (c𝑇 , d𝑇). 
To solve this problem, started by the two special cases for p = 1 and p = 𝑚 − 1. Let us consider 

the following theorem. 

Theorem 3.2 Let A ∈ 𝐼(ℝ)𝜀
𝑚×𝑛 be doubly 𝐼(ℝ)-astic and 𝑐 ∈ 𝐼𝑚(𝐴1

𝑝
) ∩ 𝐼(ℝ)𝑝, 1 ≤ 𝑝 ≤ 𝑚 − 1. 

Suppose that e is an optimal solution to Problem 2.6 for A and d ∈ 𝐼(ℝ)𝑚−𝑝  is an optimal solution to 

Problem 3.1 for A  and c then  δ(e) ≤ δ(b)  where b𝑇 = (c𝑇 , d𝑇). 

Proof. Suppose that A ≈ [A, A], b ≈ [b, b], c ≈ [c, c], d ≈ [d, d] and e ≈ [e, e]. Let   A ∈ 𝐼(ℝ)ε
𝑚×𝑛 be 

doubly 𝐼(ℝ)-astic and  c ∈ 𝐼𝑚 (A1
p

) ∩ 𝐼(ℝ)𝑝, 1 ≤ 𝑝 ≤ 𝑚 − 1. Therefore  A, A ∈ ℝε
𝑚×𝑛 be doubly ℝ-

astic and c ∈ 𝐼𝑚(A1
p

) ∩ ℝ𝑝, c ∈ 𝐼𝑚 (A1

p
) ∩ ℝ𝑝. Suppose e is an optimal solution to Problem 2.6 for A 

and d ∈ 𝐼(ℝ)𝑚−𝑝 is an optimal solution to Problem 3.1 for A and c. Since e ∈ 𝐼𝑚 (A), so e  ∈

𝐼𝑚 (A),   e  ∈ 𝐼𝑚 (A). with e is an optimal solution to Problem 2.1 for A and  e  is an optimal solution 

to Problem 2.1 for A. While d  ∈ ℝ𝑚−𝑝 is an optimal solution to Problem 2.3 for A and c and d  ∈ ℝ𝑚−𝑝 

is an optimal solution to Problem 2.3 for A and c. Acording to Theorem 2.4, 𝛿(e) ≤ 𝛿(b) and 𝛿(e) ≤

𝛿(b) where b𝑇 = (c𝑇 , d𝑇) and b
𝑇

= (c
𝑇

, d
𝑇

). As a result δ(e) ≤ δ(b) where b𝑇 = (c𝑇 , d𝑇). ∎     

Theorem 3.2 provides a lower bound for the range norm of the optimal solution to Problem 3.1. 

Suppose that only the starting time of one machine is prescribed then by Theorem 2.20 and Theorem 

3.2 are obtained results as follows. 

Theorem 3.3 Let A ≈ [A, A] ∈ 𝐼(ℝ)𝜀
𝑚×𝑛  be doubly 𝐼(ℝ)-astic, c = ([c1, c1]) ∈ 𝐼(ℝ) be the vector of 

prescribed components, 𝑣0 ∈ ℝ𝑚 be a vector whose every component is equal to a constant 0. If b =

 A ⊗ (A∗ ⊗′ 𝑣0), b = 𝛼 ⊗ (A ⊗ (A
∗

⊗′ 𝑣0)) where 𝛼 = 𝑚𝑎𝑥i ((A ⊗ (A∗ ⊗′ 𝑣0))
𝑖

− (A ⊗

(A
∗

⊗′ 𝑣0))
𝑖
) ≥ 0 ,d = (c1  ⊗ b1

−1) ⊗ b , d = (c1  ⊗ b1

−1
) ⊗ b when d ≤ d then d1

1 =

(d2, d3, … , d𝑚) is an optimal solution to Problem 3.1. 

Proof. Since A ∈ 𝐼(ℝ)𝜀
𝑚×𝑛 be doubly 𝐼(ℝ)-astic then A, A  be doubly ℝ-astic. Since c = (c1) =

([c1, c1]) ∈ 𝐼(ℝ) then c = (c1), c = (c1) ∈ ℝ the vector of prescribed components. If b = A  ⊗
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(A∗ ⊗′ 𝑣0) and b = 𝛼 ⊗ (A ⊗ (A
∗

⊗′ 𝑣0)) where 𝛼 = 𝑚𝑎𝑥i  ((A ⊗ (A∗ ⊗′ 𝑣0))
𝑖

− (A ⊗

(A
∗

⊗′ 𝑣0))
𝑖
) ≥ 0, d = (c1 ⊗ b1

−1) ⊗ b , d = (c1  ⊗ b1

−1
) ⊗ b when d ≤ d. According to Theorem 

2.5, the vector (d2, … , d𝑚)
𝑇

is an optimal solution to Problem 2.3 for c1 and A, while (d2, … , d𝑚)
𝑇
 is 

an optimal solution to Problem 2.3 for c1 and A . Therefore vector (d2, … , dm)𝑇 where d2 ≈

[d2, d2], … , d𝑚 ≈ [d𝑚, d𝑚] is an optimal solution to Problem 3.1 for c and A.    ∎ 

Next, in the case of  𝑝 = 𝑚 − 1 we needed to find the fisibel solution for d. Given A ∈ 𝐼(ℝ)𝜀
𝑚×𝑛 

be doubly 𝐼(ℝ)-astic and c ∈ 𝐼𝑚(A𝑝) ∩ 𝐼(ℝ)𝑝 be the vector of prescribed components that c ≈ [c, c], 

then there are  x̂ ∈ 𝐼(ℝ)𝜀
𝑛 where x̂ = (A1

𝑚−1)∗ ⊗
′

c such that c = A𝑚−1 ⊗ x̂. By using x̂ is obtained  g =

A2
𝑚−1 ⊗ x̂. According to equation,  

A ⊗ x̂ = (
A1

𝑚−1

A2
𝑚−1) ⊗ x̂ = (

A1
𝑚−1 ⊗ x̂

A2
𝑚−1 ⊗ x̂

) = (
c
g) = b, 

that g is the  optimal solution to Problem 3.1. 

Suppose that L and L  represent the minimum value of c and c, while U dan U represent the 

maximum value of c dan c, that is 

a. L = 𝑚𝑖𝑛
𝑖=1,..,𝑚−1

c𝑖 and L = 𝑚𝑖𝑛
𝑖=1,..,𝑚−1

c𝑖, 

b. U = 𝑚𝑎𝑘𝑠
𝑖=1,..,𝑚−1

c𝑖 and U = 𝑚𝑎𝑘𝑠
𝑖=1,..,𝑚−1

c𝑖. 

Since g ≈ [g, g], therefore there are three cases for g, i.e.   

1. L ≤ g ≤ U  where 𝛿(b) = 𝛿(c) = U − L, 

2. g < L  where 𝛿(b) = L − g, 

3. U < g where 𝛿(b) = g − U. 

Also there are three cases for g, i.e.   

1’.  L ≤ g ≤ U where 𝛿(b) = 𝛿(𝑐) = U −  L, 

2’.  g ≤ L where 𝛿(b) = L −  g, 

3’.  U < g where  𝛿(b) = g − U. 

 According to the disscusion in max-plus algebra, casses 1 and 2 and also casses 1’ and 2’ are 

solution to Problem 2.3 for  𝑝 = 𝑚 − 1. While casses 3 and 3’, may be there are g  and g  such that δ(b) 

and 𝛿(b) are optimal. The probability there exis g and g  are determined the same way in max-plus 

algebra. 

Next, from combination casses 1 and 1’, cases 1 dan 2’, cases 2 and 1’, and also cases 2 and 2’ can 

be obtained an optimal solution to Problem 3.1. The next theorem which is indicated upper bound of 

optimal solution to Problem 3.1.  

Theorem 3.4. Let A ∈ 𝐼(ℝ)𝜀
𝑚×𝑛 be doubly 𝐼(ℝ)-astic, c ∈ Im(A𝑝) ∩ ℝ𝑝 and  f ∈ 𝐼(ℝ)𝑚−𝑝 is an 

optimal solution to Problem 3.1. Suppose  x = (A1
𝑝

)
∗

⊗′ c and x = (A1

𝑝
)

∗
⊗′ c. If g = A2

𝑝
⊗ x and g =

𝛼 ⊗ (A2

𝑝
⊗ x) with  𝛼 = 𝑚𝑎𝑥 ((A2

𝑝
⊗′ x)

𝑖
− ((A2

𝑝
⊗′ x))

𝑖
)  then  g ≈ [g, g]  and  f ≤ g.   

Proof. Suppose A ≈ [A, A], c ≈ [c, c] dan f ≈ [f, f]. Let A ∈ 𝐼(ℝ)𝜀
𝑚×𝑛 be doubly 𝐼(ℝ)-astic, c ∈

Im(A𝑝) ∩ ℝ𝑝 and  f ∈ 𝐼(ℝ)𝑚−𝑝 is an optimal solution to Problem 3.1. Therefore A, A ∈ ℝ𝜀
𝑚×𝑛, c ∈

𝐼𝑚(A1
𝑝

) ∩ ℝ𝑝, c ∈ 𝐼𝑚 (A1

𝑝
) ∩ ℝ𝑝 with f is an optimal solution to Problem 2.3 for A and c, while f  is 

optimal solution to Problem 2.3 for A and c. Suposse  x = (A1
𝑝

)
∗

⊗′ c,  x = (A1

𝑝
)

∗
⊗′ c,  Acording to 



ICMETA 2018

IOP Conf. Series: Journal of Physics: Conf. Series 1306 (2019) 012051

IOP Publishing

doi:10.1088/1742-6596/1306/1/012051

7

 

 

 

 

 

 

Theorem 2.9, if  g = A2
𝑝

⊗ x,  g′ = A2

𝑝
⊗ x then f ≤ g  and f ≤ g′. Since g = 𝛼 ⊗ (A2

𝑝
⊗ x) = 𝛼 ⊗

g′ where 𝛼 = max𝑖 ((A2
𝑝

⊗′ x)
𝑖

− ((A2

𝑝
⊗′  x))

𝑖
) such that g ≈ [g, g] and f ≤ g.    ∎ 

 

3.2.  Maximizing range norm  

In the section will discuss about maximize a norm range of the image set of a matrix with some elements 

vector had been determined. Used an assumption that same as minimize a norm range that elements a 

vector that determined finite, image of the matrix the top namely A1
𝑝
 is c ∈ Im(A1

𝑝
) ∩ 𝐼(ℝ)𝑝 and the 

elements a vector that will be determined also finite. 

Problem 3.2. Given A ∈ 𝐼(ℝ)𝜀
𝑚×𝑛 and c ∈ 𝐼𝑚(A1

𝑝
) ∩ 𝐼(ℝ)𝑝, 1 ≤ 𝑝 ≤ 𝑚 − 1. Find d ∈ 𝐼(ℝ)𝑚−𝑝 such 

that δ(b) maximum subject to b ∈ Im(A) and b𝑇 = (c𝑇 , d𝑇). 
As in minimizing problem, to solve this problem, started by the two special cases 𝑝 = 1 and 𝑝 =

𝑚 − 1. Based on a case for 𝑝 = 𝑚 − 1, it can be discussed in the case of common. Given the following 

theorem. 

Theorem 3.5. Let A ≈ [A, A] ∈ 𝐼(ℝ)𝜀
𝑚×𝑛  be doubly 𝐼(ℝ)-astic, c = ([c1, c1]) ∈ 𝐼(ℝ) be a vector of 

prescribed components. If  b ∈ Im(A) is an optimal solution to Problem 2.8 and d = (c1  ⊗ b1
−1) ⊗ b , 

d = (c1  ⊗ b1

−1
) ⊗ b when d ≤ d then  e = (c, d1

1)𝑇  ∈ Im(A) is an solution to Problem 3.2 with d1
1 is 

the vector d = (d1, d2, … , d𝑚) ≈ [d, d] by deleting the first component.   

Proof. Let A ≈ [A, A] ∈ 𝐼(ℝ)𝜀
𝑚×𝑛  be doubly 𝐼(ℝ)-astic, so A, A be doubly ℝ-astic. Then, c =

([c1, c1]) ∈ 𝐼(ℝ) be the vector of prescribed components. So  c = (c1) , c = (c1) ∈ ℝ be the vector of 

prescribed components. Since b ∈ Im(A) is an optimal solution to Problem 2.8, so b ∈ 𝐼𝑚(A) is an 

optimal solution to Problem 2.4 for A, while b ∈ 𝐼𝑚(A) is an optimal solution to Problem 2.4 for A. 

Since, d = (c1 ⊗ b1
−1) ⊗ b, d = (c1  ⊗ b1

−1
) ⊗ b and d ≤ d. According to Theorem 2.7, e =

(c1, d1
1)

T
 ∈ 𝐼𝑚(A)  is a optimal solution to Problem 2.5 for c1 and A with d1

1 is the vector d =

(d1, d2, … , dm) ≈ [d, d] by deleting the first component and e = (c1, d1

1
)

T

∈ 𝐼𝑚(A) is a solution to 

Problem 2.5 for c1 and A with d1

1
 is the vector d = (d1, d2, … , dm) ≈ [d, d] by deleting the first 

component. Therefore, e = (c, d1
1)T ∈ Im(A) is an solution to Problem 3.2 for c1 and A with  d1

1 is the 

vector d = (d1, d2, … , dm) ≈ [d, d] by deleting the first component.    ∎ 

Theorem 3.6. Let  A ∈ 𝐼(ℝ)𝜀
𝑚×𝑛 be doubly 𝐼(ℝ)-astic and ∃𝑖 ∈ 𝑀, 𝑗 ∈ 𝑁 such that a𝑖𝑗 = ε. If 𝑐 =

(𝑐1) ∈ 𝐼(ℝ) is the vector of prescribed then Problem 3.2 has unbounded solution. 

Proof. Suppose A ≈ [A, A] and a𝑖𝑗 = [a𝑖𝑗 , a𝑖𝑗]. Let  A ∈ 𝐼(ℝ)𝜀
𝑚×𝑛 be doubly 𝐼(ℝ)-astic and there are 

𝑖 ∈ 𝑀, 𝑗 ∈ 𝑁 such that a𝑖𝑗 = ε. Therefore A, A ∈  ℝ𝜀
𝑚×𝑛 be doubly ℝ-astic and there are 𝑖 ∈ 𝑀, 𝑗 ∈ 𝑁 

such that a𝑖𝑗 = 𝜀 and a𝑖𝑗 = 𝜀.  Because c = (c1) ∈ 𝐼(ℝ) is the vector of prescribed. Suppose c ≈ [c, c] 

so c = c1, c = c1. According to Theorem 2.8 there is d ∈ ℝ𝑚−1 so the Problems 2.5 for c and A have 

unbounded solution and there is  d ∈ ℝ𝑚−1 so the Problems 2.5 for c and A have  unbounded solution. 

As a result Problems 3.2 have unbounded solution.    ∎ 

 Next, in the case of  𝑝 = 𝑚 − 1 we need to find the fisibel solution for d. Given matrix A ∈

𝐼(ℝ)𝜀
𝑚×𝑛 be doubly 𝐼(ℝ)-astic and c ∈ Im(A𝑝) ∩ 𝐼(ℝ)𝑝as costrain vector that c ≈ [c, c], then ∃x̂ ∈

I(ℝ)ε
n where x̂ = (A1

𝑚−1)∗ ⊗
′

c such that c = A𝑚−1 ⊗ x̂. Using the vector x̂ will be obtained, g =

𝐴2
𝑚−1 ⊗ x̂. 

It appears that g is a fisibel solution for Problem 2.2 from the following equation,  

A ⊗ x̂ = (
A1

𝑚−1

A2
𝑚−1) ⊗ x̂ = (

A1
𝑚−1 ⊗ x̂

A2
𝑚−1 ⊗ x̂

) = (
c
g) = b. 
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Suppose that L and L  represent the minimum value of c and c, while U dan U represent the 

maximum value of c dan c, that is 

a. L = 𝑚𝑖𝑛
𝑖=1,..,𝑚−1

c𝑖  and L = 𝑚𝑖𝑛
𝑖=1,..,𝑚−1

c𝑖, 

b. U = 𝑚𝑎𝑥
𝑖=1,..,𝑚−1

c𝑖 and U = 𝑚𝑎𝑥
𝑖=1,..,𝑚−1

c𝑖. 

Since g ≈ [g, g], therefore there are three cases for g, i.e.   

1.  L ≤ g ≤ U  where 𝛿(b) = 𝛿(c) = U − L, 

2.  g < L  where 𝛿(b) = L − g, 

3.  U < g where 𝛿(b) = g − U. 

Also there are three cases for g, i.e.   

1’. L ≤ g ≤ U where 𝛿(b) = 𝛿(𝑐) = U −  L, 

2’. g ≤ L where 𝛿(b) = L −  g, 

3’. U < g where  𝛿(b) = g − U. 

According to the disscution in max-plus algebra, casses 1 and 3 and also casses 1’ and 3’ are 

solution of Problem 2.5 for  𝑝 = 𝑚 − 1. While casses 2 and 2’, may be there are g  and g  such that δ(b) 

and 𝛿(b) are optimal. The probability there exis g and g  are determined the same way in max-plus 

algebra. 

 Next, from combination casses 1 and 1’, cases 1 dan 3’, cases 3 and 1’, and also cases 3 and 3’ can 

be obtained an optimal solution for Problem 3.2. Next, the theorem which is indicated upper bound of 

optimal solution for Problem 3.2.  

Theorem 2.7.  Let A ∈ 𝐼(ℝ)𝜀
𝑚×𝑛  be double 𝐼(ℝ)-astic c ∈ 𝐼𝑚(A𝑝) ∩ 𝐼(ℝ)𝑝 and  f is an optimal solution 

to problem 2.2. Suppose y = (A1
𝑝

)
∗

⊗′ c and  y = (A1

𝑝
)

∗
⊗′ c. If g = A2

𝑝
⊗ y and g = 𝛼 ⊗ (A2

𝑝
⊗ y) 

with 𝛼 = 𝑚𝑎𝑥  ((A2
𝑝

⊗′ y)
𝑖

− ((A2

𝑝
⊗′ 𝑦))

𝑖
)  then  g ≈ [g, g] and  f ≤ g.   

Proof. Let A ≈ [A, A], c ≈ [c, c] dan f ≈ [f, f]. Since A ∈ 𝐼𝑒(ℝ)𝜀
𝑚×𝑛 be doubly 𝐼(ℝ)-astic so A, A ∈

ℝ𝜀
𝑚×𝑛  be doubly ℝ-astic, c ∈ 𝐼𝑚(A𝑝) ∩ ℝ𝑝 so c ∈ 𝐼𝑚(A1

𝑝
) ∩ ℝ𝑝, c ∈ 𝐼𝑚 (A1

𝑝
) ∩ ℝ𝑝. Since f ∈

𝐼(ℝ)𝑚−𝑝 is an optimal solution to Problem 3.2 so f ∈ ℝ𝑚−𝑝 is an optimal solution to Problem 2.5 for c 

and A,  f ∈ ℝ𝑚−𝑝 is an optimal solution to Problem 2.5 for c and A. Let  y = (A1
𝑝

)
∗

⊗′ c and y =

(A1

𝑝
)

∗
⊗′ c.  According to Theorem 2.9 , if g = A2

𝑝
⊗ y, g′ = A2

𝑝
⊗ y then f  ≤ g and f ≤ g′ . Because 

g = 𝛼 ⊗ (A2

𝑝
⊗  y) = 𝛼 ⊗ g′ with 𝛼 = max𝑖 ((A2

𝑝
⊗′ y)

𝑖
− ((A2

𝑝
⊗′  y))

𝑖
) then g ≈ [g, g] and f ≤

g.    ∎ 

4.  Conclusion   

Based on the results of discussion, we obtain conclusion how to,   

a. Minimizing range norm of the set of matrix over interval max-plus algebra with component 

prescribed.   

b. Maximizing range norm of the set of matrix over interval max-plus algebra with component 

prescribed.   

References 

[1] Bacelli, F., G. Cohen, G. J. Older, and J. P. Quadrat, Synchronization and Linearity, An Algebra 

for Discrete Events System, John Wiley and Sons, 2001.  



ICMETA 2018

IOP Conf. Series: Journal of Physics: Conf. Series 1306 (2019) 012051

IOP Publishing

doi:10.1088/1742-6596/1306/1/012051

9

 

 

 

 

 

 

[2]  K. G. Farlow, Max-Plus Algebra, Master's Thesis submitted to the Faculty of the Virginia 

Polytechnic Institute and State University in partial fulfillment of the requirements for the degree 

of Masters in Mathematics, 2009. 

[3] K. P. Tam, Optimizing and Approximating Eigenvectors in Max Algebra, A Thesis Submitted to 

The University of Birmingham for The Degree of Doctor of Philosophy (Ph.D), (2010). 

[4]  M. Akian, G. Cohen, S. Gaubert, J. P. Quadrat, and M. Viot, Max-Plus Algebra and Applications 

to System Theory and Optimal Control, Proceedings of the International Congress of 

Mathematicians, Zurich, Switzerland, (1994). 

[5]    M. A. Rudhito, Fuzzy NumberMax-Plus Algebra and Its Application to Fuzzy Scheduling and 

Queuing Network Problems, The Study Program S3 Mathematics Faculty of Mathematics and 

Natural Sciences : Gadjah Mada University, 2011. (Indonesian). 

[6] P. Butkovic, and K. P. Tam, On Some Properties of The Image of a Max Linear Mapping, 

Contemporary Mathematics, (495) (2009), pp. 115 – 126.  

[7]  Siswanto, A. Suparwanto, M. A. Rudhito, Minimizing Range Norm Of The Image Set Of Matrix 

Over Interval Max-Plus Algebra, Proceedings of The National Seminar on Mathematics and 

Applications, Department of Mathematics, Faculty of Science and Technology, Airlangga 

University; ISBN :  978-602-14413-0-5, (2013). (Indonesian).      

[8]  Siswanto, A. Suparwanto, M. A. Rudhito. Eigenvector Space of a Matrix of Interval Max-Plus 

Algebra, Jurnal Matematika & Sains (JMS). FMIPA ITB, (19) (1) (2014), pp. 8 – 15. 

(Indonesian).   

[9]  Siswanto, A. Suparwanto, M. A. Rudhito, Existence of Solution to the System of Linear Equations 

in Interval Max-Plus Algebra, Proceedings of the National Conference of Mathematics XVII, 

Institute of Technology Surabaya, ISBN : 978-602-96426-3-6, (2014). (Indonesian). 

[10] Siswanto, A. Suparwanto, M. A. Rudhito, Optimizing Range Norm of The Image Set of 

Matrix Over Interval Max-Plus Algebra ,  Far East Journal of Mathematical Sciences, (19) 

(2016), pp. 17 – 32.   

[11]   V. Kreinovich, Why Intervals ? Why Fuzzy Numbers ? Towards a New Justification, International 

Journal of Information Technology and Intelligent Computing. (2) (1) (2007). 

 [12]  Z. R. Konigsberg, A Generalized Eigenmode Algorithm for Reducible Regular Matrices over the 

Max-Plus Algebra, International Mathematical Forum. (4) (24) (2009), pp. 1157 – 1171. 

 

 

 

 




