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Abstract

One example of dynamic event systems is the transportation system. There are two interesting
questions on the transportation system: first, how to set the system such that it moves forward in
regular steps, i.e., for a given constant A, the time interval between any initial points of consecutive
cycles on every crossroad is A? Second, suppose that there is a given schedule for the system and the
time interval between two consecutive starting points of any two consecutive tasks does not exceed a
certain value y, is it possible to start the system in such a way that the schedule is kept? The first
problem is closely related to eigenvector problems, and the second problem is related to the sub-
eigenvector problems. This paper gives an overview of eigen problems (eigenvalues and eigenvectors) in
interval max-plus algebra related to eigen problems with finite solution. We discuss about the criteria of
finite eigenvectors existence and the description of the space of all finite eigenvectors of any square
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matrices. Furthermore, this paper also discusses about sub-eigenvector problems. © 2017 Pushpa
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Professor K. K. Azad (Editor-in-Chief)

Retired Professor & Head, Department of Mathematics,
University of Allahabad, India
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https://scholar.google.co.in/citations?user=r2_5P EAAAAJ&
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Research Interest
1. General Topology
2. Dynamical Systems

Professor Ahmet Sinan Cevik

Department of Mathematics, Selcuk University, Turkey
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Department of Mathematics, Southwestern University, USA
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3. Recreational Mathematics

Professor Ashish K. Srivastava

Department of Mathematics and Statistics, Saint Louis
University, USA
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https://mathstat.slu.edu/~srivastava/

Research Interest
1. Noncommutative Ring Theory
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Professor Chelliah Selvaraj

Department of Mathematics, Periyar University, India
selvavlr@yahoo.com
https://periyaruniversity.irins.org/profile/117061

Research Interest

1. Particular Ring theory

2. Homological Algebra

3. Representation Theory of Algebras

Professor Claudio Cuevas

Departamento de Matematica, Universidade Federal de
Pernambuco, Brazil

cch@dmat.ufpe.br

https://livedna.net/?dna=55.9636

Research Interest

1. Difference Equations

2. Periodicity and Ergodicity

3. Dispersive Estimates

4. Fractional Differential Equations

5. Integral and Integro-Differential Equation

Professor D. S. Sankar

School of Applied Sciences and Mathematics, Universiti
Teknologi Brunei, Brunei Darussalam
duraisamy.sankar@utb.edu.bn
http://www.utb.edu.bn/academics/people/professor-dr-

duraisamy-sambasivam-sankar/

Research Interest

1. Ordinary Differential Equations
2. Partial Differential Equations
3. Mathematical Economics

Professor E. Thandapani

Ramanujan Institute for Advanced Study in Mathematics,
University of Madras, India

ethandapani@unom.ac.in
https://www.unom.ac.in/index.php?route=department
/department/profile&deptid=48&facultyid=265

Research Interest
1. Differential Equation (ODE & PDE)
2. Difference Equations

Professor Haruhide Matsuda

Department of Mathematics, Shibaura Institute of Technology,
Japan

hmatsuda@sic.shibaura-it.ac.jp
https://dl.acm.org/profile/81100347557
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Research Interest
1. Graph Theory

Professor Hong-Xu Li

Department of Mathematics, Sichuan University, China
hoxuli@sohu.com
http://en.ahu.edu.cn/math/2020/1021/c6474a247132/page.htm

Research Interest

1. Functional Differential Equations
2. Ordinary Differential Equations
3. Almost Periodicity

4. Nonlinear Functional Analysis

Professor 1. S. Rakhimov

Department of Mathematics, Universiti Teknologi MARA
(UiTM), Malaysia

isamiddin@fskm.uitm.edu.my ; isamiddin@uitm.edu.my
https://fskm.uitm.edu.my/v5/index.php/en/corporate/staff-
directory/academic-staff/39-corporate/staf-directory
/academic-staff/mathematics/185-isamiddin-rakhimov?ml=1

Research Interest

1. Structural Theory of Finite-Dimensional Algebras
2. Lie and Leibniz Algebras

3. Dialgebras

4. Commutative Algebras

5. Algebraic Geometry

6. Invariant Theory

Professor Jin-Lin Liu

Department of Mathematics, Yangzhou University, China
jlliu@yzu.edu.cn
https://dl.acm.org/profile/81458650741

Research Interest
1. Geometric Function Theory

Professor Lingyun Gao

Department of Mathematics, Jinan University, China
tgaoly@)jnu.edu.cn

Research Interest
1. Complex Analysis
2. Complex Differential (difference) Equations

Professor Magdalena Toda
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Department of Mathematics and Statistics, Texas Tech
University, USA

magda.toda@ttu.edu
https://www.math.ttu.edu/~mtoda/

Research Interest

1. Geometry

2. Integrable Systems

3. Mathematical Physics

4. Non-Linear Partial Differential Equations

Professor Manabu Hagiwara

Department of Mathematics, University of Chiba, Japan
hagiwara@math.s.chiba-u.ac.jp
http://www.math.s.chiba-u.ac.jp/~hagiwara/

Research Interest

1. Mathematical Approach to Coding Theory

2. Information Theory

3. Combinatorics, and its application to industry

Professor Pu Zhang

Department of Mathematics, Shanghai Jiao Tong University,
China

pzhang@sjtu.edu.cn
https://en.zhiyuan.sjtu.edu.cn/en/faculty/43/detail

Research Interest
1. Algebra Representation Theory
2. Quantum Groups

Professor Qing-Wen Wang

Department of Mathematics, Shanghai University, China
wqw@staff.shu.edu.cn
https://www.scicol.shu.edu.cn/PDF/WangQingWen.htm

Research Interest
1. Linear Algebra
2. Matrix Theory
3. Operator Algebra

Professor Sahsene Altinkaya

Department of Mathematics, Beykent University, Turkey
sahsenealtinkaya@beykent.edu.tr
ht ps://avesis.uludag.edu.tr/sahsene

Research Interest
1. Geometric Function Theory
2. Bi-univalent Functions
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Professor Satoru Takagi

Mathematics Department, Waseda University, Japan
satoru@waseda.jp
http://www.f.waseda.jp/satoru/index.html

Research Interest
1. Partial Differential Equations
2. Functional Analysis

Professor Sourav Das

Department of Mathematics, National Institute of Technology,
Jamshedpur, India

sourav.das@mt.iitr.ac.in
https://www.iitr.ac.in/~MT/Sourav_Das

Research Interest

1. Complex Analysis

2. Special Functions

3. Orthogonal Polynomials
4. Inequalities

5. Continued Fractions

6. Asymptotics

Professor Vladimir Tulovsky

Department of Mathematics and Computer Science, Saint
John's University, USA

TULOVSKV@stjohns.edu
https://www.stjohns.edu/academics/faculty/vladimir-tulovsky

Research Interest
1. Partial Difterential Equations

Professor Wei Dong Gao

Center for Applied Mathematics, Tianjin University, China
weidong.gao@tju.edu.cn
http://cam.tju.edu.cn/en/faculty/index.php?id=92

Research Interest
1. Combinatorial Number Theory

Professor Young Joo Lee

Department of Mathematics, Chonnam National University,
South Korea

leeyj@chonnam.ac.kr
https://www.researchgate.net/profile/Young-Lee-84

Research Interest
1. Complex analysis
2. Operator theory
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Professor Zhenlu Cui

Department of Mathematics and Computer Science,
Fayetteville State University, USA

zeui@uncfsu.edu
https://www.uncfsu.edu/academics/colleges-schools-and-
departments/college-of-health-science-and-technology
/department-of-mathematics-and-computer-science/math-and-
cs-faculty-and-staff/dr-zhenlu-cui

Research Interest

1. Multiscale Modeling of Soft Matters
2. Perturbation Analysis

3. Numerical Analysis

4. Approximation Theory
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Abstract

One example of dynamic event systems is the transportation system.
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for a given constant A, the time interval between any initial points of
consecutive cycles on every crossroad is A? Second, suppose that there
is a given schedule for the system and the time interval between two
consecutive starting points of any two consecutive tasks does not
exceed a certain value p, is it possible to start the system in such a
way that the schedule is kept? The first problem is closely related to
eigenvector problems, and the second problem is related to the sub-
eigenvector problems.

This paper gives an overview of eigen problems (eigenvalues and
eigenvectors) in interval max-plus algebra related to eigen problems
with finite solution. We discuss about the criteria of finite eigenvectors
existence and the description of the space of all finite eigenvectors of
any square matrices. Furthermore, this paper also discusses about sub-
eigenvector problems.

1. Introduction

This study is started from the problems of road transportation. One of
which is the coordination of traffic lights at the crossroads (Pesko et al. [8]).
Problems and mathematical models of traffic light coordination are
associated with eigenvalue, eigenvector and sub-eigenvector problems
(Turek and Turek [12] and Cuninghame-Green [5]). The problems of
eigenvalues, eigenvectors and sub-eigenvectors can be explained in the
case of max-plus algebra (Butkovic [2]). To determine the eigenvalues and
eigenvectors over max-plus algebra, one can determine with the maximum
average method, the method of power or the application of linear
programming (Chung [4]).

Max-plus algebra is the set R, = R U {e}, where R is the set of all real

numbers, & = —oo equipped with operations @ (maximum) and ® (sum)
(Bacceli et al. [1]). Max-plus algebra is an idempotent semi field. From the
set R, one can form the set of m x n matrices whose elements are in R,

which later is called the set of matrices on max-plus algebra and is denoted

by RI™" (Butkovic [2]). For n = 1, we obtain the set of vectors on max-plus
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algebra and written by R['. Furthermore, if m =n, then the set R}*"

together with two binary operations @ (maximum) and ® (sum) is an
idempotent semiring. The definition and some properties of eigenvalues and

eigenvectors can be explained on the algebraic structure R}*". Graph theory

which discusses the definition and properties of digraphs, communication
graphs, paths, cycles, elementary cycles and weight of paths, loop, strongly
connected digraph is used to define irreducible and reducible matrices,
introduce the theory of maximum average cycle, the matrix R-astic, transitive
closure and definite matrix in max-plus algebra (Butkovic [2], Carre [3] and
Tam [11]). Subspace theory over max-plus algebra is based on the theory of
semimodule and sub-semimodule (Golan [7]).

It is known that a measurement is never 100% accurate. As a result, the
values of measurement X, are generally different from the actual value x;. In
particular, in the case of uncertainty interval, after the measurement resulting
X,, the information obtained is that the real value x; of the measurement

process is contained in the interval X; =[X — A, X; + A]. Therefore, it is

possible to provide the time course of a particular process in a given interval.

Max-plus algebra can be generalized into interval max-plus algebra,
where we can also discuss matrix, graph, eigenvalues and eigenvectors of a
matrix in interval max-plus algebra (Rudhito [9]). However, eigenvalues and
eigenvectors of matrix in interval max-plus algebra have been discussed only
for irreducible matrices. Therefore, it is still possible to discuss, in general,
about the problem of eigenvalues and eigenvectors as well as the bases for
the eigen space of the matrix in interval max-plus algebra, through a different
approach done before (Siswanto et al. [10]).

To resolve network problems with activity time interval, max-plus
algebra has been generalized into an interval max-plus algebra. Interval max-
plus algebra is the set 1(R), = {x =[x, X]x, X € R, & < x < X} U {e}, with

e = [e, €], equipped with two binary operations ® and ® with x @ y =
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x@y, x®yland x®y=[x®y, X @ ¥] forevery x, y € I(R),. It has
also been discussed about the matrix over interval max-plus algebra, that is
L(R).

Based on the idea above, we will try to extend the concepts in algebra
max-plus into the interval max-plus algebra. These concepts include
criteria of existence of finite eigenvectors and the description of all finite
eigenvectors of square matrices over interval max-plus algebra. Furthermore,
sub-eigenvector problems in the interval max-plus algebra will also be
investigated.

2. Main Result

Max-plus algebra is the set R, = R U {e}, of which R is the set of

all real numbers and & = —oo that is equipped with two operations @
(maximum) and ® (sum). From this, one can form a set of matrices of size

mxn over R., denoted by RI™". Moreover, whenever m = n, the set

R equipped with operations @ and ® forms an idempotent semiring.

By a closed interval x in R., we mean a subset of R, in the form
X =[x X]={xeR.|x<x<X}. The interval x in R, is known as
interval max-plus. A number x € R, can be expressed as interval [, X].

By I(R),, we mean the set {x =[x, X]x, X € R, & < x < X} U {e},
with ¢ = [g, €]. On the set I(R),, we define two operations @ and ®
with x®y=[x@y, Xx@®y]and x®y=[x®y, Xx® ] for every x, y
e I(R),. The set I(R), equipped with the operations @ and ® is a
commutative idempotent semiring with neutral element ¢ = [g, €] and the
unit element 0 = [0, 0]. The semiring (I(R),; @, ®) then is called interval

max-plus algebra and denoted by 1(R)y.x = (I(R),; @, ®).
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The set of all matrices of size mxn over I(R), is denoted by

L(R)M™, ie.,
IR)M" = (A= [Aj]IAj € I(R);;i=12..m j=12 .0}

All the matrices which belong to I(R){;nxn are called matrices over interval
max-plus algebra. The set I(R)}" equipped with operations ® and ®

forms an idempotent semiring and denoted by I1(R)h = (I(R)F"; @, ®),

whereas 1(R)7*" is a semimodule over 1(R)..

For a matrix Ae I(R)™", A=[A;]e RJ"" and A =[Aj]e R]™"
denote lower and upper bound matrices of the interval matrix A, respectively.

mxn

. . Let A and A be lower and upper bound

Given a matrix A € I(R)
matrices of the interval matrix A, respectively. We define the interval matrix
of A, namely [A Al={AeRpi A< A< A} and I(R™"), = {[A A]|
Ae (R},

For a e I(R),, [A A],[B, B]e I(R]™),, we define two operations

® and ® by:
1) a®[A Al=[a®A a® A],
2 [A Al®[B B]=[A® A, B®B].

For [A Ale I(R™M),, [B, Ble I(RXM),, we define [A A]®
[B,B]=[A® A, B®B].

The set I(R{*"), equipped with operations ©® and ® forms an
idempotent semiring and is denoted by 1(Rpgy), = (I(RFM),; ©, ®),

whereas |(R]*"), is semimodule over I(R),.
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The semiring I(R)per = (I(R)7"; @, ®) is isomorphic with the
semiring 1 (Rmay )y, = (1(RF™),; @, ®) by the isomorphism f : I(R)}*"
— IR, f(A)=[A A], VAe I(R)". The semimodule I(R)"
over 1(R), is isomorphic with semimodule 1(Rg*"), over I(R),. Thus, for
each interval matrix A, one can always determine the matrix interval [A, A]

and vice versa, and for each interval matrix [A, A] e I(R™"), with A A

e RZ™", one can also determine the interval matrix A e I(R)}", [Ay, Aj]

e I(R), for every i and j. Thus, the matrix A e I(R)}*" can be viewed
as an interval matrix [A, A]e I(RP"),. An interval matrix [A, A]e
I(RQ”‘)b is called an interval matrix corresponding to the matrix

Aec I(R)" and is denoted by A~[A A]. As a result of the above
isomorphism, we have: a ® A~ [a® A a® A], A@B~[A®B, A®B]
and AQ B~[A® B, A®B].

Let 1(R)) be the set {x = [xq, Xp, ., Xp|' [% € I(R),; i =12, ..., n}.
The set I(R)" can be viewed as a set I(R)™}. The elements of I(R)" are
called interval vectors in I(R).. An interval vector that is corresponding to
the interval vector x is x =~ [x, X].

Furthermore, we present the concept of interval weighted directed graph.
Given a directed graph D = (N, E) with N = {1, 2, ..., n}. A directed graph
is said to be weighted interval if each arc (j, i) € E can be associated with
a closed interval of real numbers A; e (I(R), — {[e, €]}). Interval of real

number A; is called interval weight of arc (j, i) and is denoted by w(i, j).

We define the graph precedent interval (graph communication interval)

of the matrix A e I(R)7*" as an interval weighted directed graph Dp =
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(N, E) with N =1{L 2,..,n} and E ={(j, i)|w(i, J) = A;j #[e, &]}. For
every interval weighted directed graph D = (N, E), it can always be

defined as a matrix A e I(R)?*") called matrix of interval weighted graph

w(j, i), (i, j)eE

with A = {[8, el, (i, j) ¢ E.

A directed graph D = (N, E) is said to be strongly connected if u can be

reached from v for all u, v e N.

Suppose that A e I(R)" and D, is a weighted directed graph
corresponding to A. The matrix A is irreducible if Dy is strongly connected.
Otherwise, A is said to be reducible.

We discuss the eigenvalues and eigenvectors of matrices over interval
max-plus algebra.

Given a matrix A e I(R)7*". The interval scalar A e I(R), is called

eigenvalue of interval matrix A if there exists an interval vector v € I(R)g

with v # g,,,1 satisfying A® v =) ® v. Vector v is called eigenvector of

interval matrix A corresponding to the eigenvalue A.

)iX" the problem to determine x e I(R)!,

For a given Ae (R
X # €n41 and & € 1(R), suchthat A® x = A ® x is called the problem of
eigenvalues and eigenvectors in interval max-plus algebra.

Eigenvalue and eigenvectors of an irreducible matrix

Next, we will discuss eigenvalues and eigenvectors of an irreducible
matrix.

Definition 1. Given a matrix A = [A Ale I(R))" and A =1, X] e
I(R),, we define:
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@ V(A L) ={xel(R)]|x~[x X]>xeV(A L) X V(A L)}, where
for Ae RP", V(A L) ={xe R} |A® X =LA ® x},

() A(A)= {1 =[h A]e lR)IV(A &) # {e}; V(A, ) = &},

(©) V(A) = Upea(a)V (A 1),

(d) V(A ) = V(A V)N I(R)",

(&) V' (A) =V(ANIR)".

Theorem 1. If A Be l(R)J", a=[a, a]e I(R), [A 4], [u H]e
I(R),, then

(@) V(e ® A)=V(A),

(b) Ala ® A) = a ® A(A),

(©) V(A 2)NV(B, n) cV(A®B, L ® p),

(d) V(A A)NV(B, u) cV(A® B, L ® p).

Proof. (a) By Definition 1, to prove that V(o ® A)=V(A), we
sufficiently prove that V(A 1) =V(a ® A 1), for each L e A(A). We
know that

() Upeaa) V(@ ® A 1) =V(a® A) =V(A) = Upeaa)V (A 1),

(i) Uzcam) V@ ® A 2) =V([@® A) = V(A) = Uz a)V (A ).

Therefore, V(a® A, A)=V(A L) and V(a® A)=V(A, 1). Take
x eV(A 1), then x e I(R)], x =[x, X], where xeV(A L) and X e

V(A, }). Consequently, xeV(a® A L) and XeV(a® A), so xe
V(o ® A, L). Conversely, take x eV(a ® A L), then xeV(a® A, L)
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and X e V(a ® A, L). Consequently, x e V(A ) and X e V(A, 1), so
x € V(A, L). Therefore, V(A 1) =V(a ® A, ). Hence, V(o ® A) =V (A).

(b) Suppose x ~ [x, X] € V(A). Then x and X are the eigenvectors that
correspond to the eigenvalues A =[A, A], so we have x € V(A A) and

X € V(A, 1). Therefore,

(i)

ARXx=A®x < a®A®X)=a®(L®X)
S @®A)Bx=(a®A)QX,

(ii)

ARX=AL®X < ada®(A®X)=a® (A ®X)
S@OA)RX=(AdQL)QX.

Thus, the eigenvalues of matrices o ® A and o ® A, respectively, are
a® ) and o ® A. By Definition 1, A(a ® A) = a ® A(A).

(c) Let xeV(A M)NV(B, ), ie, xeV(A A1) and x eV(B, p).
Therefore, A® x=AQ@x and B Xx=pu®x or AQx=AL®x; A®X
=1®Xand BOXx=pu®x B ®X=u®X. Furthermore, (A® B) ® x
~A®BO®X)=A®uAX)=(A®P)®X=(LO®OA)®X=pu®(A®X)
=p®(RL®x)=(n®A)®x. Likewise, we also have (AQB)®X =
(T ®A)®X. Therefore, xeV(A® B, L ®pu), so we have V(A 1)N
V(B, ) cV(A® B, A ® p).

(d) Let x e V(A A)NV(B, n), ie, xeV(A L) and x eV (B, p).
Therefore, A®x=A® X A®X=A®X and B®Xx=p®x, B®X =
n ® X. Furthermore, (A®B)®x=(A®Xx)®(B®Xx)=(AL®x)® (L ® X)
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= (L ®p)® x. Likewise, we also have that (A®B)® X = (L ® 1) ® X.
Therefore, x e V(A® B, L ® u), so we have that V(A A)NV(B, n)
V(AR B, A ® p). O

)nxn
€

We define the critical points of the matrix A € I(R as follows.

Definition 2. Suppose A e I(R)*", A~ [A A]le I(RP"), and N =
{1, 2,...,n}. By E(A), we mean E(A)=E(A)N E(A), where for Aec
R, E(A)={ieN|3o = (i =i, iy, ..., iy, h)in Dy 3 p(o, A) = A(A)}.
The elements of E(A) are called the critical points of A.

The cycle o is called critical cycle if p(c, A) = A(A) and p(o, A)
= A(A). The points in N and union of the set of arcs of all critical cycles
form a directed graph C(A) and it is said to be critical directed graph of A.
The following lemma talks about the critical directed graph.

Lemma 1. Suppose A e I(R))" and C(A) is the critical directed
graph of A. Then all the cycles in C(A) are critical.

Proof. Suppose A € I(R)7*" and A ~[A, A]. It is already known that
C(A) is a critical directed graph of A. Let C(A) and C(A) be the critical
directed graphs of A and A, respectively. Then all the cycles in C(A) and

C(A) are critical. Therefore, all the cycles in C(A) are critical. O

Two points i and j in C(A) are said to be equivalent if two points are in
the same cycle and denoted by i ~ j. The relation is an equivalence relation
in E(A).

Lemma 2. Let Ae I[(R)", and A~[A Ale I(RFM),. If A(A)

=[e, €], then A(A)= {[e, €]} and the eigenvectors of A are vectors
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[X1, X, wry xn]T e (R)} such that Xj = [e, €] if the jth column of A is not

equal to the vector [[¢, €, [¢, €], ... [e, €], j € N.

Proof. It is known that A(A) = [g, ¢]. For the lower bound matrix A of

A, M(A) = & Thus, we have A(A) = {&} and eigenvectors of the matrix A as
[X1) Xp, weoy gn]T e (R)!, so that Xj =&, when the jth column of the matrix
A is not the same as [g, ¢, ..., s]T, j € N. Likewise, for the upper bound
matrix A, we have the same. Therefore, we obtain A(A) = {[¢, £]} and
eigenvectors of the matrix A as [x, Xp, ., X,|' ~ (X1, Xo, ooy gn)T,
(%, Xy, .o Xy)' ], s0 that Xj = [&, €], when the jth column of the matrix A is

not equal to the vector [[¢, €], [e, €], ..., [, €]]", j € N. O

The above lemma describes the eigenvector matrix A, if A(A) = [, €]
Furthermore, we will discuss for [e, €] < [M(A), A(A)] = A(A). Suppose
AcI(R)}, A~[A Ale I(RFM), and A(A) = [A(A), A(A)] > [, €] is an
eigenvalue of matrix A. Because A(A) and A(A) are eigenvalues of matrices
A and A with A(A)>e and A(A) > e, respectively, we can determine

matrices I'(A, ) = (gij) and T(A) = (Tij ), respectively.

Theorem 2. Suppose A e I(R)", A~ [A Ale I(RT"), and A(A)
is an eigenvalue of matrix A. Let [g, €] < A(A). If Tj is an ith column of
matrix T'(A, 1) such that the lower bound of the ith entry of T is equal to 0
and the upper bound vector of I is an eigenvector of A, then I is an

eigenvector of A corresponding to the eigenvalue A(A).

Proof. It is known that Ae I(R)", A=A Ale I(RT"), and
MA) = [L(A), L(A)] is an eigenvalue of matrix A, where A(A) and A(A)
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are eigenvalues of matrices A and A, respectively. Because [, €] <
[M(A), L(A)] = A(A), then A(A)>¢ and A(A) > e, so we can determine
the matrices I'(A;) = (gij) and T(A)) = (Tjj)- Suppose g, and gy,
k =1, 2, .., n, respectively, the columns of the matrices I'(A, ) and T'(A;).
Based on the case in max-plus algebra, from each of T'(A,) and T'(A),
we obtain at most n eigenvectors corresponding to A, and A,. The
eigenvectors are the columns of T'(A, ) and ['(A; ) where the main diagonal
is equal to 0. We form matrix I'(Ay ) with columns defined as follows:

(@) If for some k, a pair of 9, and Q) satisfies 9, < Jk, then we

determine the kth column as an interval vector g ~ [g, , Ok -

(b) If for some Kk, a pair of 9, and gy does not satisfy 9, < Ok, then
we determine gy =8 ® gy with & =max;((g,); —(Tk)), 1=12 ., n
and the kth column as an interval vector gy ~ [g, , Ok - O

By Theorem 2, we have a method to determine the eigenvectors of an
irreducible matrix. In the subsequent discussion, it will be shown that A(A)

is the largest eigenvalue and called the main eigenvalue of matrix A and
V (A, L(A)) is called the main eigen space of A.

Theorem 3. If Ae (R)7", A=[A Ale (RY"), and if A is not a
matrix where all elements are [g, ] and V¥ (A) = &, then [e, ] < L(A)
and A® x = A(A) ® x, ¥x € VF(A).

Proof. It is known that matrix A is not a matrix in which each entry
belongs to [e, €] and V' (A) = &. Consequently, A and A do not have

¢ as their entries. In addition, since V*(A) = @, there is x eV (A),
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X ~[x, X] such that A@x=A®x, A®X=AQ®X or xeV*(A),
X eV*(A) for A =[A, A]. Thus, V*(A) = @ and V*(A) = @. Therefore,
MA) >e MA)>e and AQx=MA)®x, A®X =A(A)®X. Thus,
we obtain & = [g, g] < [M(A), A(A)] = A(A) and A® x = A(A) ® X, VX €
V*(A). 0
Theorem 4. If Acl(R)™", A= [A Ale (R™™), and A is not a

matrix in which each entry belongs to [g, €], then we have:

(@) VT(A) = @ if and only if € < A(A) and Vi e N, 3j € E(A) such
that j — i inthe Dp.

(b) If V*(A) =@, then V*(A)= {ZiE(A)aJ— ®gj aje I(]Ri)},
where g4, 95, ..., g, are the columns of T'(A)).

Proof. Suppose Ae I(R)!", A=~[A Ale I(RF"), and A is not a
matrix in which each entry belongs to [e, €]. Therefore, the lower and upper

bound matrices A and A do not have ¢ as their entries. From here, we have:

(@) VI(A)# T < MA)>¢ and Vie N, 3j € E(A) such that j — i
in the Dp. Likewise, V' (A) # @ < A(A) >¢ and Vie N, 3Jj e E(A)
suchthat j — i inthe Dyz.

®

(b) If V*(A)= D, then V'(A)= {ZjeE(A)gj ®gj; aj € R},

where g., g,, ..., g are the columns of I'(A;). Likewise, if VT(A) = &,
—_ @ _ _ _ _ _ _

then V+(A):{ZjEE(A)aJ- ®gj; aj eR}, where 0y, Ty, ..., 0, are the

columns of T'(A)).
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By (a), we have VT (A) = & < ¢ < M(A) and Vi € N, 3j € E(A) such
that j — i inthe Da. By (b), we can form matrix T'(A;). If V*(A) = &,

@ p—
then V' (A) = {ZjeE(A)aj ®gj, aje I(R)}, where g1, gy, ..., 9, are
the columns of T'(A; ). O

Theorem 4 shows the necessary and sufficient conditions for the
existence of finite eigenvectors and how to form the set of finite
eigenvectors. The following theorem shows how to establish a set of finite
eigenvectors.

Theorem 5. If Ael(R)X", A=x[A Ale I(RF"),, &<A(A),
I(A,) = (gij) and gy, g2, .., gn are the columns of T'(Ay) = (gjj), then:

(@) i € E(A) if and only if 9, =0 and §; is an eigenvector matrix A.

(b) If i, je E(A), then i~ j if and only if g; =a®gj for
a e I(R).

Proof. Consider the lower and upper bound matrices A and A. Then
MA) > g, MA) > ¢, T(A)) = (gij) and g, 9, .., g are the columns of
I'(A,). Likewise, T(A)= (Gij) and gy, G, .., G are the columns of
I'(A)). We obtain:

(@ ie€E(A)< g, =0 and ieE(A) ;=0 Based on the
previous results, i € E(A) < g; = [gi, gi] or g; [gi, g; . Therefore,
ie E(A) e 9 = 0 and the upper bound vector is the eigenvector of the
matrix A.

(b) If i, j € E(A), then 9, =g®gj for a € I(R) if and only if

i ~ j. Likewise, if i, j e E(A), then §j=a®g; or §j =a®7g; for
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o e I(R) if and only if i~ j. As a result, if i, j € E(A), then g; =
o ® gj for a e I(R) ifand only if i ~ j. O
Corollary 1. Suppose A e I(R)X". If & < A(A), 91, 92, ..., 9y are the

columns of T'(A; ) and V*(A) = @, then

where E*(A) is a maximal set of critical points of A which are not

equivalent.

The following theorem presents a set of eigenvectors for an arbitrary
irreducible matrix.

Theorem 6. Every irreducible matrix Ae I(R)" (n>1) has a

unique eigenvalue A(A) and the set of eigenvectors is V(A)-{e} =
@ —

VF(A) = {ZjeE*(A)aj ®gjlaje I(R)}, where gy, 9, ..., g, are the

columns of T'(A; ).

Proof. Note that the lower and upper bound matrices A and A are
irreducible matrices. By Theorem 5, matrices A and A have unique

eigenvalues A(A) and A(A), respectively,
_VF(A) = ® _ o
CREEATE) 3L PRPTR]

where 9,9, - g, are the columns of T'(A, ), and E*(A) is an arbitrary

set of maximum critical points of A which are not equivalent. Likewise,

V(A)-{e} =VT(A) = {ZiE*(A)aj ® gj; aj € R},
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where @, @5, ..., O, are the columns of (A ), and E*(A) is an arbitrary

maximum set of critical points of A which are not equivalent. Therefore,

V(A)_{S}:V+(A):{Z(J-’BGE*(A)OL] @gj; aj € |(R)} with oj @gj ~

Eigenvalues and eigenvectors of a reducible matrix

Next, we will discuss eigenvalues and eigenvectors for any reducible
matrix. A reducible matrix possibly has more than one eigenvalue.

Definition 3. Let N = {1, 2, ..., n}, K ={ij, ip, ..., i} = N with 1< iy
<iy <. <ig <n Let AJK] = [Alk], A[k]] be the main interval submatrix
Agg o Ay

of the matrix A =[Aj]e I(R)7™", A~[A A], ie, and

e P
x[K]~ [X[K], X[K]] states the subvector (Xi,, Xi,, .-y Xi ) of the vector
(X1, X9, ory xn)T e I(R)]. Furthermore, if D = (N, E) is a directed graph

and K < N, then by D[K] we mean a directed subgraph induced by D, i.e.,
D[K]= (K, EN(K x K)), so Dalk] = D[K].

Definition 4. Let A, B € I(R)}*". A symbol A ~ B means that A can
be obtained from B by permutating the columns and rows.

The following lemma describes the eigenvalues and eigenvectors of two
equivalent matrices.

Lemma 3. If A ~ B, then A(A) = A(B) and there is a bijective function
between V(A) and V(B).
Proof. Let A, B e I(R)!", A~ [A Ale I(RP"), and B ~ [B, B] e

I(R*™),. Since A~ B, A~B and A ~ B. Thus, we have A(A) = A(B)
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and there is a bijective function between V(A) and V(B), as well as
A(A) = A(B) and there is a bijective function between V(A) and V(B).
Therefore, A(A) = A(B) and there is a bijective function between V(A) and
V(B). O

Lemma 4. Suppose Ae I(R)I", L e A(A) and xeV(A L) If

AdD - A2D)

+ -~
xgVT(A L) then n>1 A [ . A@

j, A= A(A(zz)) and A is a

reducible matrix.

Proof. Suppose Ae I(R)", A=[A Ale I(RP"),, A =[x A]e
A(A) and x = [xq, Xp, ..o, Xn 1" = [[Xg, %], [X0, %o ], oos [X X ]I € V(A 1).
Therefore, A e A(A), A eA(A), X=[X, Xy, .., X,] € V(A L) and

X =[%, X9, ., Xq] € V(A, L), If xeVF(A L), then n>1, and A~

(11) A(21)
{A ":‘(22)}, A= &(A(Zz)) and A is a reducible matrix. Likewise, if
€

_ _ %) %L1 _ _ _ _
XeV (A L), then n>1 A~ {A( ) %EZZ;} A = X(A(ZZ)) and A is
e

a reducible matrix. Since x ¢V '(A A), we have n>1 and A~

11)  A(21
[A( ) ﬁgzzq = M(A?)) and A is a reducible matrix. O
&

The necessary and sufficient conditions for a matrix to be irreducible are
presented in the following theorem.

Theorem 7. Given a matrix A e I(R)™", then V(A) =V *(A) if and

max’

only if A'is an irreducible matrix.
Proof. Suppose A e I(R)7", A~ [A Ale I(RF*"),. Hence, V(A) =

V*(A) if and only if A is an irreducible matrix. Likewise, V(A) =V *(A)
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if and only if A is an irreducible matrix. By Definition 2, we obtain
V(A) =V*(A) if and only if A is an irreducible matrix. O

Every reducible matrix A = (Aj)e I(R)7™" can be transformed by

permutating rows and columns of matrix A into a Frobenius normal form

A Ay o A
Aoy A oo :
(FNF), namely , Where Ay, ..., Ay IS an irreducible
8 8 e Arr

square submatrix of A.

Definition 5. Given an FNF matrix A. A simplification of any directed
graph is a directed graph Ca = ({Ng, ..., Ny}, {(Nj, Nj)[3k € Nj, 31 € Nj})

such that Ay > [, €]

If there is a path from a point in N; to a point inside the N in Dy, then
we denote Nj — Nj.

Lemma 5. If x e V(A), Nj - Nj and x[Nj]=e, then x[N;] is finite,
particularly, x[N ;] is finite.

Proof. Let

x e V(A), x =4, X, oo XoI' = X3, %) [Xo0 Ko )y oo [Xpy, K]
Then x = [x, X] with x =[x}, X,, ..., X, ] €V(A) and X =[%, %p, ..., X"
e V(A). Suppose N; — N; and x[N;] # e Then x[N;] finite, particularly,
X[N;] is finite. Similarly, since X[Nj]#e, we have X[N;] is finite,
particularly, X[N;] is finite. Consequently, x[N;] is finite, particularly,

x[N ;] is finite. O

Theorem 8 (Spectral theorem). If A e I(R)™" is an FNF matrix, then
A(A) = (MAG)IMAG) = maxy, _n MAD}-
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Proof. Suppose Ae I(R)" and A~[A Ale I(RP"),. Since A

is an FNF matrix, A and A are FNF matrices. Hence, A(A)=
AIMA]) = maxy, n;M(A; )} and
A(A) = (LA M(A) = maxy; n A(Ai)}-
We obtain A(A)z{X(Ajj)M(AJ—J—):maxNi_,Njk(Aii)}, with  M(Ajj) =
[R(A ) 2(A})] O
Here is the definition of spectral and consequences of Theorem 8.

Definition 6. Given A e I(R)7*" which is an FNF matrix. If 1(Aj;) =

maxNi_,ij(Aii), then Aj; (and also N or simply j) is called as spectral.

Corollary 2. All initial classes of C, are spectral.

Corollary 3. The number of eigenvalues is | A(A)|,1<|A(A)| < n for

every Ae I(R

)nxn
e -

Corollary 4. The set V(A) =V(A, A(A)) if and only if all the initial

classes have the same eigenvalue A(A).

The following discussion is about how to determine all the sets of
eigenvectors of a matrix.

Definition 7. Given Ae I(R))" which is an FNF matrix,
Ng, Np, ..., N, are the classes of A and R =1{1 2, ..., r}. Suppose that
L e A(A) and L >¢, we denote I(A)={i € R|A(N;) =2, N; spectral}
and E()=Uiei() E(Ai)={ieNIg ; =0, jeUici)Ni} with (' ®A)

= [gij]-
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Definition 8. Given i, j € E(A). Points i and j are said to be A-
equivalent if and only if i and j are included in the same cycle, with the

average cycle A, and denoted by i ~; ].
Theorem 9. If Ae I(R)P", A=[A Ale I(RP"), and X e IA(A),

[e, €] <A, then gy e I(R)) for every k € E(L) and V(A, 1) is a linear

combination of gy ’s, where a gy is taken from an equivalent class ~; .

Proof. It is known that A e I(R)™", A=~[A Ale I(RT"),, A=
[L, ] € A(A) and [e, €] < [A, &]. Then the columns of the matrix T'(A; )

with lower bound and upper bound of the main diagonal elements are 0 and
eigenvectors of A are eigenvectors corresponding to A. The set V(A, ) is a

linear combination of g, ’s, where a g is taken one from each equivalent

class in the (E(%), ~). O
Furthermore, an equivalent class in (E(X), ~) is called as the equivalent
class ~ .
Corollary 5. If Ae I(R)X" and A e A(A), [e €] <[r L], then
VAL =T ® A® 2]z I(R)], zj = [, €] for all j g EQL)}.

Theorem 10. The set V*(A) = @ if and only if A(A) is an eigenvalue

for all end classes.

Proof. It is known that A e I(R)7", A= [A Ale I(RT"),, AMA)=
[A, 2] and VF(A, &) = VF([A, A], [A, A]). From here, the set V*(A) = &
if and only if A(A) is an eigenvalue for all end classes. Likewise, the set
V*(A)= @ if and only if A(A) is an eigenvalue for all end classes. As a

result, the set V*(A) = @ if and only if A(A) is an eigenvalue for all end

classes. O
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Corollary 6. The set VF(A)=@ if and only if an end class has

eigenvalues less than A(A).

Theorem 11. Let A e I(R)™" be the FNF matrix and Ny, N, ..., N;
be classes of A with R={1, 2,...,r}. If K={,2, .., k} and A(A)=
{Ajli € K}, then for k <r, there are 1“(1), 1"(2), k) such that
vie K, Im(r®)=v(a %).

Proof. Since the number of eigenvalues does not exceed the number
of classes, k <r. If A; € A(A), then V(A %) ={T(1® A)® z|z e
I(R)7, zj =[e, e] for all j ¢ IE(x;)}. Suppose that E(X;) = {e, €2, ..., & }.
Then T = (gjj) and 9y, 92, ..., 9y are the columns of ) where gj is
equal to the e; th column of T(A; ® A) so that Im(l“(i)) =V(A %) O

Sub-eigenvector

Below is given a definition of sub-eigenvector.

Definition 9. Given a matrix A e I(R)P". Vector x € I(R)], x =
(e, & .., e)and & € I(R), satisfying

A®X <L ®X,
are, respectively, called sub-eigenvectors and eigenvalues of matrix A.

We denote
VA L) ={xelR)|x~[x, X]>xeV*(A L), X eV*(A, L)},
V(A) = V(A M(A)),
Vo (A) =V*(A 0),
wherefor A= e e RIF" VH(A L) ={xeR"|AQ x <A ® x].

Here, we give criteria for finite sub-eigenvector.
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Theorem 12. Given a matrix A= ¢ e [(R))". Inequality A® x <

A ® x has a finite solution if and only if A > A(A) and A > e.

Proof. Inequality A® x <A ® x has a finite solution if and only if
x e V(A 1). From the definition V*(A, 1), then x ~ [x, X] such that
x eV (A A); X e V¥(A, 1). Since x e V*(A, ) if and only if A > A(A)
and A <& and X € V*(A, &) ifand only if & > A(A) and A > ¢, we have
A>AA)and A > . O

The above theorem gives the necessary and sufficient conditions
for the existence of finite sub-eigenvectors and eigenvalues of a matrix.
Furthermore, we give a description of the set of finite sub-eigenvectors.

Theorem 13. Given a matrix A=ee I(R)". If A >2(A) and

A > ¢, then the set of finite sub-eigenvectors V*(A, A) = {AW1 ® A)® u|
uel(R)}

Proof. If A >XA(A) and A >¢, then A®x <A ®x has a finite
solution. From the definition V*(A, 1), then x =[x, X] such that x
V*(A L); XeV*(A, L) Since x eV*(A A) if and only if A > A(A)
and A>¢ and X eV*(A, 1) if and only if A >A(A) and A >,
VAL ={ALT® A ®ulue (R} and V(A 1)={AQ'®A)
®uluel(R)}, so V(A L) ={AXT® A)®ulu e I(R)}. O

By Theorem 13, if x € I(R)Q, then we obtain a description of the set of

sub-eigenvectors on the following theorem:

Theorem 14. Given a matrix A=ege I(R)”U. If A >A(A) and

€

A > g, then

A®X<A®X xel(R)]
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if and only if
x=AKRT® A)®u,uel(R).

Furthermore, we give the properties of the sub-eigenvectors in the
following lemmas.

Lemma 6. Given an irreducible matrix A =¢e I[(R)", A® x <

A ® x with x # ¢, & € I(R),, then x e I(R)".

Proof. If A®Xx <L ®x with x=¢, Ael(R), then x=~[x X]

x|

such that A® x <A ®x with x#¢ Ael(R), and ARX<A®
with X =& X e I(R),. Consequently, x e I(R )" and X e I(R)", so

xe I(R)". O

Lemma 7. Given a matrix A e I(R)!*" and A(A) > & If x e V'(A)
and (i, j) € Ec(A), then Aj ® Xj = A(A)®@X;.

Proof. Since x e V*(A) and V*(A) =V*(A A(A)), x e I(R)" and
A®x<AMA)® X, s0 X ~[x, X] such that x, X € I(R)" and AQ® x <
MA)® x, A®X <A(A)® X. Consequently, x e V*(A A(A)) and X
V*(A, M(A)). Since V*(A)=V*(A AMA) and V*(A)=V*(A, L(A)),
xeV*(A) and X e V*(A). By (i, j) € Ec(A), then (i, j) € Ec(A) and
(i, j) € Ec(A). Therefore, we have A;j ® x; = A(A) ® x; and Aj ® X;

=X(K)®7i,50 AU®XJ=7\,(A)®X| O

Lemma 8. Given a matrix A e I(R)I*" and A(A)>e. If z eV (A),

then A(A)=2*®A®z= min x* ® A® x, where z* =-z" is the
xel (R)"

conjugate transpose of z.
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Proof. Since z eV*(A) and V*(A) =V*(A A(A), ze I(R)" and
A®z<MA)®z so z~][z, 7] such that z, Ze I(R)" and A® z <
MA)®z, A®X<A(A)® X. Consequently, z € V*(A A(A)) and 7
V*(A, &(A)). Since V'(A)=V*(A X(A) and V'(A)=V(A A(A)),

zeV*(A) and Z € V*(A). Hence, we have

MA)=2"®A®z= min X" ®A® X

xel(®)"
and
~ s __*_____ . —% =~ N = =
MA)=1 ®A®Z_mmx€|(R)"X ® A ® X
And thus
I * S A o
MA) =z ®A®z_m|nxel(R)nx ® A® x O

We give the connection between the average maximum cycle with sub-
eigenvector as follows.

Lemma 9. If Ae I(R)}", then
AMA) = infL|A® x <A ® X, x e I(R)"].
If A(A) <& or A =g, then the infimum is reached.
Proof. If A=~ [A Ale I(R)}*", then
MA) = infL|A®X <1 ®x xel(R)")

and M(A)=infi(A| A®X <A ®X,Xel(R)"} andso M(A) =inf{A|A®

X<A®X xel(R)". O
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3. Concluding Remarks

Based on the above discussion, some conclusions can be drawn as
follows:

(1) The maximum average cycle is an eigenvalue of each square matrix
on max-plus algebra interval, and the average is the only eigenvalue
corresponding to the finite eigenvector. For an irreducible square matrix,
the eigenvalues are unique, namely the average maximum cycle, and the
corresponding eigenvectors are finite eigenvectors.

(2) Criterion for the existence of maximum of a finite eigenvector for

the matrix A is the following: for a given matrix Ae I(R)QX”, the finite

eigenvector of the matrix A exists:
(a) If the maximum of columns j of the matrix T'(A;) is in I(R)",
where j is at a critical point set of A.

(b) If the average maximum cycle of the matrix A is finite and in
digraphs Dp, for each point i digraph D, there is a critical point j so that

the point j can be achieved by the point i.

(c) If the value of A(A) is an eigenvalue of all final classes in each super
block.

(d) When a final grade has eigenvalues less than A(A).
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