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Abstract
One example of dynamic event systems is the transportation system. There are two interesting

questions on the transportation system: first, how to set the system such that it moves forward in

regular steps, i.e., for a given constant λ, the time interval between any initial points of consecutive

cycles on every crossroad is λ? Second, suppose that there is a given schedule for the system and the

time interval between two consecutive starting points of any two consecutive tasks does not exceed a

certain value μ, is it possible to start the system in such a way that the schedule is kept? The first

problem is closely related to eigenvector problems, and the second problem is related to the sub-

eigenvector problems. This paper gives an overview of eigen problems (eigenvalues and eigenvectors) in

interval max-plus algebra related to eigen problems with finite solution. We discuss about the criteria of

finite eigenvectors existence and the description of the space of all finite eigenvectors of any square
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matrices. Furthermore, this paper also discusses about sub-eigenvector problems. © 2017 Pushpa
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Abstract 

One example of dynamic event systems is the transportation system. 
There are two interesting questions on the transportation system: first, 
how to set the system such that it moves forward in regular steps, i.e., 
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for a given constant λ, the time interval between any initial points of 
consecutive cycles on every crossroad is λ? Second, suppose that there 
is a given schedule for the system and the time interval between two 
consecutive starting points of any two consecutive tasks does not 
exceed a certain value μ, is it possible to start the system in such a        
way that the schedule is kept? The first problem is closely related to 
eigenvector problems, and the second problem is related to the sub-
eigenvector problems. 

This paper gives an overview of eigen problems (eigenvalues and 
eigenvectors) in interval max-plus algebra related to eigen problems 
with finite solution. We discuss about the criteria of finite eigenvectors 
existence and the description of the space of all finite eigenvectors of 
any square matrices. Furthermore, this paper also discusses about sub-
eigenvector problems. 

1. Introduction 

This study is started from the problems of road transportation. One of 
which is the coordination of traffic lights at the crossroads (Pesko et al. [8]). 
Problems and mathematical models of traffic light coordination are 
associated with eigenvalue, eigenvector and sub-eigenvector problems 
(Turek and Turek [12] and Cuninghame-Green [5]). The problems of 
eigenvalues, eigenvectors and sub-eigenvectors can be explained in the         
case of max-plus algebra (Butkovic [2]). To determine the eigenvalues and 
eigenvectors over max-plus algebra, one can determine with the maximum 
average method, the method of power or the application of linear 
programming (Chung [4]). 

Max-plus algebra is the set { },ε=ε ∪RR  where R  is the set of all real 

numbers, −∞=ε  equipped with operations ⊕ (maximum) and ⊗ (sum) 
(Bacceli et al. [1]). Max-plus algebra is an idempotent semi field. From the 
set ,εR  one can form the set of nm ×  matrices whose elements are in ,εR  

which later is called the set of matrices on max-plus algebra and is denoted 

by nm×
εR  (Butkovic [2]). For ,1=n  we obtain the set of vectors on max-plus 
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algebra and written by .m
εR  Furthermore, if ,nm =  then the set nn×

εR  

together with two binary operations ⊕ (maximum) and ⊗ (sum) is an 
idempotent semiring. The definition and some properties of eigenvalues and 

eigenvectors can be explained on the algebraic structure .nn×
εR  Graph theory 

which discusses the definition and properties of digraphs, communication 
graphs, paths, cycles, elementary cycles and weight of paths, loop, strongly 
connected digraph is used to define irreducible and reducible matrices, 
introduce the theory of maximum average cycle, the matrix R-astic, transitive 
closure and definite matrix in max-plus algebra (Butkovic [2], Carre [3] and 
Tam [11]). Subspace theory over max-plus algebra is based on the theory of 
semimodule and sub-semimodule (Golan [7]). 

It is known that a measurement is never 100% accurate. As a result, the 
values of measurement ιx~  are generally different from the actual value .ix  In 

particular, in the case of uncertainty interval, after the measurement resulting 
,~
ιx  the information obtained is that the real value ix  of the measurement 

process is contained in the interval [ ].~,~ Δ+Δ−= iii xxX  Therefore, it is 

possible to provide the time course of a particular process in a given interval. 

Max-plus algebra can be generalized into interval max-plus algebra, 
where we can also discuss matrix, graph, eigenvalues and eigenvectors of a 
matrix in interval max-plus algebra (Rudhito [9]). However, eigenvalues and 
eigenvectors of matrix in interval max-plus algebra have been discussed only 
for irreducible matrices. Therefore, it is still possible to discuss, in general, 
about the problem of eigenvalues and eigenvectors as well as the bases for 
the eigen space of the matrix in interval max-plus algebra, through a different 
approach done before (Siswanto et al. [10]). 

To resolve network problems with activity time interval, max-plus 
algebra has been generalized into an interval max-plus algebra. Interval max-
plus algebra is the set ( ) { [ ] } { },,,, ε≤<ε∈==ε ∪xxxxxxxI RR  with 

[ ],, εε=ε  equipped with two binary operations ⊕  and ⊗  with =⊕ yx  
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[ ]yxyx ⊕⊕ ,  and [ ]yxyxyx ⊕⊕=⊗ ,  for every ( ) ., ε∈ RIyx  It has 

also been discussed about the matrix over interval max-plus algebra, that is 

( ) .nnI ×
εR  

Based on the idea above, we will try to extend the concepts in algebra 
max-plus into the interval max-plus algebra. These concepts include      
criteria of existence of finite eigenvectors and the description of all finite 
eigenvectors of square matrices over interval max-plus algebra. Furthermore, 
sub-eigenvector problems in the interval max-plus algebra will also be 
investigated. 

2. Main Result 

Max-plus algebra is the set { },ε=ε ∪RR  of which R  is the set of     

all real numbers and −∞=ε  that is equipped with two operations ⊕ 

(maximum) and ⊗ (sum). From this, one can form a set of matrices of size 

nm ×  over ,εR  denoted by .nm×
εR  Moreover, whenever ,nm =  the set 

nn×
εR  equipped with operations ⊕ and ⊗ forms an idempotent semiring. 

By a closed interval x in ,εR  we mean a subset of εR  in the form 

[ ] { }., xxxxxxx ≤≤|∈== εR  The interval x in εR  is known as 

interval max-plus. A number ε∈ Rx  can be expressed as interval [ ]., xx  

By ( ) ,εRI  we mean the set { [ ] } { },,,, ε≤<ε∈= ∪xxxxxxx R  

with [ ]., εε=ε  On the set ( ) ,εRI  we define two operations ⊕  and ⊗                  

with [ ]yxyxyx ⊕⊕=⊕ ,  and [ ]yxyxyx ⊗⊗=⊗ ,  for every yx,  

( ) .ε∈ RI  The set ( )εRI  equipped with the operations ⊕  and ⊗  is a 

commutative idempotent semiring with neutral element [ ]εε=ε ,  and the 

unit element [ ].0,00 =  The semiring ( ( ) )⊗⊕ε ,;RI  then is called interval 

max-plus algebra and denoted by ( ) ( ( ) ).,;max ⊗⊕= εRR II  
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The set of all matrices of size nm ×  over ( )εRI  is denoted by 

( ) ,nmI ×
εR  i.e., 

( ) { [ ] ( ) }....,,2,1,...,,2,1; njmiIAAAI ijij
nm ==∈|== ε

×
ε RR  

All the matrices which belong to ( ) nmI ×
εR  are called matrices over interval 

max-plus algebra. The set ( ) nnI ×
εR  equipped with operations ⊕  and ⊗  

forms an idempotent semiring and denoted by ( ) ( ( ) ),,;max ⊗⊕= ×
ε

× nnnn II RR  

whereas ( ) nnI ×
εR  is a semimodule over ( ) .εRI  

For a matrix ( ) ,nmIA ×
ε∈ R  [ ] nm

ijAA ×
ε∈= R  and [ ] nm

ijAA ×
ε∈= R  

denote lower and upper bound matrices of the interval matrix A, respectively. 

Given a matrix ( ) .nmIA ×
ε∈ R  Let A  and A  be lower and upper bound 

matrices of the interval matrix A, respectively. We define the interval matrix 

of A, namely [ ] { }AAAAAA nm ≤≤|∈= ×
max, R  and ( ) {[ ]|=×

ε AAI b
nm ,R  

( ) }.nmIA ×
ε∈ R  

For ( ) ,ε∈α RI  [ ] [ ] ( ) ,,,, b
nmIBBAA ×

ε∈ R  we define two operations 

⊗  and ⊕  by: 

(1) [ ] [ ],,, AAAA ⊗α⊗α=⊗α  

(2) [ ] [ ] [ ].,,, BBAABBAA ⊕⊕=⊕  

For [ ] ( ) ,, b
nmIAA ×

ε∈ R  [ ] ( ) ,, b
nkIBB ×

ε∈ R  we define [ ] ⊗AA,  

[ ] [ ].,:, BBAABB ⊗⊗=  

The set ( )b
nnI ×

εR  equipped with operations ⊕  and ⊗  forms an 

idempotent semiring and is denoted by ( ) ( ( ) ),,;max ⊗⊕= ×
ε

×
b

nn
b

nn II RR  

whereas ( )b
nnI ×

εR  is semimodule over ( ) .εRI  
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The semiring ( ) ( ( ) )⊗⊕= ×
ε

× ,;max
nnnn II RR  is isomorphic with the 

semiring ( ) ( ( ) )⊗⊕= ×
ε

× ,;max b
nn

b
nn II RR  by the isomorphism ( ) nnIf ×

εR:  

( ) ,b
nnI ×

ε→ R  ( ) [ ],, AAAf =  ( ) .nnIA ×
ε∈∀ R  The semimodule ( ) nnI ×

εR  

over ( )εRI  is isomorphic with semimodule ( )b
nnI ×

εR  over ( ) .εRI  Thus, for 

each interval matrix A, one can always determine the matrix interval [ ]AA,  

and vice versa, and for each interval matrix [ ] ( )b
nnIAA ×

ε∈ R,  with AA,  

,nn×
ε∈ R  one can also determine the interval matrix ( ) ,nnIA ×

ε∈ R  [ ]ijij AA ,  

( )ε∈ RI  for every i and j. Thus, the matrix ( ) nnIA ×
ε∈ R  can be viewed      

as an interval matrix [ ] ( ) ., b
nnIAA ×

ε∈ R  An interval matrix [ ] ∈AA,  

( )b
nnI ×

εR  is called an interval matrix corresponding to the matrix 

( ) nnIA ×
ε∈ R  and is denoted by [ ]., AAA ≈  As a result of the above 

isomorphism, we have: [ ],, AAA ⊗α⊗α≈⊗α  [ ]BABABA ⊕⊕≈⊕ ,  

and [ ]., BABABA ⊗⊗≈⊗  

Let ( )nI εR  be the set { [ ] ( ) }....,,2,1;...,,, 21 niIxxxxx i
T

n =∈|= εR  

The set ( )nI εR  can be viewed as a set ( ) .1×
ε
nI R  The elements of ( )nI εR  are 

called interval vectors in ( ) .εRI  An interval vector that is corresponding to 

the interval vector x is [ ]., xxx ≈  

Furthermore, we present the concept of interval weighted directed graph. 
Given a directed graph ( )END ,=  with { }....,,2,1 nN =  A directed graph 

is said to be weighted interval if each arc ( ) Eij ∈,  can be associated with         

a closed interval of real numbers ( ( ) [ ]{ })., εε−∈ εRIAij  Interval of real 

number ijA  is called interval weight of arc ( )ij,  and is denoted by ( )., jiw  

We define the graph precedent interval (graph communication interval)        

of the matrix ( ) nnIA ×
ε∈ R  as an interval weighted directed graph =AD  
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( )EN ,  with { }nN ...,,2,1=  and {( ) ( ) [ ]}.,,, εε≠=|= ijAjiwijE  For 

every interval weighted directed graph ( ),, ENDA =  it can always be 

defined as a matrix ( ) )nnIA ×
ε∈ R  called matrix of interval weighted graph 

with 
( ) ( )

[ ] ( )⎩
⎨
⎧

∉εε
∈

=
.,,,

,,,
Eji

Ejiijw
Aij  

A directed graph ( )END ,=  is said to be strongly connected if u can be 

reached from v for all ., Nvu ∈  

Suppose that ( ) nnIA ×
ε∈ R  and AD  is a weighted directed graph 

corresponding to A. The matrix A is irreducible if AD  is strongly connected. 

Otherwise, A is said to be reducible. 

We discuss the eigenvalues and eigenvectors of matrices over interval 
max-plus algebra. 

Given a matrix ( ) .nnIA ×
ε∈ R  The interval scalar ( )ε∈λ RI  is called 

eigenvalue of interval matrix A if there exists an interval vector ( )
ε

∈ nIv R  

with 1+ε≠ nv  satisfying .vvA ⊗λ=⊗  Vector v is called eigenvector of 

interval matrix A corresponding to the eigenvalue λ. 

For a given ( ) ,nnIA ×
ε∈ R  the problem to determine ( ) ,nIx ε∈ R  

1+ε≠ nx  and ( )ε∈λ RI  such that xxA ⊗λ=⊗  is called the problem of 

eigenvalues and eigenvectors in interval max-plus algebra. 

Eigenvalue and eigenvectors of an irreducible matrix 

Next, we will discuss eigenvalues and eigenvectors of an irreducible 
matrix. 

Definition 1. Given a matrix [ ] ( ) nnIAAA ×
ε∈≈ R,  and [ ] ∈λλ=λ ,  

( ) ,εRI  we define: 
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(a) ( ) { ( ) [ ] ( ) ( )},,;,,, λ∈λ∈∋≈|∈=λ ε AVxAVxxxxIxAV nR  where 

for ,nnA ×
ε∈ R  ( ) { },, xxAxAV n ⊗λ=⊗|∈=λ εR  

(b) ( ) { [ ] ( ) ( ) { } ( ) },,;,, ε≠λε≠λ|∈λλ=λ=Λ ε AVAVIA R  

(c) ( ) ( ) ( ),, λ= Λ∈λ AVAV A∪  

(d) ( ) ( ) ( ) ,,, nIAVAV R∩λ=λ+  

(e) ( ) ( ) ( ) .nIAVAV R∩=+  

Theorem 1. If ( ) ,, nnIBA ×
ε∈ R  [ ] ( ),, RI∈αα=α  [ ] [ ] ∈μμλλ ,,,  

( ) ,εRI  then 

(a) ( ) ( ),AVAV =⊗α  

(b) ( ) ( ),AA Λ⊗α=⊗αΛ  

(c) ( ) ( ) ( ),,,, μ⊗λ⊗⊆μλ BAVBVAV ∩  

(d) ( ) ( ) ( ).,,, μ⊕λ⊕⊆μλ BAVBVAV ∩  

Proof. (a) By Definition 1, to prove that ( ) ( ),AVAV =⊗α  we 

sufficiently prove that ( ) ( ),,, λ⊗α=λ AVAV  for each ( ).AΛ∈λ  We 

know that 

 (i) ( ) ( ) ( ) ( ) ( ) ( ),,, λ==⊗α=λ⊗α Λ∈λΛ∈λ AVAVAVAV AA ∪∪  

(ii) ( ) ( ) ( ) ( ) ( ) ( ).,, λ==⊗α=λ⊗α Λ∈λΛ∈λ AVAVAVAV AA ∪∪  

Therefore, ( ) ( )λ=λ⊗α ,, AVAV  and ( ) ( )., λ=⊗α AVAV  Take 

( ),, λ∈ AVx  then ( ) ,nIx ε∈ R  [ ],, xxx ≈  where ( )λ∈ ,AVx  and ∈x  

( )., λAV  Consequently, ( )λ⊗α∈ ,AVx  and ( ),AVx ⊗α∈  so ∈x  

( )., λ⊗α AV  Conversely, take ( ),, λ⊗α∈ AVx  then ( )λ⊗α∈ ,AVx  
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and ( )., λ⊗α∈ AVx  Consequently, ( )λ∈ ,AVx  and ( ),, λ∈ AVx  so 

( )., λ∈ AVx  Therefore, ( ) ( ).,, λ⊗α=λ AVAV  Hence, ( ) ( ).AVAV =⊗α  

(b) Suppose [ ] ( )., AVxxx ∈≈  Then x  and x  are the eigenvectors that 

correspond to the eigenvalues [ ],, λλ=λ  so we have ( )λ∈ ,AVx  and 

( )., λ∈ AVx  Therefore, 

 (i) 

( ) ( )xxAxxA ⊗λ⊗α=⊗⊗α⇔⊗λ=⊗  

( ) ( ) ,xAxA ⊗⊗α=⊗⊗α⇔  

  (ii) 

( ) ( )xxAxxA ⊗λ⊗α=⊗⊗α⇔⊗λ=⊗  

( ) ( ) .xxA ⊗λ⊗α=⊗⊗α⇔  

Thus, the eigenvalues of matrices A⊗α  and ,A⊗α  respectively, are 

λ⊗α  and .λ⊗α  By Definition 1, ( ) ( ).AA Λ⊗α=⊗αΛ  

(c) Let ( ) ( ),,, μλ∈ BVAVx ∩  i.e., ( )λ∈ ,AVx  and ( )., μ∈ BVx  

Therefore, xxA ⊗λ=⊗  and xxB ⊗μ=⊗  or ;xxA ⊗λ=⊗  xA ⊗  

x⊗λ=  and ;xxB ⊗μ=⊗  .xxB ⊗μ=⊗  Furthermore, ( ) xBA ⊗⊗  

( ) ( ) ( ) ( ) ( )xAxAxAxAxBA ⊗⊗μ=⊗⊗μ=⊗μ⊗=⊗μ⊗=⊗⊗=  

( ) ( ) .xx ⊗λ⊗μ=⊗λ⊗μ=  Likewise, we also have ( ) =⊗⊗ xBA  

( ) .x⊗λ⊗μ  Therefore, ( ),, μ⊗λ⊗∈ BAVx  so we have ( ) ∩λ,AV  

( ) ( ).,, μ⊗λ⊗⊆μ BAVBV  

(d) Let ( ) ( ),,, μλ∈ BVAVx ∩  i.e., ( )λ∈ ,AVx  and ( )., μ∈ BVx  

Therefore, xxAxxA ⊗λ=⊗⊗λ=⊗ ;  and =⊗⊗μ=⊗ xBxxB ;  

.x⊗μ  Furthermore, ( ) ( ) ( ) ( ) ( )xxxBxAxBA ⊗μ⊕⊗λ=⊗⊕⊗=⊗⊕  
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( ) .x⊗μ⊕λ=  Likewise, we also have that ( ) ( ) .xxBA ⊗μ⊕λ=⊗⊕  

Therefore, ( ),, μ⊗λ⊗∈ BAVx  so we have that ( ) ( ) ⊆μλ ,, BVAV ∩  

( )., μ⊗λ⊗ BAV  ~ 

We define the critical points of the matrix ( ) nnIA ×
ε∈ R  as follows. 

Definition 2. Suppose ( ) [ ] ( )b
nnnn IAAAIA ×

ε
×

ε ∈≈∈ RR ,,  and =N  

{ }....,,2,1 n  By ( ),AE  we mean ( ) ( ) ( ),AEAEAE ∩=  where for ∈A  

,nn×
εR  ( ) { ( ) ( ) ( )}.,in,...,,, 121 AADiiiiiNiAE Ak λ=σμ∋==σ∃|∈=  

The elements of ( )AE  are called the critical points of A. 

The cycle σ is called critical cycle if ( ) ( )AA λ=σμ ,  and ( )A,σμ  

( ).Aλ=  The points in N and union of the set of arcs of all critical cycles 

form a directed graph ( )AC  and it  is said to be critical directed graph of A. 

The following lemma talks about the critical directed graph. 

Lemma 1. Suppose ( ) nnIA ×
ε∈ R  and ( )AC  is the critical directed 

graph of A. Then all the cycles in ( )AC  are critical. 

Proof. Suppose ( ) nnIA ×
ε∈ R  and [ ]., AAA ≈  It is already known that 

( )AC  is a critical directed graph of A. Let ( )AC  and ( )AC  be the critical 

directed graphs of A  and ,A  respectively. Then all the cycles in ( )AC  and 

( )AC  are critical. Therefore, all the cycles in ( )AC  are critical.  

Two points i and j in ( )AC  are said to be equivalent if two points are in 

the same cycle and denoted by .~ ji  The relation is an equivalence relation 

in ( ).AE  

Lemma 2. Let ( ) ,nnIA ×
ε∈ R  and [ ] ( ) ., b

nnIAAA ×
ε∈≈ R  If ( )Aλ  

[ ],, εε=  then ( ) [ ]{ }εε=Λ ,A  and the eigenvectors of A are vectors 
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[ ] ( )nT
nxxx ε∈ R...,,, 21  such that [ ]εε= ,jx  if the jth column of A is not 

equal to the vector [ ] [ ] [ ][ ] .,,...,,,,, NjT ∈εεεεεε  

Proof. It is known that ( ) [ ]., εε=λ A  For the lower bound matrix A  of 

A, ( ) .ε=λ A  Thus, we have ( ) { }ε=Λ A  and eigenvectors of the matrix A  as 

[ ] ( ) ,...,,, 21
nT

nxxx ε∈ R  so that ,ε=jx  when the jth column of the matrix 

A  is not the same as [ ] .,...,,, NjT ∈εεε  Likewise, for the upper bound 

matrix ,A  we have the same. Therefore, we obtain ( ) [ ]{ }εε=Λ ,A  and 

eigenvectors of the matrix A as [ ] [( ) ,...,,,...,,, 2121
T

n
T

n xxxxxx ≈  

( ) ],...,,, 21
T

nxxx  so that [ ],, εε=jx  when the jth column of the matrix A is 

not equal to the vector [[ ] [ ] ...,,,,, εεεε  [ ]] .,, NjT ∈εε   

The above lemma describes the eigenvector matrix A, if ( ) [ ]., εε=λ A  

Furthermore, we will discuss for [ ] [ ( ) ( )] ( ).,, AAA λ=λλ<εε  Suppose 

( ) [ ] ( )b
nnn IAAAIA ×

εε ∈≈∈ RR ,,  and ( ) [ ( ) ( )] [ ]εε>λλ=λ ,, AAA  is an 

eigenvalue of matrix A. Because ( )Aλ  and ( )Aλ  are eigenvalues of matrices 

A  and A  with ( ) ε>λ A  and ( ) ,ε>λ A  respectively, we can determine 

matrices ( ) ( )ijgA =Γ λ  and ( ) ( ),ijgA =Γ λ  respectively. 

Theorem 2. Suppose ( ) ,nnIA ×
ε∈ R  [ ] ( )b

nnIAAA ×
ε∈≈ R,  and ( )Aλ  

is an eigenvalue of matrix A. Let [ ] ( )., Aλ<εε  If iΓ  is an ith column of 

matrix ( )λΓ ,A  such that the lower bound of the ith entry of iΓ  is equal to 0 

and the upper bound vector of iΓ  is an eigenvector of ,A  then iΓ  is an 

eigenvector of A corresponding to the eigenvalue ( ).Aλ  

Proof. It is known that ( ) ,nnIA ×
ε∈ R  [ ] ( )b

nnIAAA ×
ε∈≈ R,  and 

( ) [ ( ) ( )]AAA λλ=λ ,  is an eigenvalue of matrix A, where ( )Aλ  and ( )Aλ  
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are eigenvalues of matrices A  and ,A  respectively. Because [ ] <εε,  

[ ( ) ( )] ( ),, AAA λ=λλ  then ( ) ε>λ A  and ( ) ,ε>λ A  so we can determine 

the matrices ( ) ( )ijgA =Γ λ  and ( ) ( ).ijgA =Γ λ  Suppose kg  and ,kg  

,...,,2,1 nk =  respectively, the columns of the matrices ( )λΓ A  and ( ).λΓ A  

Based on the case in max-plus algebra, from each of ( )λΓ A  and ( ),λΓ A             

we obtain at most n eigenvectors corresponding to λA  and .λA  The 

eigenvectors are the columns of ( )λΓ A  and ( )λΓ A  where the main diagonal 

is equal to 0. We form matrix ( )λΓ A  with columns defined as follows: 

(a) If for some k, a pair of kg  and kg  satisfies ,kk gg ≤  then we 

determine the kth column as an interval vector [ ]., kkk ggg ≈  

(b) If for some k, a pair of kg  and kg  does not satisfy ,kk gg ≤  then 

we determine kk gg ⊗δ=∗  with (( ) ( ) ),max ikiki gg −=δ  ni ...,,2,1=  

and the kth column as an interval vector [ ]., ∗≈ kkk ggg   

By Theorem 2, we have a method to determine the eigenvectors of an 
irreducible matrix. In the subsequent discussion, it will be shown that ( )Aλ  

is the largest eigenvalue and called the main eigenvalue of matrix A and 
( )( )AAV λ,  is called the main eigen space of A. 

Theorem 3. If ( ) ,nnA ×
ε∈ R  [ ] ( )b

nnAAA ×
ε∈≈ R,  and if A is not a 

matrix where all elements are [ ]εε,  and ( ) ,∅≠+ AV  then [ ] ( )Aλ<εε,  

and ( ) ( )., AVxxAxA +∈∀⊗λ=⊗  

Proof. It is known that matrix A is not a matrix in which each entry 

belongs to [ ]εε,  and ( ) .∅≠+ AV  Consequently, A  and A  do not have           

ε as their entries. In addition, since ( ) ,∅≠+ AV  there is ( ),AVx +∈  
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[ ]xxx ,≈  such that ,xxA ⊗λ=⊗  xxA ⊗λ=⊗  or ( ),AVx +∈  

( )AVx +∈  for [ ]., λλ=λ  Thus, ( ) ∅≠+ AV  and ( ) .∅≠+ AV  Therefore, 

( ) ,ε>λ A  ( ) ε>λ A  and ( ) ,xAxA ⊗λ=⊗  ( ) .xAxA ⊗λ=⊗  Thus,      

we obtain [ ] [ ( ) ( )] ( )AAA λ=λλ<εε=ε ,,  and ( ) ,xAxA ⊗λ=⊗  ∈∀x  

( ).AV +   

Theorem 4. If ( ) ,nnIA ×
ε∈ R  [ ] ( )b

nnIAAA ×
ε∈≈ R,  and A is not a 

matrix in which each entry belongs to [ ],, εε  then we have: 

(a) ( ) ∅≠+ AV  if and only if ( )Aλ<ε  and ( )AEjNi ∈∃∈∀ ,  such 

that ij →  in the .AD  

(b) If ( ) ,∅≠+ AV  then ( ) ( )( ) ,;
⎭
⎬
⎫

⎩
⎨
⎧

∈α⊗α= ∑⊕
∈

+
AEj jjj IgAV R  

where nggg ...,,, 21  are the columns of  ( ).λΓ A  

Proof. Suppose ( ) ,nnIA ×
ε∈ R  [ ] ( )b

nnIAAA ×
ε∈≈ R,  and A is not a 

matrix in which each entry belongs to [ ]., εε  Therefore, the lower and upper 

bound matrices A  and A  do not have ε as their entries. From here, we have: 

(a) ( ) ( ) ε>λ⇔∅≠+ AAV  and ( )AEjNi ∈∃∈∀ ,  such that ij →  

in the .AD  Likewise, ( ) ( ) ε>λ⇔∅≠+ AAV  and ,Ni ∈∀  ( )AEj ∈∃  

such that ij →  in the .AD  

(b) If ( ) ,∅≠+ AV  then ( ) ( ) ,;
⎭
⎬
⎫

⎩
⎨
⎧ ∈α⊗α= ∑⊕

∈
+

AEj jjj gAV R  

where nggg ...,,, 21  are the columns of ( ).λΓ A  Likewise, if ( ) ,∅≠+ AV  

then ( ) ( ) ,;
⎭
⎬
⎫

⎩
⎨
⎧ ∈α⊗α= ∑⊕

∈
+

AEj jjj gAV R  where nggg ...,,, 21  are the 

columns of ( ).λΓ A  
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By (a), we have ( ) ( )AAV λ<ε⇔∅≠+  and ( )AEjNi ∈∃∈∀ ,  such 

that ij →  in the .AD  By (b), we can form matrix ( ).λΓ A  If ( ) ,∅≠+ AV  

then ( ) ( )( ) ,;
⎭
⎬
⎫

⎩
⎨
⎧

∈α⊗α= ∑⊕
∈

+
AEj jjj IgAV R  where nggg ...,,, 21  are 

the columns of ( ).λΓ A  ~ 

Theorem 4 shows the necessary and sufficient conditions for the 
existence of finite eigenvectors and how to form the set of finite 
eigenvectors. The following theorem shows how to establish a set of finite 
eigenvectors. 

Theorem 5. If ( ) ,nnIA ×
ε∈ R  [ ] ( ) ,, b

nnIAAA ×
ε∈≈ R  ( ),Aλ<ε  

( ) ( )ijgA =Γ λ  and nggg ...,,, 21  are the columns of ( ) ( ),ijgA =Γ λ  then: 

(a) ( )AEi ∈  if and only if 0=iig  and ig  is an eigenvector matrix .A  

(b) If ( ),, AEji ∈  then ji ~  if and only if ji gg ⊗α=  for 

( ).RI∈α  

Proof. Consider the lower and upper bound matrices A  and .A  Then  

( ) ( ) ( ) ( )ijgAAA =Γε>λε>λ λ,,  and nggg ...,,, 21  are the columns of 

( ).λΓ A  Likewise, ( ) ( )ijgA =Γ λ  and nggg ...,,, 21  are the columns of 

( ).λΓ A  We obtain: 

(a) ( ) 0=⇔∈ iigAEi  and ( ) .0=⇔∈ iigAEi  Based on the 

previous results, ( ) [ ]iii gggAEi ,≈⇔∈  or [ ]., ∗≈ iii ggg  Therefore, 

( ) 0=⇔∈ iigAEi  and the upper bound vector is the eigenvector of the 

matrix .A  

(b) If ( ),, AEji ∈  then ji gg ⊗α=  for ( )RI∈α  if and only if  

.~ ji  Likewise, if ( ),, AEji ∈  then ji gg ⊗α=  or ∗∗ ⊗α= ji gg  for 
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( )RI∈α  if and only if .~ ji  As a result, if ( ),, AEji ∈  then =ig  

jg⊗α  for ( )RI∈α  if and only if .~ ji  ~ 

Corollary 1. Suppose ( ) .nnIA ×
ε∈ R  If ( ) ngggA ...,,,, 21λ<ε  are the 

columns of ( )λΓ A  and ( ) ,∅≠+ AV  then 

( ) ( )
( )

,;
⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

∈α⊗α= ∑⊕

∈
+

∗ AEj jjj IgAV R  

where ( )AE∗  is a maximal set of critical points of A which are not 

equivalent. 

The following theorem presents a set of eigenvectors for an arbitrary 
irreducible matrix. 

Theorem 6. Every irreducible matrix ( ) nnIA ×
ε∈ R  ( )1>n  has a 

unique eigenvalue ( )Aλ  and the set of eigenvectors is ( ) { } =ε−AV  

( ) ( )
( )

,
⎭
⎬
⎫

⎩
⎨
⎧

∈α|⊗α= ∑⊕

∈
+

∗ AEj jjj IgAV R  where nggg ...,,, 21  are the 

columns of ( ).λΓ A  

Proof. Note that the lower and upper bound matrices A  and A  are 

irreducible matrices. By Theorem 5, matrices A  and A  have unique 

eigenvalues ( )Aλ  and ( ),Aλ  respectively, 

( ) { } ( )
( )

,;
⎭
⎬
⎫

⎩
⎨
⎧

∈α⊗α==ε− ∑⊕

∈
+

∗ AEj jjj gAVAV R  

where nggg ...,,, 21  are the columns of ( ),λΓ A  and ( )AE∗  is an arbitrary 

set of maximum critical points of A  which are not equivalent. Likewise, 

( ) { } ( )
( )

,;
⎭
⎬
⎫

⎩
⎨
⎧

∈α⊗α==ε− ∑⊕

∈
+

∗ AEj jjj gAVAV R  
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where nggg ...,,, 21  are the columns of ( ),λΓ A  and ( )AE∗  is an arbitrary 

maximum set of critical points of A  which are not equivalent. Therefore, 

( ) { } ( ) ( )
( ) ⎭

⎬
⎫

⎩
⎨
⎧

∈α⊗α==ε− ∑⊕

∈
+

∗ AEj jjj IgAVAV R;  with ≈⊗α jj g  

[ ]., jjjj gg ⊗α⊗α   

Eigenvalues and eigenvectors of a reducible matrix 

Next, we will discuss eigenvalues and eigenvectors for any reducible 
matrix. A reducible matrix possibly has more than one eigenvalue. 

Definition 3. Let { },...,,2,1 nN =  { } NiiiK k ⊆= ...,,, 21  with 11 i≤  

.2 nii k ≤<<< "  Let [ ] [ [ ] [ ]]kAkAKA ,≈  be the main interval submatrix 

of the matrix [ ] ( ) ,nn
ij IAA ×

ε∈= R  [ ],, AAA ≈  i.e., 
⎥
⎥

⎦

⎤

⎢
⎢

⎣

⎡

kkk

k

iiii

iiii

AA

AA

"
"""

"

1

111
 and 

[ ] [ [ ] [ ]]KxKxKx ,≈  states the subvector ( )Tiii kxxx ...,,, 21  of the vector 

( ) ( ) ....,,, 21
nT

n Ixxx ε∈ R  Furthermore, if ( )END ,=  is a directed graph 

and ,NK ⊆  then by [ ]KD  we mean a directed subgraph induced by D, i.e., 

[ ] ( )( ),, KKEKKD ×= ∩  so [ ] [ ].KDD KA =  

Definition 4. Let ( ) ., nnIBA ×
ε∈ R  A symbol BA ~  means that A can 

be obtained from B by permutating the columns and rows. 

The following lemma describes the eigenvalues and eigenvectors of two 
equivalent matrices. 

Lemma 3. If ,~ BA  then ( ) ( )BA Λ=Λ  and there is a bijective function 

between ( )AV  and ( ).BV  

Proof. Let ( ) [ ] ( )b
nnnn IAAAIBA ×

ε
×
ε ∈≈∈ RR ,,,  and [ ] ∈≈ BBB ,  

( ) .b
nnI ×

εR  Since ,~ BA  BA ~  and .~ BA  Thus, we have ( ) ( )BA Λ=Λ  
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and there is a bijective function between ( )AV  and ( ),BV  as well as 

( ) ( )BA Λ=Λ  and there is a bijective function between ( )AV  and ( ).BV  

Therefore, ( ) ( )BA Λ=Λ  and there is a bijective function between ( )AV  and 

( ).BV   

Lemma 4. Suppose ( ) ,nnIA ×
ε∈ R  ( )AΛ∈λ  and ( )., λ∈ AVx  If 

( ),, λ∉ + AVx  then ,1>n  
( ) ( )

( ) ,~ 22

2111

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛

ε A
AAA  ( ( ) )22Aλ=λ  and A is a 

reducible matrix. 

Proof. Suppose ( ) ,nnIA ×
ε∈ R  [ ] ( ) ,, b

nnIAAA ×
ε∈≈ R  [ ] ∈λλ=λ ,  

( )AΛ  and [ ] [[ ] [ ] [ ]] ( ).,,...,,,,,...,,, 221121 λ∈== AVxxxxxxxxxx T
nn

T
n  

Therefore, ( ),AΛ∈λ  ( ),AΛ∈λ  [ ] ( )λ∈= ,...,,, 21 AVxxxx n  and     

[ ] ( ).,...,,, 21 λ∈= AVxxxx n  If ( ),, λ∉ + AVx  then ,1>n  and ~A  

( ) ( )
( ) ,22
2111

⎥⎦

⎤
⎢⎣

⎡
ε A

AA  ( ( ) )22Aλ=λ  and A  is a reducible matrix. Likewise, if 

( ),, λ∉ + AVx  then ,1>n  
( ) ( )

( ) ,~ 22
2111

⎥⎦

⎤
⎢⎣

⎡
ε A

AAA  ( ( ) )22Aλ=λ  and A  is 

a reducible matrix. Since ( ),, λ∉ + AVx  we have ,1>n  and ~A  

( ) ( )
( ) ,22
2111

⎥⎦

⎤
⎢⎣

⎡
ε A

AA  ( ( ) )22Aλ=λ  and A is a reducible matrix.  

The necessary and sufficient conditions for a matrix to be irreducible are 
presented in the following theorem. 

Theorem 7. Given a matrix ( ) ,max
nnIA ×∈ R  then ( ) ( )AVAV +=  if and 

only if A is an irreducible matrix. 

Proof. Suppose ( ) ,nnIA ×
ε∈ R  [ ] ( ) ., b

nnIAAA ×
ε∈≈ R  Hence, ( ) =AV  

( )AV +  if and only if A  is an irreducible matrix. Likewise, ( ) ( )AVAV +=  
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if and only if A  is an irreducible matrix. By Definition 2, we obtain 

( ) ( )AVAV +=  if and only if A is an irreducible matrix.  

Every reducible matrix ( ) ( ) nn
ij IAA ×

ε∈= R  can be transformed by 

permutating rows and columns of matrix A into a Frobenius normal form 

(FNF), namely ,222

12111

⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢

⎣

⎡

εε

ε

rr

r

r

A

AA
AAA

"
""""

"
"

 where rrAA ...,,11  is an irreducible 

square submatrix of A. 

Definition 5. Given an FNF matrix A. A simplification of any directed 
graph is a directed graph ({ } {( ) })jijirA NlNkNNNNC ∈∃∈∃|= ,,,...,,1  

such that [ ]., εε>lkA  

If there is a path from a point in iN  to a point inside the jN  in ,AD  then 

we denote .ji NN →  

Lemma 5. If ( ) ji NNAVx →∈ ,  and [ ] ,ε≠jNx  then [ ]iNx  is finite, 

particularly, [ ]jNx  is finite. 

Proof. Let 

( ),AVx ∈  [ ] [[ ] [ ] [ ]] .,...,,,,,...,,, 221121
T

nn
T

n xxxxxxxxxx ==  

Then [ ]xxx ,≈  with [ ] ( )AVxxxx T
n ∈= ...,,, 21  and [ ]Tnxxxx ...,,, 21=  

( ).AV∈  Suppose ji NN →  and [ ] .ε≠jNx  Then [ ]iNx  finite, particularly, 

[ ]jNx  is finite. Similarly, since [ ] ,ε≠iNx  we have [ ]iNx  is finite, 

particularly, [ ]jNx  is finite. Consequently, [ ]iNx  is finite, particularly, 

[ ]jNx  is finite.  

Theorem 8 (Spectral theorem). If ( ) nnIA ×
ε∈ R  is an FNF matrix, then 

( ) { ( ) ( ) ( )}.max iiNNjjjj AAAA ji λ=λ|λ≈Λ →  
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Proof. Suppose ( ) nnIA ×
ε∈ R  and [ ] ( ) ., b

nnIAAA ×
ε∈≈ R  Since A            

is an FNF matrix, A  and A  are FNF matrices. Hence, ( ) ≈Λ A  

{ ( ) ( ) ( )}iiNNjjjj AAA ji λ=λ|λ →max  and 

( ) { ( ) ( ) ( )}.max iiNNjjjj AAAA ji λ=λ|λ≈Λ →  

We obtain ( ) { ( ) ( ) ( )},max iiNNjjjj AAAA ji λ=λ|λ≈Λ →  with ( ) =λ jjA  

[ ( ) ( )]., jjjj AA λλ  ~ 

Here is the definition of spectral and consequences of Theorem 8. 

Definition 6. Given ( ) nnIA ×
ε∈ R  which is an FNF matrix. If ( ) =λ jjA  

( ),max iiNN Aji λ→  then jjA  (and also jN  or simply j) is called as spectral. 

Corollary 2. All initial classes of AC  are spectral. 

Corollary 3. The number of eigenvalues is ( ) ( ) nAA ≤Λ≤Λ 1,  for 

every ( ) .nnIA ×
ε∈ R  

Corollary 4. The set ( ) ( )( )AAVAV λ= ,  if and only if all the initial 

classes have the same eigenvalue ( ).Aλ  

The following discussion is about how to determine all the sets of 
eigenvectors of a matrix. 

Definition 7. Given ( ) nnIA ×
ε∈ R  which is an FNF matrix, 

rNNN ...,,, 21  are the classes of A and { }....,,2,1 rR =  Suppose that 

( )AΛ∈λ  and ,ε>λ  we denote ( ) ( ){ }spectral, ii NNRiI λ=λ|∈=λ      

and ( ) ( ) ( ) { ( ) }iIijjiiIi NjgNjAEE λ∈λ∈ ∈=|∈==λ ∪∪ ,0  with ( )A⊗λΓ −1  

[ ].ijg=  
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Definition 8. Given ( )., λ∈ Eji  Points i and j are said to be λ-

equivalent if and only if i and j are included in the same cycle, with the 
average cycle λ, and denoted by .~ ji λ  

Theorem 9. If ( ) ,nnIA ×
ε∈ R  [ ] ( )b

nnIAAA ×
ε∈≈ R,  and ( ),AIΛ∈λ  

[ ] ,, λ<εε  then ( )nk Ig ε∈ R  for every ( )λ∈ Ek  and ( )λ,AV  is a linear 

combination of kg ’s, where a kg  is taken from an equivalent class .~λ  

Proof. It is known that ( ) ,nnIA ×
ε∈ R  [ ] ( ) ,, b

nnIAAA ×
ε∈≈ R  =λ  

[ ] ( )AΛ∈λλ,  and [ ] [ ].,, λλ<εε  Then the columns of the matrix ( )λΓ A  

with lower bound and upper bound of the main diagonal elements are 0 and 
eigenvectors of A are eigenvectors corresponding to λ. The set ( )λ,AV  is a 

linear combination of kg ’s, where a kg  is taken one from each equivalent 

class in the ( )( ).~,λE   

Furthermore, an equivalent class in ( )( )~,λE  is called as the equivalent 

class .~λ  

Corollary 5. If ( ) nnIA ×
ε∈ R  and ( ),AΛ∈λ  [ ] [ ],,, λλ<εε  then 

( ) { ( ) ( ) [ ] ( )}.,,, 1 λ∉εε=∈|⊗⊗λΓ=λ ε
− EjallforzIzzAAV j

nR  

Theorem 10. The set ( ) ∅=+ AV  if and only if ( )Aλ  is an eigenvalue 

for all end classes. 

Proof. It is known that ( ) ,nnIA ×
ε∈ R  [ ] ( ) ,, b

nnIAAA ×
ε∈≈ R  ( ) =λ A  

[ ]λλ,  and ( ) ([ ] [ ]).,,,, λλ≈λ ++ AAVAV  From here, the set ( ) ∅≠+ AV  

if and only if ( )Aλ  is an eigenvalue for all end classes. Likewise, the set 

( ) ∅≠+ AV  if and only if ( )Aλ  is an eigenvalue for all end classes. As a 

result, the set ( ) ∅=+ AV  if and only if ( )Aλ  is an eigenvalue for all end 

classes. ~ 
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Corollary 6. The set ( ) ∅=+ AV  if and only if an end class has 

eigenvalues less than ( ).Aλ  

Theorem 11. Let ( ) nnIA ×
ε∈ R  be the FNF matrix and rNNN ...,,, 21  

be classes of A with { }....,,2,1 rR =  If { }kK ...,,2,1=  and ( ) =Λ A  

{ },Kii ∈|λ  then for ,rk ≤  there are ( ) ( ) ( )kΓΓΓ ...,,, 21  such that 

,Ki ∈∀  ( ( ) ) ( )., i
i AVIm λ=Γ  

Proof. Since the number of eigenvalues does not exceed the number      

of classes, .rk ≤  If ( ),Ai Λ∈λ  then ( ) { ( ) ∈|⊗⊗λΓ=λ − zzAAV ii
1,  

( ) [ ] ( )}.allfor,, ij
n IEjzI λ∉εε=εR  Suppose that ( ) { }....,,, 21 li eeeE =λ  

Then ( ) ( )ij
i g=Γ  and lggg ...,,, 21  are the columns of ( ),iΓ  where ig  is 

equal to the ie th column of ( )Ai ⊗λΓ −1  so that ( ( ) ) ( )., i
i AVIm λ=Γ  ~ 

Sub-eigenvector 

Below is given a definition of sub-eigenvector. 

Definition 9. Given a matrix ( ) .nnIA ×
ε∈ R  Vector ( ) ,nIx ε∈ R  ≠x  

( )εεε ...,,,  and ( )ε∈λ R I  satisfying 

,xxA ⊗λ≤⊗  

are, respectively, called sub-eigenvectors and eigenvalues of matrix A. 

We denote 

( ) { ( ) [ ] ( ) ( )},,;,,, λ∈λ∈∋≈|∈=λ ∗∗∗ AVxAVxxxxIxAV nR  

( ) ( )( ),, AAVAV λ= ∗∗  

( ) ( ),0,0 AVAV ∗∗ =  

where for ( ) { }.,, xxAxAVA nnn ⊗λ≤⊗|∈=λ∈ε≠ ∗×
ε RR  

Here, we give criteria for finite sub-eigenvector. 
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Theorem 12. Given a matrix ( ) .nnIA ×
ε∈ε≠ R  Inequality ≤⊗ xA  

x⊗λ  has a finite solution if and only if ( )Aλ≥λ  and .ε>λ  

Proof. Inequality xxA ⊗λ≤⊗  has a finite solution if and only if 

( )., λ∈ ∗ AVx  From the definition ( ),, λ∗ AV  then [ ]xxx ,≈  such that 

( ) ( ).,;, λ∈λ∈ ∗∗ AVxAVx  Since ( )λ∈ ∗ ,AVx  if and only if ( )Aλ≥λ  

and ε<λ  and ( )λ∈ ∗ ,AVx  if and only if ( )Aλ≥λ  and ,ε>λ  we have 

( )Aλ≥λ  and .ε>λ   

The above theorem gives the necessary and sufficient conditions                 
for the existence of finite sub-eigenvectors and eigenvalues of a matrix. 
Furthermore, we give a description of the set of finite sub-eigenvectors. 

Theorem 13. Given a matrix ( ) .nnIA ×
ε∈ε≠ R  If ( )Aλ≥λ  and 

,ε>λ  then the set of finite sub-eigenvectors ( ) { ( ) |⊗⊗λΔ=λ −∗ uAAV 1,  

( ) }.nIu ε∈ R  

Proof. If ( )Aλ≥λ  and ,ε>λ  then xxA ⊗λ≤⊗  has a finite 

solution. From the definition ( ),, λ∗ AV  then [ ]xxx ,≈  such that ∈x  

( );, λ∗ AV  ( )., λ∈ ∗ AVx  Since ( )λ∈ ∗ ,AVx  if and only if ( )Aλ≥λ      

and ε>λ  and ( )λ∈ ∗ ,AVx  if and only if ( )Aλ≥λ  and ,ε>λ  

( ) { ( ) ( ) }nIuuAAV ε
−∗ ∈|⊗⊗λΔ=λ R 1,  and ( ) { ( )AAV ⊗λΔ=λ −∗ 1,  

( ) },nIuu ε∈|⊗ R  so ( ) { ( ) ( ) }., 1 nIuuAAV ε
−∗ ∈|⊗⊗λΔ=λ R  ~ 

By Theorem 13, if ( ) ,nIx ε∈ R  then we obtain a description of the set of 

sub-eigenvectors on the following theorem: 

Theorem 14. Given a matrix ( ) .unIA ×
ε∈ε≠ R  If ( )Aλ≥λ  and 

,ε>λ  then 

( )nIxxxA ε∈⊗λ≤⊗ R ,  
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if and only if 

( ) ( ) .,1 nIuuAx ε
− ∈⊗⊗λΔ= R  

Furthermore, we give the properties of the sub-eigenvectors in the 
following lemmas. 

Lemma 6. Given an irreducible matrix ( ) ,nnIA ×
ε∈ε≠ R  ≤⊗ xA  

x⊗λ  with ( ) ,, ε∈λε≠ R Ix  then ( ) .nIx R ∈  

Proof. If xxA ⊗λ≤⊗  with ,ε≠x  ( ) ,ε∈λ R I  then [ ]xxx ,≈         

such that xxA ⊗λ≤⊗  with ,ε≠x  ( )ε∈λ RI  and xxA ⊗λ≤⊗  

with ,ε≠x  ( ) .ε∈λ R I  Consequently, ( )nIx R  ∈  and ( ) ,nIx R ∈  so 

( ) .nIx R ∈  ~ 

Lemma 7. Given a matrix ( ) nnIA ×
ε∈ R  and ( ) .ε>λ A  If ( )AVx ∗∈  

and ( ) ( ),, AEji C∈  then ( ) .ijij xAxA ⊗λ=⊗  

Proof. Since ( )AVx ∗∈  and ( ) ( )( ),, AAVAV λ= ∗∗  ( )nIx R∈  and 

( ) ,xAxA ⊗λ≤⊗  so [ ]xxx ,≈  such that ( )nIxx R∈,  and ≤⊗ xA  

( ) ,xA ⊗λ  ( ) .xAxA ⊗λ≤⊗  Consequently, ( ( ))AAVx λ∈ ∗ ,  and ∈x  

( ( ))., AAV λ∗  Since ( ) ( ( ))AAVAV λ= ∗∗ ,  and ( ) ( ( )),, AAVAV λ= ∗∗  

( )AVx ∗∈  and ( ).AVx ∗∈  By ( ) ( ),, AEji C∈  then ( ) ( )AEji C∈,  and 

( ) ( )., AEji C∈  Therefore, we have ( ) ijij xAxA ⊗λ=⊗  and jij xA ⊗  

( ) ,ixA ⊗λ=  so ( ) .ijij xAxA ⊗λ=⊗   

Lemma 8. Given a matrix ( ) nnIA ×
ε∈ R  and ( ) .ε>λ A  If ( ),AVz ∗∈  

then ( )
( )

,min xAxzAzA
nIx

⊗⊗=⊗⊗=λ ∗

∈

∗

R
 where Tzz −=∗  is the 

conjugate transpose of z. 
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Proof. Since ( )AVz ∗∈  and ( ) ( )( ),, AAVAV λ= ∗∗  ( )nIz R∈  and 

( ) ,zAzA ⊗λ≤⊗  so [ ]zzz ,≈  such that ( )nIzz R∈,  and ≤⊗ zA  

( ) ,zA ⊗λ  ( ) .xAxA ⊗λ≤⊗  Consequently, ( ( ))AAVz λ∈ ∗ ,  and ∈z  

( ( ))., AAV λ∗  Since ( ) ( ( ))AAVAV λ= ∗∗ ,  and ( ) ( ( )),, AAVAV λ= ∗∗  

( )AVz ∗∈  and ( ).AVz ∗∈  Hence, we have 

( )
( )

xAxzAzA
nIx

⊗⊗=⊗⊗=λ ∗

∈

∗

R
min  

and  

( ) ( ) .min xAxzAzA nIx
⊗⊗=⊗⊗=λ ∗

∈
∗

R  

And thus 

( ) ( ) .min xAxzAzA nIx
⊗⊗=⊗⊗=λ ∗

∈
∗

R  ~ 

We give the connection between the average maximum cycle with sub-
eigenvector as follows. 

Lemma 9. If ( ) ,nnIA ×
ε∈ R  then 

( ) { ( ) }.,inf nIxxxAA R∈⊗λ≤⊗|λ=λ  

If ( ) ε<λ A  or ,ε=A  then the infimum is reached. 

Proof. If [ ] ( ) ,, nnIAAA ×
ε∈≈ R  then 

( ) { ( ) }nIxxxAA R∈⊗λ≤⊗|λ=λ ,inf  

and ( ) { ( ) }nIxxxAA R∈⊗λ≤⊗|λ=λ ,inf  and so ( ) { ⊗|λ=λ AA inf  

( ) }., nIxxx R∈⊗λ≤  ~ 
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3. Concluding Remarks 

Based on the above discussion, some conclusions can be drawn as 
follows: 

(1) The maximum average cycle is an eigenvalue of each square matrix 
on max-plus algebra interval, and the average is the only eigenvalue 
corresponding to the finite eigenvector. For an irreducible square matrix,         
the eigenvalues are unique, namely the average maximum cycle, and the 
corresponding eigenvectors are finite eigenvectors. 

(2) Criterion for the existence of maximum of a finite eigenvector for       

the matrix A is the following: for a given matrix ( ) ,nnIA ×
ε∈ R  the finite 

eigenvector of the matrix A exists: 

(a) If the maximum of columns j of the matrix ( )λΓ A  is in ( ) ,nI R  

where j is at a critical point set of A. 

(b) If the average maximum cycle of the matrix A is finite and in 
digraphs ,AD  for each point i digraph ,AD  there is a critical point j so that 

the point j can be achieved by the point i. 

(c) If the value of ( )Aλ  is an eigenvalue of all final classes in each super 

block. 

(d) When a final grade has eigenvalues less than ( ).Aλ  
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