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Abstract
Let ℝ be the set of real numbers and ℝ  = ℝ U {ε}, ε = −∞. Maxplus algebra is the set ℝε that is equipped with two

operations maximum and addition. It can be formed matrices in the size of m× n, whose elements belong to ℝ , called

matrix over max-plus algebra. Let (Formula presented) and ε = {ε, ε}. The set I(ℝ)  which is equipped with two

operations maximum and addition is called interval max-plus algebra. It can be formed matrices in the size m × n,

whose elements belong to I (ℝ) , called matrices over interval max-plus algebra. Optimizing range norm of the image

set of matrix over max-plus algebra has been discussed. In this paper, we discuss optimizing range norm of the image

set of matrix over interval max-plus algebra. © 2016 Pushpa Publishing House, Allahabad, India.
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same journal.
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The chart shows the ratio of a journal's documents signed

by researchers from more than one country; that is

including more than one country address.

Year International Collaboration

2008 6.67
2009 3.06

Citable documents  Non-citable documents

Not every article in a journal is considered primary research

and therefore "citable", this chart shows the ratio of a

journal's articles including substantial research (research

articles, conference papers and reviews) in three year

windows vs. those documents other than research articles,

reviews and conference papers.

Documents Year Value

Non-citable documents 2008 0

Cited documents  Uncited documents

Ratio of a journal's items, grouped in three years windows,

that have been cited at least once vs. those not cited

during the following year.

Documents Year Value

Uncited documents 2008 0
Uncited documents 2009 159
Uncited documents 2010 251
Uncited documents 2011 461

← Show this widget in
your own website

Just copy the code below

and paste within your html

code:

<a href="https://www.scimagojr.com/journalsearch

SCImago GraphicaSCImago GraphicaSCImago Graphica

Explore, visuallyExplore, visuallyExplore, visually
communicate and makecommunicate and makecommunicate and make
sense of data with oursense of data with oursense of data with our
new data visualizationnew data visualizationnew data visualization
tooltooltool...

2009 2011 2013 2015 2017 2019

0.12

0.18

0.24

2008 2010 2012 2014 2016 2018

0

200

400

Cites / Doc. (4 years)
Cites / Doc. (3 years)
Cites / Doc. (2 years)

2008 2010 2012 2014 2016 2018

0

0.2

0.4

0.6

0.8

2008 2010 2012 2014 2016 2018

0

250

500

2008 2010 2012 2014 2016 2018

0

0.3

0.6

2008 2010 2012 2014 2016 2018

0

10

20

2008 2010 2012 2014 2016 2018

0

500

1k

2008 2010 2012 2014 2016 2018

0

500

1k

Far East Journal of Mathematical Sciences https://www.scimagojr.com/journalsearch.php?q=17900156722&tip=...

3 of 8 12/7/2022, 10:26 AM

https://www.graphica.app/
https://www.graphica.app/
https://www.graphica.app/
https://www.graphica.app/


 



Journal Menu

Journal Home

Editorial Board

Guidelines for Authors

Indexing

Contents

Subscribe

Publication Ethics and

Publication Malpractice

Statement

Categories

Computer and

Communications

Economics and Business

Electrical, Energy and

Physics

Life Sciences

Materials Engineering

Mathematics

New Publications 2022

Statistics

All Journals

Far East Journal of Mathematical Sciences (FJMS)

Editorial Board

Professor K. K. Azad (Editor-in-Chief)

Retired Professor & Head, Department of Mathematics, University of Allahabad, India

kkazad@pphmj.com

https://scholar.google.co.in/citations?user=r2_5P_EAAAAJ&hl=en

________________________________________________

Research Interest

1. General Topology

2. Dynamical Systems

Professor Ahmet Sinan Cevik

Department of Mathematics, Selcuk University, Turkey

sinan.cevik@selcuk.edu.tr ; sinan.cevik@su.edu.tr

http://www.ahmetsinancevik.com/

________________________________________________

Research Interest

1. Combinatorial Group

2. Semigroup Theory

3. Algebraic and Specktral Graph Theory

Professor Alison Marr

Department of Mathematics, Southwestern University, USA

marra@southwestern.edu

https://www.southwestern.edu/live/profiles/25772-alison-marr

________________________________________________

Research Interest

1. Graph Theory

2. Graph Labeling

3. Recreational Mathematics

Professor Ashish K. Srivastava

Department of Mathematics and Statistics, Saint Louis University, USA

ashish.srivastava@slu.edu

https://mathstat.slu.edu/~srivastava/

________________________________________________

Research Interest

1. Noncommutative Ring Theory

Professor Chelliah Selvaraj

Department of Mathematics, Periyar University, India

selvavlr@yahoo.com

https://periyaruniversity.irins.org/profile/117061

________________________________________________

Research Interest

1. Particular Ring theory

2. Homological Algebra

3. Representation Theory of Algebras

Professor Claudio Cuevas

Departamento de Matematica, Universidade Federal de Pernambuco, Brazil

cch@dmat.ufpe.br

https://livedna.net/?dna=55.9636

________________________________________________

Research Interest

1. Difference Equations

2. Periodicity and Ergodicity

3. Dispersive Estimates

4. Fractional Differential Equations

5. Integral and Integro-Differential Equation

Professor D. S. Sankar

School of Applied Sciences and Mathematics, Universiti Teknologi Brunei, Brunei Darussalam

duraisamy.sankar@utb.edu.bn

http://www.utb.edu.bn/academics/people/professor-dr-duraisamy-sambasivam-sankar/

________________________________________________

Research Interest

 P-ISSN: 0972-0871

Journal Stats

Publication count: 4091

Citation count: 10391

h10-index: 265

h-index: 32

Impact Factor: 3.22

Downloads: 1220519

Views: 4571185

Downloads/article: 298.34

Citations/article: 2.54

SEARCH 

Reviewers |  Book & Monographs | Conference | Contact Us

Home Publication Ethics Guidelines Journals Submit a Manuscript

Pushpa Publishing House http://www.pphmj.com/journals/fjms_editorial_board.htm

1 of 4 12/7/2022, 10:30 AM

http://www.pphmj.com/journals/fjms.htm
http://www.pphmj.com/journals/fjms.htm
http://www.pphmj.com/journals/fjms_editorial_board.htm
http://www.pphmj.com/journals/fjms_editorial_board.htm
http://www.pphmj.com/journals/fjms_author_information.htm
http://www.pphmj.com/journals/fjms_author_information.htm
http://www.pphmj.com/journals/fjms_reviews.htm
http://www.pphmj.com/journals/fjms_reviews.htm
http://www.pphmj.com/journals/contents/fjms.htm
http://www.pphmj.com/journals/contents/fjms.htm
http://www.pphmj.com/journals/fjms_subscription.htm
http://www.pphmj.com/journals/fjms_subscription.htm
http://www.pphmj.com/journals/fjms_ethics.htm
http://www.pphmj.com/journals/fjms_ethics.htm
http://www.pphmj.com/journals/fjms_ethics.htm
http://www.pphmj.com/journals/fjms_ethics.htm
http://www.pphmj.com/journals/category/Computer%20and%20Communications.htm
http://www.pphmj.com/journals/category/Computer%20and%20Communications.htm
http://www.pphmj.com/journals/category/Computer%20and%20Communications.htm
http://www.pphmj.com/journals/category/Economics%20and%20Business.htm
http://www.pphmj.com/journals/category/Economics%20and%20Business.htm
http://www.pphmj.com/journals/category/Electrical,%20Energy%20and%20Physics.htm
http://www.pphmj.com/journals/category/Electrical,%20Energy%20and%20Physics.htm
http://www.pphmj.com/journals/category/Electrical,%20Energy%20and%20Physics.htm
http://www.pphmj.com/journals/category/Life%20Sciences.htm
http://www.pphmj.com/journals/category/Life%20Sciences.htm
http://www.pphmj.com/journals/category/Materials%20Engineering.htm
http://www.pphmj.com/journals/category/Materials%20Engineering.htm
http://www.pphmj.com/journals/category/Mathematics.htm
http://www.pphmj.com/journals/category/Mathematics.htm
http://www.pphmj.com/journals/category/New%20Publications%202022.htm
http://www.pphmj.com/journals/category/New%20Publications%202022.htm
http://www.pphmj.com/journals/category/Statistics.htm
http://www.pphmj.com/journals/category/Statistics.htm
http://www.pphmj.com/journals/list.htm
http://www.pphmj.com/journals/list.htm
http://www.ebs.in/
http://www.ebs.in/
https://scholar.google.co.in/citations?user=r2_5P_EAAAAJ&hl=en
https://scholar.google.co.in/citations?user=r2_5P_EAAAAJ&hl=en
http://www.ahmetsinancevik.com/
http://www.ahmetsinancevik.com/
https://www.southwestern.edu/live/profiles/25772-alison-marr
https://www.southwestern.edu/live/profiles/25772-alison-marr
https://mathstat.slu.edu/~srivastava/
https://mathstat.slu.edu/~srivastava/
https://periyaruniversity.irins.org/profile/117061
https://periyaruniversity.irins.org/profile/117061
https://livedna.net/?dna=55.9636
https://livedna.net/?dna=55.9636
http://www.utb.edu.bn/academics/people/professor-dr-duraisamy-sambasivam-sankar/
http://www.utb.edu.bn/academics/people/professor-dr-duraisamy-sambasivam-sankar/
http://www.pphmj.com/journals/articles/2204.htm
http://www.pphmj.com/journals/articles/2204.htm
http://www.pphmj.com/index.php?act=jr_display_editor&jr_id=21
http://www.pphmj.com/index.php?act=jr_display_editor&jr_id=21
http://www.pphmj.com/index.php?act=jr_search_within&jr_id=21
http://www.pphmj.com/index.php?act=jr_search_within&jr_id=21
http://www.pphmj.com/index.php
http://www.pphmj.com/index.php
http://www.pphmj.com/index.php?act=reviewer
http://www.pphmj.com/index.php?act=reviewer
http://www.pphmj.com/index.php?act=book_monographs
http://www.pphmj.com/index.php?act=book_monographs
http://www.pphmj.com/index.php?act=show_conference_list
http://www.pphmj.com/index.php?act=show_conference_list
http://www.pphmj.com/contactus.htm
http://www.pphmj.com/contactus.htm
http://www.pphmj.com/index.php
http://www.pphmj.com/index.php
http://www.pphmj.com/Publication-Ethics/
http://www.pphmj.com/Publication-Ethics/
http://www.pphmj.com/Guidelines/
http://www.pphmj.com/Guidelines/
http://www.pphmj.com/journals/list.htm
http://www.pphmj.com/journals/list.htm
http://www.pphmj.com/#
http://www.pphmj.com/#


1. Ordinary Differential Equations

2. Partial Differential Equations

3. Mathematical Economics

Professor E. Thandapani

Ramanujan Institute for Advanced Study in Mathematics, University of Madras, India

ethandapani@unom.ac.in

https://www.unom.ac.in/index.php?route=department/department/profile&deptid=48&facultyid=265

________________________________________________

Research Interest

1. Differential Equation (ODE & PDE)

2. Difference Equations

Professor Haruhide Matsuda

Department of Mathematics, Shibaura Institute of Technology, Japan

hmatsuda@sic.shibaura-it.ac.jp

https://dl.acm.org/profile/81100347557

________________________________________________

Research Interest

1. Graph Theory

Professor Hong-Xu Li

Department of Mathematics, Sichuan University, China

hoxuli@sohu.com

http://en.ahu.edu.cn/math/2020/1021/c6474a247132/page.htm

________________________________________________

Research Interest

1. Functional Differential Equations

2. Ordinary Differential Equations

3. Almost Periodicity

4. Nonlinear Functional Analysis

Professor I. S. Rakhimov

Department of Mathematics, Universiti Teknologi MARA (UiTM), Malaysia

isamiddin@fskm.uitm.edu.my ; isamiddin@uitm.edu.my

https://fskm.uitm.edu.my/v5/index.php/en/corporate/staff-directory/academic-staff/39-corporate/staf-directory/academic-

staff/mathematics/185-isamiddin-rakhimov?ml=1

________________________________________________

Research Interest

1. Structural Theory of Finite-Dimensional Algebras

2. Lie and Leibniz Algebras

3. Dialgebras

4. Commutative Algebras

5. Algebraic Geometry

6. Invariant Theory

Professor Jin-Lin Liu

Department of Mathematics, Yangzhou University, China

jlliu@yzu.edu.cn

https://dl.acm.org/profile/81458650741

________________________________________________

Research Interest

1. Geometric Function Theory

Professor Lingyun Gao

Department of Mathematics, Jinan University, China

tgaoly@jnu.edu.cn

________________________________________________

Research Interest

1. Complex Analysis

2. Complex Differential (difference) Equations

Professor Manabu Hagiwara

Department of Mathematics, University of Chiba, Japan

hagiwara@math.s.chiba-u.ac.jp

http://www.math.s.chiba-u.ac.jp/~hagiwara/

________________________________________________

Research Interest

1. Mathematical Approach to Coding Theory

2. Information Theory

3. Combinatorics, and its application to industry

Pushpa Publishing House http://www.pphmj.com/journals/fjms_editorial_board.htm

2 of 4 12/7/2022, 10:30 AM

https://www.unom.ac.in/index.php?route=department/department/profile&deptid=48&facultyid=265
https://www.unom.ac.in/index.php?route=department/department/profile&deptid=48&facultyid=265
https://dl.acm.org/profile/81100347557
https://dl.acm.org/profile/81100347557
http://en.ahu.edu.cn/math/2020/1021/c6474a247132/page.htm
http://en.ahu.edu.cn/math/2020/1021/c6474a247132/page.htm
https://fskm.uitm.edu.my/v5/index.php/en/corporate/staff-directory/academic-staff/39-corporate/staf-directory/academic-staff/mathematics/185-isamiddin-rakhimov?ml=1
https://fskm.uitm.edu.my/v5/index.php/en/corporate/staff-directory/academic-staff/39-corporate/staf-directory/academic-staff/mathematics/185-isamiddin-rakhimov?ml=1
https://dl.acm.org/profile/81458650741
https://dl.acm.org/profile/81458650741
http://www.math.s.chiba-u.ac.jp/~hagiwara/
http://www.math.s.chiba-u.ac.jp/~hagiwara/


Professor Pu Zhang

Department of Mathematics, Shanghai Jiao Tong University, China

pzhang@sjtu.edu.cn

https://en.zhiyuan.sjtu.edu.cn/en/faculty/43/detail

________________________________________________

Research Interest

1. Algebra Representation Theory

2. Quantum Groups

Professor Qing-Wen Wang

Department of Mathematics, Shanghai University, China

wqw@staff.shu.edu.cn

https://www.scicol.shu.edu.cn/PDF/WangQingWen.htm

________________________________________________

Research Interest

1. Linear Algebra

2. Matrix Theory

3. Operator Algebra

Professor Sahsene Altinkaya

Department of Mathematics, Beykent University, Turkey

sahsenealtinkaya@beykent.edu.tr

ht ps://avesis.uludag.edu.tr/sahsene

________________________________________________

Research Interest

1. Geometric Function Theory

2. Bi-univalent Functions

Professor Satoru Takagi

Mathematics Department, Waseda University, Japan

satoru@waseda.jp

http://www.f.waseda.jp/satoru/index.html

________________________________________________

Research Interest

1. Partial Differential Equations

2. Functional Analysis

Professor Sourav Das

Department of Mathematics, National Institute of Technology, Jamshedpur, India

sourav.das@mt.iitr.ac.in

https://www.iitr.ac.in/~MT/Sourav_Das

________________________________________________

Research Interest

1. Complex Analysis

2. Special Functions

3. Orthogonal Polynomials

4. Inequalities

5. Continued Fractions

6. Asymptotics

Professor Vladimir Tulovsky

Department of Mathematics and Computer Science, Saint John's University, USA

TULOVSKV@stjohns.edu

https://www.stjohns.edu/academics/faculty/vladimir-tulovsky

________________________________________________

Research Interest

1. Partial Differential Equations

Professor Wei Dong Gao

Center for Applied Mathematics, Tianjin University, China

weidong.gao@tju.edu.cn

http://cam.tju.edu.cn/en/faculty/index.php?id=92

________________________________________________

Research Interest

1. Combinatorial Number Theory

Professor Young Joo Lee

Department of Mathematics, Chonnam National University, South Korea

leeyj@chonnam.ac.kr

https://www.researchgate.net/profile/Young-Lee-84

________________________________________________

Research Interest

1. Complex analysis

Pushpa Publishing House http://www.pphmj.com/journals/fjms_editorial_board.htm

3 of 4 12/7/2022, 10:30 AM

https://en.zhiyuan.sjtu.edu.cn/en/faculty/43/detail
https://en.zhiyuan.sjtu.edu.cn/en/faculty/43/detail
https://www.scicol.shu.edu.cn/PDF/WangQingWen.htm
https://www.scicol.shu.edu.cn/PDF/WangQingWen.htm
http://www.pphmj.com/ht%20ps://avesis.uludag.edu.tr/sahsene
http://www.pphmj.com/ht%20ps://avesis.uludag.edu.tr/sahsene
http://www.f.waseda.jp/satoru/index.html
http://www.f.waseda.jp/satoru/index.html
https://www.iitr.ac.in/~MT/Sourav_Das
https://www.iitr.ac.in/~MT/Sourav_Das
https://www.stjohns.edu/academics/faculty/vladimir-tulovsky
https://www.stjohns.edu/academics/faculty/vladimir-tulovsky
http://cam.tju.edu.cn/en/faculty/index.php?id=92
http://cam.tju.edu.cn/en/faculty/index.php?id=92
https://www.researchgate.net/profile/Young-Lee-84
https://www.researchgate.net/profile/Young-Lee-84


Home Journals Books & Monographs Institutional Price List Refund Policy Disclaimer Policy Privacy Policy Shipping & Delivery Terms and Conditions Copyright 2012

2. Operator theory

Professor Zhenlu Cui

Department of Mathematics and Computer Science, Fayetteville State University, USA

zcui@uncfsu.edu

https://www.uncfsu.edu/academics/colleges-schools-and-departments/college-of-health-science-and-technology/department-of-

mathematics-and-computer-science/math-and-cs-faculty-and-staff/dr-zhenlu-cui

________________________________________________

Research Interest

1. Multiscale Modeling of Soft Matters

2. Perturbation Analysis

3. Numerical Analysis

4. Approximation Theory

This website is best viewed at 1024x768 or higher resolution with Microsoft Internet Explorer 6 or newer.

Pushpa Publishing House http://www.pphmj.com/journals/fjms_editorial_board.htm

4 of 4 12/7/2022, 10:30 AM

http://www.pphmj.com/index.php
http://www.pphmj.com/journals/list.htm
http://www.pphmj.com/books/bk_category/Monographs.htm
http://www.pphmj.com/institution.php?act=inst_intro
http://www.pphmj.com/index.php?act=refund_policy
http://www.pphmj.com/index.php?act=disclaimer_policy
http://www.pphmj.com/index.php?act=privacy_policy
http://www.pphmj.com/index.php?act=shipping_delivery
http://www.pphmj.com/index.php?act=ebs_toc
https://www.uncfsu.edu/academics/colleges-schools-and-departments/college-of-health-science-and-technology/department-of-mathematics-and-computer-science/math-and-cs-faculty-and-staff/dr-zhenlu-cui
https://www.uncfsu.edu/academics/colleges-schools-and-departments/college-of-health-science-and-technology/department-of-mathematics-and-computer-science/math-and-cs-faculty-and-staff/dr-zhenlu-cui


Journal Menu

Journal Home

Editorial Board

Guidelines for Authors

Indexing

Contents

Subscribe

Publication Ethics and

Publication Malpractice

Statement

Content

Volume 99, Issue 11

Pg 1603 - 1778 (June 2016)

Volume 99, Issue 12

Pg 1779 - 1970 (June 2016)

Volume 99, Issue 9

Pg 1283 - 1441 (May 2016)

Volume 99, Issue 10

Pg 1443 - 1601 (May 2016)

Volume 99, Issue 7

Pg 959 - 1117 (April 2016)

Volume 99, Issue 8

Pg 1119 - 1281 (April 2016)

Volume 99, Issue 5

Pg 615 - 774 (March 2016)

Volume 99, Issue 6

Pg 775 - 958 (March 2016)

Volume 140 (2023)

Volume 139 (2022)

Volume 138 (2022)

Volume 137 (2022)

Volume 136 (2022)

Volume 135 (2022)

Volume 134 (2022)

Volume 133 (2021)

Volume 132 (2021)

Volume 131 (2021)

Volume 130 (2021)

Volume 129 (2021)

Volume 128 (2021)

Volume 127 (2020)

Volume 126 (2020)

Volume 125 (2020)

Volume 124 (2020)

Volume 123 (2020)

Volume 122 (2020)

Volume 121 (2019)

Volume 120 (2019)

Volume 119 (2019)

Volume 118 (2019)

Volume 117 (2019)

Volume 116 (2019)

Volume 115 (2019)

Volume 114 (2019)

Volume 113 (2019)

Volume 112 (2019)

Volume 111 (2019)

Volume 110 (2019)

Volume 109 (2018)

Volume 108 (2018)

Volume 107 (2018)

Volume 106 (2018)

Volume 105 (2018)

Volume 104 (2018)

Volume 103 (2018)

Volume 102 (2017)

Volume 101 (2017)

Volume 100 (2016)

Volume 99 (2016)

Far East Journal of Mathematical Sciences (FJMS)

Volume 99, Issue 1, Pages 1 - 152 (January 2016)

Articles 1 - 8 of 8 [ 1 ]

THE FRACTIONAL DIFFERENTIAL TRANSFORMATION METHOD FOR THE FRACTIONAL STURM-LIOUVILLE

PROBLEM FOR FRACTIONAL BESSEL EQUATION

by: Sutrima, Marifatun and Isnandar Slamet

Far East Journal of Mathematical Sciences (FJMS)

Volume 99, Issue 1, Pages 1 - 15 (January 2016)

Downloads: 374 Views: 814

OPTIMIZING RANGE NORM OF THE IMAGE SET OF MATRIX OVER INTERVAL MAX-PLUS ALGEBRA

by: Siswanto, Ari Suparwanto and M. Andy Rudhito

Far East Journal of Mathematical Sciences (FJMS)

Volume 99, Issue 1, Pages 17 - 32 (January 2016)

Downloads: 395 Views: 1291

RIESZ BASIS PROPERTY AND EXPONENTIAL STABILITY OF A FLEXIBLE EULER-BERNOULLI BEAMS WITH A

FORCE CONTROL IN ROTATION AND VELOCITY ROTATION

by: TourÃ© K. Augustin, Koua B. Jean Claude and Diop Fatou N.

Far East Journal of Mathematical Sciences (FJMS)

Volume 99, Issue 1, Pages 33 - 60 (January 2016)

Downloads: 376 Views: 1200

A TYPE OF CONFORMAL CURVATURE TENSOR

by: Jaeman Kim

Far East Journal of Mathematical Sciences (FJMS)

Volume 99, Issue 1, Pages 61 - 74 (January 2016)

Downloads: 399 Views: 1385

A CERTAIN FRACTIONAL DERIVATIVE OPERATOR FOR p-VALENT FUNCTIONS AND NEW CLASS OF ANALYTIC

FUNCTIONS WITH NEGATIVE COEFFICIENTS

by: A. A. Amourah, Feras Yousef, Tariq Al-Hawary and M. Darus

Far East Journal of Mathematical Sciences (FJMS)

Volume 99, Issue 1, Pages 75 - 87 (January 2016)

Downloads: 400 Views: 1252

ON CERTAIN SUBCLASS OF STARLIKE ANALYTIC FUNCTIONS ASSOCIATED WITH RUSCHEWEYH DERIVATIVE

AND A GENERALIZED MULTIPLIER TRANSFORMATION

by: Anessa Oshah and Maslina Darus

Far East Journal of Mathematical Sciences (FJMS)

Volume 99, Issue 1, Pages 89 - 108 (January 2016)

Downloads: 391 Views: 1137

A PROBABILISTIC INTEGRATED VENDOR-BUYER COOPERATIVE INVENTORY MODEL WITH IMPERFECT

QUALITY ITEMS, CONTROLLABLE LEAD TIME, UNCERTAINTY DEMANDS, INSPECTION ERROR, SHORTAGE AND

BACKORDERING ALLOWED

by: Rubono Setiawan and Triyanto

Far East Journal of Mathematical Sciences (FJMS)

Volume 99, Issue 1, Pages 109 - 132 (January 2016)

Downloads: 381 Views: 1318

SOME CONVERGENCE RESULTS FOR MODIFIED ABBAS AND NAZIR ITERATION PROCESS ON A NONLINEAR

DOMAIN

by: Duangkamon Kitkuan

Far East Journal of Mathematical Sciences (FJMS)

Volume 99, Issue 1, Pages 133 - 152 (January 2016)

Downloads: 380 Views: 911

 P-ISSN: 0972-0871

Journal Stats

Publication count: 4091

Citation count: 10391

h10-index: 265

h-index: 32

Impact Factor: 3.22

Downloads: 1220519

Views: 4571185

Downloads/article: 298.34

Citations/article: 2.54

Pushpa Publishing House http://www.pphmj.com/journals/articles/1432.htm

2 of 4 12/7/2022, 10:29 AM

http://www.pphmj.com/journals/fjms.htm
http://www.pphmj.com/journals/fjms.htm
http://www.pphmj.com/journals/fjms_editorial_board.htm
http://www.pphmj.com/journals/fjms_editorial_board.htm
http://www.pphmj.com/journals/fjms_author_information.htm
http://www.pphmj.com/journals/fjms_author_information.htm
http://www.pphmj.com/journals/fjms_reviews.htm
http://www.pphmj.com/journals/fjms_reviews.htm
http://www.pphmj.com/journals/contents/fjms.htm
http://www.pphmj.com/journals/contents/fjms.htm
http://www.pphmj.com/journals/fjms_subscription.htm
http://www.pphmj.com/journals/fjms_subscription.htm
http://www.pphmj.com/journals/fjms_ethics.htm
http://www.pphmj.com/journals/fjms_ethics.htm
http://www.pphmj.com/journals/fjms_ethics.htm
http://www.pphmj.com/journals/fjms_ethics.htm
http://www.pphmj.com/journals/articles/1487.htm
http://www.pphmj.com/journals/articles/1487.htm
http://www.pphmj.com/journals/articles/1488.htm
http://www.pphmj.com/journals/articles/1488.htm
http://www.pphmj.com/journals/articles/1485.htm
http://www.pphmj.com/journals/articles/1485.htm
http://www.pphmj.com/journals/articles/1486.htm
http://www.pphmj.com/journals/articles/1486.htm
http://www.pphmj.com/journals/articles/1467.htm
http://www.pphmj.com/journals/articles/1467.htm
http://www.pphmj.com/journals/articles/1476.htm
http://www.pphmj.com/journals/articles/1476.htm
http://www.pphmj.com/journals/articles/1448.htm
http://www.pphmj.com/journals/articles/1448.htm
http://www.pphmj.com/journals/articles/1455.htm
http://www.pphmj.com/journals/articles/1455.htm
http://www.pphmj.com/journals/articles/2204.htm
http://www.pphmj.com/journals/articles/2204.htm
http://www.pphmj.com/journals/articles/2197.htm
http://www.pphmj.com/journals/articles/2197.htm
http://www.pphmj.com/journals/articles/2194.htm
http://www.pphmj.com/journals/articles/2194.htm
http://www.pphmj.com/journals/articles/2183.htm
http://www.pphmj.com/journals/articles/2183.htm
http://www.pphmj.com/journals/articles/2160.htm
http://www.pphmj.com/journals/articles/2160.htm
http://www.pphmj.com/journals/articles/2151.htm
http://www.pphmj.com/journals/articles/2151.htm
http://www.pphmj.com/journals/articles/2132.htm
http://www.pphmj.com/journals/articles/2132.htm
http://www.pphmj.com/journals/articles/2125.htm
http://www.pphmj.com/journals/articles/2125.htm
http://www.pphmj.com/journals/articles/2104.htm
http://www.pphmj.com/journals/articles/2104.htm
http://www.pphmj.com/journals/articles/2093.htm
http://www.pphmj.com/journals/articles/2093.htm
http://www.pphmj.com/journals/articles/2060.htm
http://www.pphmj.com/journals/articles/2060.htm
http://www.pphmj.com/journals/articles/2051.htm
http://www.pphmj.com/journals/articles/2051.htm
http://www.pphmj.com/journals/articles/2031.htm
http://www.pphmj.com/journals/articles/2031.htm
http://www.pphmj.com/journals/articles/2013.htm
http://www.pphmj.com/journals/articles/2013.htm
http://www.pphmj.com/journals/articles/1999.htm
http://www.pphmj.com/journals/articles/1999.htm
http://www.pphmj.com/journals/articles/1992.htm
http://www.pphmj.com/journals/articles/1992.htm
http://www.pphmj.com/journals/articles/1976.htm
http://www.pphmj.com/journals/articles/1976.htm
http://www.pphmj.com/journals/articles/1949.htm
http://www.pphmj.com/journals/articles/1949.htm
http://www.pphmj.com/journals/articles/1942.htm
http://www.pphmj.com/journals/articles/1942.htm
http://www.pphmj.com/journals/articles/1937.htm
http://www.pphmj.com/journals/articles/1937.htm
http://www.pphmj.com/journals/articles/1928.htm
http://www.pphmj.com/journals/articles/1928.htm
http://www.pphmj.com/journals/articles/1914.htm
http://www.pphmj.com/journals/articles/1914.htm
http://www.pphmj.com/journals/articles/1895.htm
http://www.pphmj.com/journals/articles/1895.htm
http://www.pphmj.com/journals/articles/1893.htm
http://www.pphmj.com/journals/articles/1893.htm
http://www.pphmj.com/journals/articles/1888.htm
http://www.pphmj.com/journals/articles/1888.htm
http://www.pphmj.com/journals/articles/1875.htm
http://www.pphmj.com/journals/articles/1875.htm
http://www.pphmj.com/journals/articles/1870.htm
http://www.pphmj.com/journals/articles/1870.htm
http://www.pphmj.com/journals/articles/1862.htm
http://www.pphmj.com/journals/articles/1862.htm
http://www.pphmj.com/journals/articles/1841.htm
http://www.pphmj.com/journals/articles/1841.htm
http://www.pphmj.com/journals/articles/1837.htm
http://www.pphmj.com/journals/articles/1837.htm
http://www.pphmj.com/journals/articles/1827.htm
http://www.pphmj.com/journals/articles/1827.htm
http://www.pphmj.com/journals/articles/1813.htm
http://www.pphmj.com/journals/articles/1813.htm
http://www.pphmj.com/journals/articles/1805.htm
http://www.pphmj.com/journals/articles/1805.htm
http://www.pphmj.com/journals/articles/1787.htm
http://www.pphmj.com/journals/articles/1787.htm
http://www.pphmj.com/journals/articles/1783.htm
http://www.pphmj.com/journals/articles/1783.htm
http://www.pphmj.com/journals/articles/1763.htm
http://www.pphmj.com/journals/articles/1763.htm
http://www.pphmj.com/journals/articles/1755.htm
http://www.pphmj.com/journals/articles/1755.htm
http://www.pphmj.com/journals/articles/1705.htm
http://www.pphmj.com/journals/articles/1705.htm
http://www.pphmj.com/journals/articles/1647.htm
http://www.pphmj.com/journals/articles/1647.htm
http://www.pphmj.com/journals/articles/1588.htm
http://www.pphmj.com/journals/articles/1588.htm
http://www.pphmj.com/journals/articles/1534.htm
http://www.pphmj.com/journals/articles/1534.htm
http://www.pphmj.com/journals/articles/1485.htm
http://www.pphmj.com/journals/articles/1485.htm
javascript:nb(0)
javascript:nb(0)
javascript:nb(0)
javascript:nb(0)
http://www.pphmj.com/abstract/9501.htm
http://www.pphmj.com/abstract/9501.htm
http://www.pphmj.com/abstract/9501.htm
http://www.pphmj.com/abstract/9502.htm
http://www.pphmj.com/abstract/9502.htm
http://www.pphmj.com/abstract/9502.htm
http://www.pphmj.com/abstract/9503.htm
http://www.pphmj.com/abstract/9503.htm
http://www.pphmj.com/abstract/9503.htm
http://www.pphmj.com/abstract/9504.htm
http://www.pphmj.com/abstract/9504.htm
http://www.pphmj.com/abstract/9504.htm
http://www.pphmj.com/abstract/9505.htm
http://www.pphmj.com/abstract/9505.htm
http://www.pphmj.com/abstract/9505.htm
http://www.pphmj.com/abstract/9506.htm
http://www.pphmj.com/abstract/9506.htm
http://www.pphmj.com/abstract/9506.htm
http://www.pphmj.com/abstract/9507.htm
http://www.pphmj.com/abstract/9507.htm
http://www.pphmj.com/abstract/9507.htm
http://www.pphmj.com/abstract/9508.htm
http://www.pphmj.com/abstract/9508.htm
http://www.pphmj.com/abstract/9508.htm
http://www.pphmj.com/journals/contents/fjms.htm
http://www.pphmj.com/journals/contents/fjms.htm
http://www.pphmj.com/journals/articles/2204.htm
http://www.pphmj.com/journals/articles/2204.htm
http://www.pphmj.com/index.php?act=jr_display_editor&jr_id=21
http://www.pphmj.com/index.php?act=jr_display_editor&jr_id=21
http://www.pphmj.com/index.php?act=jr_search_within&jr_id=21
http://www.pphmj.com/index.php?act=jr_search_within&jr_id=21


 

Far East Journal of Mathematical Sciences (FJMS) 
© 2016 Pushpa Publishing House, Allahabad, India 
Published Online: December 2015 
http://dx.doi.org/10.17654/MS099010017 
Volume 99, Number 1, 2016, Pages 17-32 ISSN: 0972-0871

 

Received: June 8, 2015;  Revised: August 30, 2015;  Accepted: September 16, 2015  
2010 Mathematics Subject Classification: 15A80. 
Keywords and phrases: interval max-plus algebra, range norm, image set. 

Communicated by K. K. Azad 

OPTIMIZING RANGE NORM OF THE IMAGE SET OF 
MATRIX OVER INTERVAL MAX-PLUS ALGEBRA 

Siswanto1,2, Ari Suparwanto2 and M. Andy Rudhito3 
1Mathematics Department 
Faculty of Mathematics and Natural Science 
Sebelas Maret University 
Indonesia 
e-mail: sis.mipauns@yahoo.co.id 

2Mathematics Department 
Faculty of Mathematics and Natural Science 
Gadjah Mada University 
Indonesia 
e-mail: ari_suparwanto@yahoo.com 

3The Study Program in Mathematics Education 
Faculty of Teacher Training and Education 
Sanata Dharma University 
Indonesia 
e-mail: arudhito@yahoo.co.id 

Abstract 

Let R  be the set of real numbers and { },ε=ε URR  .−∞=ε  Max-

plus algebra is the set εR  that is equipped with two operations 

maximum and addition. It can be formed matrices in the size of ,nm ×  
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whose elements belong to ,εR  called matrix over max-plus algebra. 

Let ( ) { [ ] } { }ε≤<ε∈|==ε UxxxxxxxI ,,, RR  and { }., εε=ε  

The set ( )εRI  which is equipped with two operations maximum and 

addition is called interval max-plus algebra. It can be formed matrices 
in the size ,nm ×  whose elements belong to ( ) ,εRI  called matrices 

over interval max-plus algebra. Optimizing range norm of the image 
set of matrix over max-plus algebra has been discussed. In this paper, 
we discuss optimizing range norm of the image set of matrix over 
interval max-plus algebra. 

I. Introduction 

Max-plus algebra is the set { },ε=ε URR  of which R  are all the sets   
of real numbers and −∞=ε  that is equipped with two operations ⊕  
(maximum) and ⊗  (addition). Max-plus algebra has been used to model and 
analyze problems in planning, communication, production system, queueing 
system with finite capacity, parallel computation, and traffic using algebra 
[3] and also several other applications, i.e., in flight scheduling and airport 
problems [2] whereas min-plus algebra is the set { }ε′=ε′ URR  and ∞=ε′  
that is equipped with two operations ⊕′  (minimum) and ⊗′  (addition) [12]. 
Tam [12] also discussed complete max-plus algebra, of which the set =εR  

{ }ε′ε,UR  is equipped with operations ⊕  and ,⊗  and complete min-plus 

algebra, of which the set { }ε′ε=ε′ ,URR  is equipped with two operations 

⊕′  and .⊗′  Furthermore, εR  and ε′R  are written as .R  

It can be formed a set of matrices in the size nm ×  of the sets ,, ε′ε RR  

and .R  The set of matrices with components in εR  is denoted by .nm×
εR  

The matrix nmA ×
ε∈ R  is called matrix over max-plus algebra. For ,1=n  a 

set of vectors over max-plus algebra is obtained and written as ,m
εR  that is 

{( ) }εε ∈|= RR m
T

m
m xxxxxx ...,,,...,,, 2121  [5, 6]. Moreover, if ,nm =  

then the set nn×
εR  equipped with operations ⊕  and ⊗  forms idempotent 

semiring [1, 7, 10]. 
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Tam [12] illustrated an example of application of max-plus algebra in the 

production system. For example ( ) nn
ijAA ×

ε∈= R  is a production matrix, 

where ijA  shows the period of time of the production process from machine 

jM  to ,iM  while ( ) ( )( ) n
i kxkx ε∈= R  is a vector, where ( )kxi  is the 

starting time of machine iM  at the kth stage. In this production process, we 

have the equation ( ) ( ).1 kxAkx ⊗=+  One of the criteria used by 

manufacturer is that the production process is expected to be continue 
periodically in certain periods, e.g., λ, so that the equation ( ) ⊗λ=+ 1kx  

( )kx  is obtained. From ( ) ( )kxAkx ⊗=+ 1  and ( ) ( ),1 kxkx ⊗λ=+  we 

get ( ) ( ).kxkxA ⊗λ=⊗  The eigenvalue and eigenvector problem of 

matrix A is to determine the eigenvalue λ and the eigenvector ( )kx  which 

satisfy the equation ( ) ( ).kxkxA ⊗λ=⊗  

In the real life situation, there are several ways for the manufacturer to 
determine the starting time of each machine. One of the ways is by choosing 
eigenvector as the starting time, so that the system will immediately reach the 
steady state; that is the process continues periodically with the eigenvalue as 
its periods. However, in reality, there can exist more than one independent 
eigenvectors for the manufacturer to choose. In that case, a set of linear 
combination of the independent eigenvectors is constructed, and as such, the 
manufacturer needs an additional criterion to choose one element of the set. 
The additional criterion is by considering the difference between the largest 
and the smallest of the starting time of each machine. The difference is 
expressed as range norm of the starting time of each machine. Manufacturer 
can optimize (either minimize or maximize) the range norm of the starting 
time of each machine [4, 12]. The readiness of the raw material, the 
availability of the resources and the distribution of the product become the 
determining factors for the manufacturer to optimize the range norm of the 
starting time of each machine. In solving the problems of that production 
system, Tam [12] has discussed optimizing range norm of the image set of 
matrix over max-plus algebra. 
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Kreinovich [8] stated that any measurement is never 100% accurate. 
Thus, the value of the measurement x~  in general differs from the real value 
x. Specifically, in the case of interval uncertainty, after it is being measured 
and the result of the measurement x~  is obtained, the acquired information 
that the real value x is contained in the interval [ ].~,~ Δ+Δ−= xxx  

Based on the above statement, the estimation on the period of time of a 
certain process can be given, for example the period of time of the process       
in a production system. Therefore, the period of time of a certain production 
process can be given in an interval of time. 

According to the Kreinovich’s idea [8] about the probability to give an 
estimation of the period of time of a certain process and Rudhito [9] about 
max-plus algebra generalization, i.e., interval max-plus algebra, we try to 
expand the concept in max-plus algebra, i.e., the optimizing range norm of 
the image set of matrix over interval max-plus algebra. Siswanto et al. [11] 
have investigated how to minimize range norm of the image set of matrix 
over interval max-plus algebra. In this research, we develop the range norm 
definition in [11]. Using the new range norm definition, we investigate the 
way to minimize and maximize range norm of the image set of matrix over 
interval max-plus algebra. 

Before discussing the result of this paper, several concepts which support 
the discussion are observed as follows [12]: 

Definition 1.1. Given that ,R∈a  the conjugate of a is .1 aaa −== −∗  

Suppose that .nmA ×
∈ R  Then the conjugate of matrix A is ( )∗∗ = jiaA  or 

.TAA −=∗  

Definition 1.2. Given that nmA ×
∈ R  and if matrix A at least has one 

finite element in each row, then matrix A is called row R -astic. If matrix A 
at least has one finite element in each column, then matrix A is called column 
R -astic. If matrix A at least has one finite element in each row and each 
column, then matrix A is called double R -astic. 
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Definition 1.3. Suppose that ,nmA ×
ε∈ R  ( )AIm  is defined as ( ) =AIm  

{ },nxxA ε∈|⊗ R  namely the image set of matrix A. 

Moreover, the definition of the range norm and the problem of 
optimizing range norm of the image set of matrix over max-plus algebra are 
given. The notations of { }mM ...,,2,1=  and { }nN ...,,2,1=  are used to 

simplify. 

Definition 1.4. If ,mx R∈  then the function ( ) ∑∑ ⊕′
∈

⊕
∈ −=δ Mi iMi i xxx  

is called the range norm of x. In other words, the range norm of =x  the 
largest value in x - the smallest value in x. 

In this case, the norm term is a mere identification, in contrast to the 
norm defined in inner product space in general. 

Problem 1.1. Given that matrix ,nmA ×
ε∈R  solve: 

minimize ( )bδ  

subject to ( ).Im Ab∈  

Definition 1.5. If ,mx ε∈R  then the function ( ) ∑ ∑⊕
∈

⊕′
∈

ε≠ ε≠

−=δ
ix ix
Mi Mi ii xxx~  

is the range norm of x, considering only the finite component of x. 

Problem 1.2. Given that matrix ,nmA ×
ε∈ R  solve: 

minimize ( )bδ
~  

subject to ( ).Im Ab ∈  

Problem 1.3. Given that matrix ,nmA ×
ε∈ R  solve: 

maximize ( )bδ  

subject to ( ).Im Ab ∈  

Other than the above concepts, the concepts on interval max-plus algebra 
is also needed [9]. 
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Closed interval x in εR  is a subset of εR  in the form [ ] == xxx ,  

{ }.xxxx ≤≤|∈ εR  The interval x in εR  is known as interval max-plus. A 

number ε∈ Rx  can be expressed as interval [ ]., xx  

Definition 1.6. ( ) { [ ] } { }ε≤<ε∈|==ε UxxxxxxxI ,,, RR  is formed 

with [ ]., εε=ε  On the set ( ) ,εRI  the operations ⊕  and ⊗  with =⊕ yx  

[ ]yxyx ⊕⊕ ,  and [ ]yxyxyx ⊗⊗=⊗ ,  for every ( )ε∈ RIyx,  are 

defined. Furthermore they are known as interval max-plus algebra and 
notated as ( ) ( ( ) ).,;max ⊗⊕=ℜ εRII  

Definition 1.7. The set of matrices in the size nm ×  with the elements in 

( )εRI  is notated as ( ) ,nmI ×
εR  namely: 

( ) { [ ] ( ) }....,,2,1and...,,2,1for; njmiIAAAI ijij
nm ==∈|== ε

×
ε RR  

Matrices which belong to ( ) nmI ×
εR  are known as matrices over interval 

max-plus algebra or shortly interval matrices. 

Definition 1.8. For ( ) ,nmIA ×
ε∈ R  matrices [ ] nm

ijAA ×
ε∈= R  and =A  

[ ] nm
ijA ×

ε∈ R  are defined, each is known as lower bound matrix and upper 

bound matrix of the interval matrix A. 

Definition 1.9. Given that interval matrix ( ) ,nmIA ×
ε∈ R  of which A  

and A  each act as lower bound matrix and upper bound matrix of the 

interval matrix A. The matrix interval of A is defined, namely [ ] =AA,  

{ }AAAA nm ≤≤|∈ ×
εR  and ( ) {[ ] ( ) }., nm

b
nm IAAAI ×

ε
×

ε ∈|= RR  

The semimodule ( ) nnI ×
εR  over ( )εRI  is isomorphic to the semimodule 

( )b
nnI ×

εR  over ( )εRI  with the mapping of ( ) ( ) ,: b
nnnn IIf ×

ε
×
ε → RR  

( ) [ ],, AAAf =  ( ) .nnIA ×
ε∈∀ R  The matrix interval [ ] ( )b

nnIAA ×
ε∈ R,  is 
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known as matrix interval which corresponds to interval matrix ( ) nnIA ×
ε∈ R  

and which is represented with [ ]., AAA ≈  

Definition 1.10. It is defined that 

( ) { [ ] ( ) }....,,2,1;...,,, 21 niIxxxxxI i
T

n
n =∈|== εε RR  

Set ( )nI εR  can be considered as set ( ) .1×
ε
nI R  The elements of ( )nI εR  are 

called interval vector over ( ) .εRI  Interval vector x corresponds to vector 

interval [ ],, xx  i.e., [ ]., xxx ≈  

The concept of interval min-plus algebra is defined in the same way with 
interval max-plus algebra concepts. Following are the definitions of complete 
interval max-plus algebra and complete interval min-plus algebra [11]. 

Definition 1.11. Complete interval max-plus algebra is set ( ) =εRI  

( ) { },ε′ε URI  [ ]ε′ε′=ε′ ,  that is completed with two operations ⊕  and ,⊗  

meanwhile complete interval min-plus algebra is set ( ) ( ) { }ε= ε′ε′ URR II  

with the operations ⊕′  and .⊗′  Furthermore, ( ) ( )ε′ε = RR II  are written as 

( ).RI  

In the same way as in the interval max-plus algebra and interval min-plus 
algebra, in complete interval max-plus algebra and complete interval min-
plus algebra, can be defined as the set of matrices in the size nm ×  are 

notated as ( ) .nmI ×R  

II. Main Results 

In this section, the optimizing range norm of the image set of matrix over 
interval max-plus algebra is presented: 

A. Minimizing the range norm of matrix image set over interval max-
plus algebra 

The following are definitions of the range norm of vector and the image 
set of matrix over interval max-plus algebra. 
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Definition 2.1. Suppose that ( )mIx R∈  with [ ],, xxx ≈  ., mxx R∈  

The function ( ) [ ( ( ) ( )) ( )]xxxxI δδδ=δ ,,min  is called the range norm of x. 

In other words, the range norm of x is interval [ ( ( ) ( )) ( )],,,min xxx δδδ  where 

( ( ) ( )) minimum,min =δδ xx  of ( )xδ  or ( ).xδ  

Definition 2.2. Given that matrix ( ) nmIA ×
ε∈ R  with [ ],, AAA ≈  

,, nmAA ×
ε∈ R  it is then defined that ( ) { ( ) }.Im nIppAA ε∈|⊗= R  

Based on the above definitions, the problem of minimizing the range 
norm of matrix image set can be formulated as follows: 

Problem 2.1. Given that matrix ( ) ,nmIA ×
ε∈ R  solve: 

minimize ( )bIδ  

subject to ( ).Im Ab ∈  

Definition 2.3. Given that matrix ( )mIb ε∈ R  with [ ]., bbb ≈  The 

function ( )bIδ  is said minimum if and only if ( )bδ  and ( )bδ  are minimum. 

If the image vector has infinite components, the definition about the 
range norm and the problem of minimizing the range norm of matrix image 
set can be formulated as follows: 

Definition 2.4. Suppose that ( )mIx ε∈ R  with [ ]., xxx ≈  The function 

� ( ) [ ( ( ) ( ) ) ( )]min , ,I x x x xδ = δ δ δ% % %  is the range norm of x, after only 

considering the finite component. 

Problem 2.2. Given that matrix ( ) ,nmIA ×
ε∈ R  solve: 

minimize � ( )I bδ  

subject to ( ).Im Ab ∈  

Definition 2.5. Given that matrix ( )mIb ε∈ R  with [ ]., bbb ≈  The 

function � ( )I bδ  is said minimum if and only if ( )bδ
~  and ( )bδ

~  are minimum. 



Optimizing Range Norm of the Image Set of Matrix … 25 

Minimizing the range norm if its image vector is finite 

The first we investigate minimizing the range norm if its image vector          
is finite, i.e., Problem 2.1. The next lemmas, definition and theorems are 
needed to answer Problem 2.1: 

Lemma 2.6. Suppose that ( ) nmIA ×
ε∈ R  with [ ]., AAA ≈  If [ ]ijAA =  

with [ ]εε≠ ,ijA  for each ,Mi ∈  ;Nj ∈  [ ]bbb ,≈  and [ ]0,00 ≈  with 

( )0⊗′⊗= ∗AAb  and ( ),0⊗′⊗= ∗AAb  then 

 (i) 0≤b  and 

(ii) 0=ib  for some .Mi ∈  

Proof. Suppose that [ ]bbb ,≈  with ( )0⊗′⊗= ∗AAb  and ⊗= Ab  

( ).0⊗′∗A  Since [ ]ijAA =  with [ ]εε≠ ,ijA  for each Mi ∈  and ,Nj ∈  

[ ]ijAA =  with ε≠ijA  for each Mi ∈  and Nj ∈  and [ ]ijAA =  with 

ε≠ijA  for each Mi ∈  and .Nj ∈  According to concept in max-plus 

algebra, 

 (i) 0≤b  and ,0≤b  

(ii) 0=ib  and 0=ib  for some .Mi ∈  

Since [ ]bbb ,≈  and [ ],0,00 ≈  

 (i) ,0≤b  

(ii) 0=ib  for some .Mi ∈   

Lemma 2.7. If ( )mIyx R∈,  and ( )RIa ∈  with [ ],, xxx ≈  [ ]yyy ,≈  

and [ ],, aaa ≈  then 

 (i) ( ) ( ) ( ),yIxIyxI δ⊕δ≤⊕δ  

(ii) ( ) ( ).xaIxI ⊗δ=δ  
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Proof. Since [ ],, xxx ≈  [ ]yyy ,≈  and [ ],, aaa ≈  [ ]yxyxyx ⊕⊕≈⊕ ,  

and [ ]., xaxaxa ⊗⊗≈⊗  Next, according to concept in max-plus algebra, 

 (i) ( ) ( ) ( )yxyx δ⊕δ≤⊕δ  and ( ) ( ) ( ),yxyx δ⊕δ≤⊕δ  

(ii) ( ) ( )xax ⊗δ=δ  and ( ) ( ).xax ⊗δ=δ  

Therefore, 

 (i) 

( ) [ ( ( ) ( )) ( )]yxyxyxyxI ⊕δ⊕δ⊕δ=⊕δ ,,min  

[ ( ( ) ( ) ( ) ( )) ( ) ( )]yxyxyx δ⊕δδ⊕δδ⊕δ≤ ,,min  

[ ( ( ) ( )) ( )] [ ( ( ) ( )) ( )]yyyxxx δδδ⊕δδδ= ,,min,,min  

( ) ( ),yIxI δ⊕δ=  

(ii) 

( ) [ ( ( ) ( )) ( )]xxxxI δδδ=δ ,,min  

[ ( ( ) ( )) ( )] ( ).,,min xaIxaxaxa ⊗δ=⊗δ⊗δ⊗δ=   

Definition 2.8. The interval matrix ( ) ,nmIA ×∈ R  [ ]AAA ,≈  is 

considered as double ( )RI -astic if A is double R -astic for each [ ]., AAA ∈  

Theorem 2.9. The matrix ( ) nmIA ×∈ R  with [ ]AAA ,≈  is double 

( )RI -astic if and only if A  is double R -astic. 

Proof. It is known that ( ) nmIA ×∈ R  with [ ]AAA ,≈  is double   

( )RI -astic. Based on the definition, A is double R -astic for each 

[ ]., AAA ∈  If ,AA =  then A  is double R -astic. It is known that A  is 

double R -astic. Since A  is the lower bound matrix for the matrix interval 

[ ],, AA  .AA ≤  Therefore, since it is a matrix A  double R -astic, matrix A 
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double R -astic for each [ ],, AAA ∈  thus ( ) nmIA ×∈ R  double ( )RI -astic 

is obtained. ~ 

The following theorem presents solution to Problem 2.1: 

Theorem 2.10. Suppose that ( ) nmIA ×
ε∈ R  is double ( )RI -astic and 

( )ma Iv R∈  is a vector whose each component is equal to ( ).RIa ∈  Then 

[ ]bbb ,≈  is a solution for Problem 2.1 such that ( )avAAb ⊗′⊗≤ ∗  and 

( ).avAAb ⊗′⊗= ∗  

Proof. Suppose that [ ],, AAA ≈  [ ]aaa vvv ,≈  and [ ]., aaa ≈  Since 

( ) nmIA ×
ε∈ R  is double ( )RI -astic, ( )ma Iv R∈  and av  is a vector whose 

each component is equal to ( ),RIa ∈  which means that: 

 (i) Matrix nmA ×
ε∈ R  is double R -astic and av  is a vector whose 

component is equal to .R∈a  Based on concept in max-plus algebra, ⊗A  

( )avA ⊗′∗  is a solution for Problem 1.1. 

(ii) Matrix nmA ×
ε∈ R  is double R -astic and av  is a vector whose 

component is equal to .R∈a  Based on concept in max-plus algebra, ⊗A  

( )avA ⊗′∗  is a solution for Problem 1.1. 

Therefore, [ ]bb,  with ( )avAAb ⊗′⊗≤ ∗  and ( )avAAb ⊗′⊗= ∗  is 

a solution for Problem 2.1. ~ 

Minimizing the range norm if its image vector is not finite 

To solve Problem 2.2, the following theorem is used: 

Theorem 2.11. Suppose that ( ) ,nmIA ×
ε∈ R  where [ ]ijAA =  for each 

Mi ∈  and Nj ∈  with [ ],, εε≠ijA  and ( )ma Iv R∈  is a vector whose 

each component is equal to constant interval a. If ( )nIx ε∈ R  such that ≤′b  
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xA ⊗  is a solution for Problem 2.2, then Nj ∈∀  satisfies: 

a. [ ]εε= ,jx  or 

b. [ (( ) ( ) ) ( ) ] .,,min jjajajaj vAvAvAx ⊗′⊗′⊗′= ∗∗∗  

Proof. Suppose that [ ],, AAA ≈  [ ]aaa vvv ,≈  and [ ],, aaa ≈  Since 

[ ]ijAA =  for each Mi ∈  and Nj ∈  with [ ],, εε≠ijA  and ( )ma Iv R∈  is 

a vector whose each component is equal to constant interval a, it means that: 

  (i) Matrix [ ]ijAA =  for each Mi ∈  and Nj ∈  with ε≠ijA  and 

m
av R∈  is a vector whose each component is equal to constant .a  

 (ii) Matrix [ ]ijAA =  for each Mi ∈  and Nj ∈  with ε≠ijA  and 

m
av R∈  is a vector whose each component is equal to constant .a  

Then, suppose that [ ],, xxx ≈  [ ]bbb ′′≈′ ,  and [ ]., jjj xxx ≈  It is 

known that ( )nIx ε∈ R  such that xAb ⊗=′  is a solution for Problem 2.2, 

which according to concept in max-plus algebra means: 

(iii) nx ε∈ R  with xAb ⊗≤′  is the solution for Problem 1.2, so 

Nj ∈∀  satisfies: 

a′. ε=jx  or 

b′. (( ) ( ) ).,min jajaj vAvAx ⊗′⊗′= ∗∗  

(iv) nx ε∈ R  with xAb ⊗=′  is the solution for Problem 1.2, so 

Nj ∈∀  satisfies: 

a′. ε=jx  or 

b′. ( ) .jaj vAx ⊗′= ∗  
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Thus, from (i) and (iii) and also from (ii) and (iv), we have: 

If ( )nIx ε∈ R  such that xAb ⊗=′  is the solution for Problem 2.2, then 

Nj ∈∀  satisfies: 

a. [ ]εε= ,jx  or 

b. [ (( ) ( ) ) ( ) ] .,,min jjajajaj vAvAvAx ⊗′⊗′⊗′= ∗∗∗   

B. Maximizing the range norm of matrix image set over interval max-
plus algebra 

The problem of maximizing the range norm of matrix image set can be 
formulated as follows: 

Problem 2.3. Given that matrix ( ) ,nmIA ×
ε∈ R  solve: 

maximize ( )bIδ  

subject to ( ).Im Ab ∈  

Definition 2.12. Given that matrix ( )mIb ε∈ R  with [ ]., bbb ≈  The 

function ( )bIδ  is said to be maximum if and only if ( )bδ  and ( )bδ  are 

maximum. 

Maximizing the range norm if its matrix is finite 

In this section, we discuss maximizing the range norm if its matrix is 
finite. 

Theorem 2.13. Given that matrix ( ) nmIA ×∈ R  with ( )nAAAA L21=  

and [ ] ;...,,2,1;, njAAA jjj =≈  then for each ( ),Im Ab ∈  

( ) [ ( ( ) ( )) ( )].max,max,maxmin ...,,2,1...,,2,1...,,2,1 jnjjnjjnj AAAbI δδδ≤δ ===  

Proof. Suppose that ( ) nmIA ×∈ R  and ( )Ab Im∈  with [ ]AAA ,≈  and 

[ ],, bbb ≈  it means that nmAA ×∈ R,  and ( ),Im Ab ∈  ( ).Im Ab ∈  Based 
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on concept in max-plus algebra, it is obtained that: 

( ) ( )jnj
Ab δ≤δ

= ...,,2,1
max  

( )ijmiijminj aa ...,,2,1...,,2,1...,,2,1 minmaxmax === −=  and 

( ) ( )j
nj

Ab δ≤δ
= ...,,2,1

max  

( ).minmaxmax ...,,2,1...,,2,1...,,2,1 ijmiijminj aa === −=  

Therefore, 

( ) [ ( ( ) ( )) ( )]bbbbI δδδ=δ ,,min  

[ ( ( ) ( )) ( )]jnjjnjjnj AAA δδδ≤ === ...,,2,1...,,2,1...,,2,1 max,max,maxmin  

[ ( ( ),minmaxmaxmin
...,,2,1...,,2,1...,,2,1 ijmiijminj

aa
===

−=  

( )),minmaxmax
...,,2,1...,,2,1

...,,2,1 ij
mi

ij
mi

nj aa
==

= −  

( )].minmaxmax ...,,2,1...,,2,1...,,2,1 ijmiijminj aa === −  ~ 

Maximizing the range norm if its matrix is not finite 

In the last section, we discuss maximizing the range norm if its matrix is 
not finite. 

Theorem 2.14. Given that ( ) nmIA ×
ε∈ R  is double ( )RI -astic and         

not finite, i.e., ,Mi ∈∃  Nj ∈  such that [ ],, εε=ija  then Problem 2.3 is 

unbounded. 

Proof. Suppose that ( ) nmIA ×
ε∈ R with [ ]AAA ,≈  is double ( )RI -astic 

and infinite so ,Mi ∈∃  Nj ∈  such that [ ]εε= ,ija  which means that 

nmAA ×
ε∈ R,  is double R -astic and ,Mi ∈∃  Nj ∈  such that ε=ija  and 
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.ε=ija  Therefore, according to concept in max-plus algebra, Problem 1.3 is 

related to matrices A  and A  which have unbounded solution, namely: 

a. Given that matrix ,nmA ×
ε∈ R  solve: 

maximize ( )bδ  

subject to ( ).Im Ab ∈  

b. Given that matrix ,nmA ×
ε∈ R  solve: 

maximize ( )bδ  

subject to ( ).Im Ab ∈  

Therefore, Problem 2.3, that is given matrix ( ) ,nmIA ×
ε∈ R  solve: 

maximize ( )bIδ  

subject to ( )Ab Im∈  

has unbounded solution.  

III. Concluding Remarks 

The main results are obtained the way to: 

a. Minimizing the range norm of matrix image set over interval max-plus 
algebra, with its finite and not finite image vector. 

These results are presented in Theorem 2.10 and Theorem 2.11. 

b. Maximizing the range norm of matrix image set over max-plus 
algebra, with its finite and not finite matrix. 

These results are presented in Theorem 2.13 and Theorem 2.14. 
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