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Abstract

“The travel times in a network are seldom precisely known. and then could be
represented into the interval of real number, that is called interval travel times. This
paper discusses the solution of the iterative systems of interval min-plus lincar
equations its application on shortest path problem with interval travel times. The
finding shows that the iterative systems of interval min-plus lincar equations, with
coefficient matix is semi-definite, has a maximum interval solution. Moreover, if
coefficient matrix is definite, then I solution is unique. The networks with
interval travel time can be represented as a matrix over interval min-plus algebra.
The networks an be represented as an iterative system of interval min-
plus linear equa m the solution of the system, can be deter-mined interval
carliest starting times for cach point can be traversed. Furthermore, we can
determine the interval fastest time to traverse the network. Finally, we can determine
the shortest path interval with interval travel times by determining the shortest path
with crisp travel times,

Key words: Min-Plus Algcbra, Linear System, Shortest Path, Interval.

INTRODUCTION

Let R, := R U{¢ } with R the set of all real numbers and & : = . In R, defined two
operations : Vab € R, a®b:=min(a,b) and a@b:= a+b. We can show that (R , ®, ®)
is & commutative idempotent semiring with neural clement &= o0 and unity element ¢ = 0.
Moreover, (R,, ®, ®) is a semifield, that is (R., . ®) is a commutative semiring, where for
every a e R there exist —a such that a ® (~ . Tl ) is a min-plus algebra, and
is written as R, One can define +*:= 0, x* = v @ ', 0and 2% fork=
1.2, ... The operations & and  in R, be extend to. the matrices operations in R,
with Rt = {A=(4,)|4; € Ry fori=1.2.
over max-plus algebra. Specifically, for A, B € RZ: we define (A ® B), = A, ® Byand (A®

&

omandj=1,2,...n}. the set of all matrices

a 0, ifi=
By= @A, OB, Weadso define mavix £ & y ={ - L and s R (o)

5

= & for every i and j . For any matrices A = ne can define E, and A%'=A®

A% for k=12, ... For any weighted. directed graph G = (¥ 1) we can define a matrix A =
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Abstract

The travel times in a network are seldom precisely known, and then could be
represented into the interval of real number, that is called interval travel times. This
paper discusses the solution of the iterative systems of interval min-plus linear
equations its application on shortest path problem with interval travel times. The
finding shows that the iterative systems of interval min-plus linear equations, with
coefficient matrix is semi-definite, has a maximum interval solution. Moreover, if
coefficient matrix is definite, then the interval solution is unique. The networks with
interval travel time can be represented as a matrix over interval min-plus algebra.
The networks dynamics can be represented as an iterative system of interval min-
plus linear equations. From the solution of the system, can be deter-mined interval
earliest starting times for each point can be traversed. Furthermore, we can
determine the interval fastest time to traverse the network. Finally, we can determine
the shortest path interval with interval travel times by determining the shortest path
with crisp travel times.

Key words: Min-Plus Algebra, Linear System, Shortest Path, Interval.

INTRODUCTION

Let R, PR w{e } with R the set of all real numbers and & : = . In R, defined two
operations : Va,b e R, a @b :=min(a, b) and a ® b:= a+ b. We can show that (R ,, ®, ®)
is a commutative idempotent semiring with neutral element &= o and unity element e = 0.
Moreover, (R,, @, ®) is a semifield. that is (R, ©, ®) is a commutative semiring, where for
every a € R there exist —a such that @ ® (—a) =0.Thus, (R, ®,®) is a min-plus algebra, and

. ) . N ok ok - ok

is written as Rui. One can define .\‘{”u =0, x¥ =x® x* ], g{&u :=0and &% =g, fork=

1,2, ... The operations & and iaRm-m can be extend to the matrices operations in R[],

with R 1= {4=(4)) |A,-j- eRp.fori=1,2,....m ﬁij: 1,2, ...,n}, the set of all matrices

over max-plus algebra. Specifically, for A, B € Ry, we define (A® B);=4; ®B;and (A®
" _ § 0,ifi=j y

B);= (P A, ®B,, . We also define matrix E e R, (E );: = ... and geRy" (&)
- & L ili# ]

= & for every i and j . For any matrices A € R"", one can define A®’ = E, and A% -4

min *

A% fork= 1,2, .... For any weighted, directed graph G = (%, /) we can define a matrix A €
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R:rx:r

min *

w(j, i), if(j,i)e A
A= { / J-t) , called the weight-matrix of graph G.

e, if(ji)eAa.

A matrix A € R} is said to be semi-definite if all of circuit in G(A) have nonnegative

weight, and it is said definite i all of circuit in G(A) have positive weight. We can show that if
any matrices A is semi-definite, then ¥p =n, A" “mE®RA® .. D A= So, we can define

A:=EGAS® ..®AY ®A” @...Define R},

..., n}. Notice that we can be seen R, as R
R.,in- In general, min-plus algebra is analogous to max-plus algebra. Further details about max-
plus algebra, matrix and graph can be found in Baccelli er.al (2001) and Rudhito (2003).

The existence and uniqueness of the solution of the iterative system of min-plus linear
equation and its application to determine the shortest path in the with crisp (real) travel times

had been discussed in Rudhito (2013). The followings are some result in brief. Let A € R}
and b € R™!

min *
Moreover, if A is definite, then the system has a unique solution. A ene-way path network § with
crisp activity times, is a directed, strongly connected, acyclic, crisp weighted graph § = (1, 1),
with V= {1, 2,, ..., n} suct that if (i, j) € 4, then i < j. In this network, point represent
crosspathway, arc expresses a pathway, while the weight of the arc represent travel time, so that

@M gn+l T :
= { x=[x. %, .x] lxeRy,i=12,

. The elements of R is called vector over

If A is semi-definite, then x = A" ® b is a solution of system x = A ®x @D b.

the weights in the network is always positive. Let x; is earliest starting times for point i can be

traversed and x° = [ x{ . x5 . ..., x°]". For the network with crisp travel times, with n nodes and A
the weight matrix of graph of the networks. then

X =(E®AD..® A% ) @b =A@
with b° =0, &, ..., gl"'. Furthermore, xf, is the fastest times to traverse the network. Let x: is be

latest times left point i and x'= [ x|, x} ..., x!]. For the network above, vector

X=—(a"H'®p)
with b = le & ., — 2 II". Define, a pathway (i, j) € A in the one-way path network § is called
shortest pathway if x| = v: dan .‘b:‘; = xj . Define, A path p € P in the one-way path network §
is called shortest paffBif all pathways belonging to p are shortest pathway. From this definition,
we can show that a path p € P is a shortest path if and only if p has minimum weight, that is
equal to x! .Also, a pathway is a shortest pathway if and only if it belonging to a shortest path.

DISCUSSION

We discusses the solution of the iterative systems of interval min-plus linear equations its
application on shortest path prof@m with interval travel times. The discussion begins by
reviewing some basic concepts of interval min-plus algebra and matrices over interval mirfilus
algebra. Definition and concepts in the min-plus algebra analogous to the concepts in the max-
plus algebra which can be seen in Rudhito (2011).

The (closed) interval @in Ry, is a subset of Ry, of the form
x=[x,X]={veRumn| X 2, x 2, X}
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The interval x in Rn is called min-plus interval, which is in short is called interval. Define
IR, ={x=[x.X]|x. X eR, =, x <, X}u{e}, whereg:=[s¢].
In the I(R)gdefine operation @ and ® as
X®y=[x®Py,x®y|landx ® y=[x®y,X®y],Vx,y € I[R),.

Since (R,, €, ®) is an idempotent semiring and it has no zero divisors, with neutral element &,
we can show that I(R), is closed with respect to the operation ® and ® . Moreover, (I(R)..® ,
®) is a comutative idempotent semiring with neutral element & = [&, & and unity element 0 =
[0, 0]. This comutative idempotent semiring (I(R),.® .® ) is called interval min-plus algebra
which is written as I(R),.

Define I(R) " := {A = (A | Aj;e IRy, fori=1,2,...mand j=1,2, .. n} The

min
element of I(R)!™ are called matrices over interval min-plus algebra. Furthermore, this

matrices are called interval marrices. The operations @ and ® in I(R),,;, can be extended to the

n=n
min

matrices operations of in I{R) 7" Specifically, for A, B € I(R)

max

and a € I(R),,;, we define

(a®A)y=0®A;,(A®B),=A, ® B, and (A®B),= éAw@Bﬁ.

k=l
Matrices A, B € I(R) 1" are equal if A; =By, that is if A; = B;; and A_u = B_u for every i

min
and j. We can show that (I(R)7:" .® ,®) is a idempotent semiring with neutral element is

matrix &, with (g);;= € for every i and j, and unity element is matrix E, with (E); : =

0,ifi=j . .

o j . We can also show that I[(R)?"" is a semi-module over I(R) .
&, 1fi# ]

For any matrix A € I(R) /" , define the matrices A = (A, ) € R and A= (A_U.) eR,

which is called lower bound matrices and upper bound matrices of A, respectively. Define

matrices interval of A, that is

[AA]={AcR™"| A <, A=, A}andIR™") ={[A.A]|A eI(R) “i"}.

min min

Specifically, for | ALIB.BleI(R™"Y and o € I{(R)in we define

o0 ®[R A]=[ac®A.2®A] [A.A]© [B.B|=[A®B . A®B]
and[A.A]® [B.B]=[A®B.A®B]|.
The matrices interval [A ,A]and [B,B JeI(R™") are equal if A = B and A = B . We can

min
show that (I(R ;" ).® . ®) is an idempotent semiring with neutral element matrix interval (&,
¢] and the unity element is matrix interval [E, E]. We can also show that I(R ]’ Y is a
semimodule over I(R),.
The semiring (I(R)"*", @, ®) is isomorfic with semiring (IR %" )" &, ®). We can
define a mapping f. where f (A) = [A,A ], VA € I(R)"}". Also. the semimodule I(R)"" is

isomorfic with semimodule I(R ") . So, for every matrices interval A € I(R ") we can

determine matrices interval [ A Ale KR Conversely, for every [ A LAl e IIR™") then

min min
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A Ae R’ such that [A ; ,K,}- | € I(R)pin . Vi and j. The matrix interval [ A A | is called
matrix :'m‘erﬂ associated with the interval matrix A and which is written A = [A LA L. So we

have o®Ax Lg@éﬁ@x],A§Bz[é@ﬁ,i@ﬁlandA@Bz[A@E,K@E ].

H®R

We define for any interval matrices A € I(R) ;7" , where A = [A LA, is said to be semi-

definite (definite) if every matrices A € [A A | is semi-definite (definite). We can show that
interval matrices A € I(R) .7 , where A~ [A ,A | is semi-definite (definite) if and only if Ae
R semi-definite (definite).

Es

Define IR) " = {x =[xy, %2, oo . %, ] | % € IR)pin. i = 1.2, ... .1 }. The set I(R)”.  can be

min min

seen as set I(R)"" . The Elements of I(R) ", is called interval vector over I(R) . The interval

vector x associated with vector interval [x, x |.thatisx =[x, X |.

Definition 1. Ler A € I(R)™" andb € I(R)". . Ainterval vecior x" € I(R)", is called interval

min min min
solution of iterative system of interval min-plus linear equations x=A ® x @ b if x' satisfy
the system.

Theorem 1. Let A € I(R)"" and b € [R)™ . If A is semi-definite, then interval vector
* — — — —

X =~ [A ®b, A"®b], is an interval solution of system x = A®x @ b. Moreover, if A is

definite, then interval solution is unique.

Proof. Proof is analogous to the case of max-plus algebra as seen in the Rudhito (2011)

Next will be discussed the earliest starting times interval for point i can be traversed. The
discussion is analogous to the case of (crisp) travel time (Rudhito, 2013), using the interval min-
plus algebra approach.

Let ES; =X; is earliest starting times interval for point i can be traversed, with X} = | g:' X1

intervaltraveltimefrompoint jtopointi if (j,i)e 4
v g(=[+o0,+0]) if (j.heA

We assume that X} =0 = [0, 0] and with interval min-plus algebra notation we have

0 ifi=1
XI= 1@ @A) ifix1 - (1)
1<j<n

Let A is the interval weight matrix of the interval-valued weighted graph of the networks,
X =[X].X5, .., X,]"dan b* = [0, &, ..., €]", then equation (1) can be written in an iterative
system of interval max-plus linear equations

X=A®x*®Db 2)
Since the project networks is acyclic directed graph, then there are no circuit, so according to
the result in Rudhito(2011), A is definite. And then according to Theorem 1,

X =A"® b ~[A"®b°, A" ®b']
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=1

@h—1 P — — —
=[E®AS.A" )b . (E®SAS..®A" )®b‘]
is a unique solution of the system (2), that is the vector of earliest starting times interval for
point i can be traversed.
Notice that x! is the fastest times interval to traverse the network. We summarize the

description above in the Theorem 2.

Teorema 2. Given a one-way path network network with interval travel times, with n node and
Alis the weight matrix of the interval-valued weighted graph of networks. The interval vector of
earliest starting times interval for point i can be traversed is given by

X ~[(E®A®. A" Qb (E®A®...0 A H)®b)

with b*=[0,¢, ..., €] . Furthermore, X' s the fastest times interval to raverse the network.

Bukti: (see description above) . [

Example 1 Consider the project network in Figure 1.

[2.3] .
¢
- |
[2.4] L *3 |
1.—-/ ~J I
S 3.5] |
\ f/

[1.3] N Y VY [7,9]
[2.3]

Figure 1. A one-way path network network with interval travel times

We have
[, g g g g g g]
[1.3] £ £ g€ £ g &
[2.4] € S € g €

1
A=| & [2,3] [3.5] g€ £ € £ .

g g [2,3] [0,0] e € g
€ £ £ [2.3] [4.7] € €
| & £ g [7.9] [5.8] [68] ¢]
Using MATLAB computer program, we have
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(0 ¢ ¢ ¢ & ¢ & (0 & & & ¢ ¢ &
1 0 ¢ £ ¢ ¢ ¢ 3 0 ¢ £ & ¢ ¢
2 £ 0 ¢ ¢ ¢ ¢ 4 ¢ 0 ¢ ¢ ¢ ¢
A'=[3 230 ¢ ¢ €|, A=|6 3 5 0 ¢ ¢ ¢
32200 ¢ ¢ 6 3 3 0 0 ¢ ¢
545 2 40 ¢ 9 6 8 3 7 0 ¢
8 775 5 6 0] |14 11 11 8 8 8 0]

x =[0,1,2,3,3,5,8] "dan X° =[0,3,4,6,6,9,14]".
So the vector of earliest starting times interval for point i can be traversed is

x‘=[1[0,0], [1.3],[2, 4], [3, 6], [3, 6], [5.9]. [8, 14]]" and the fastest times interval to
traverse the network X =[16,25].

Next given shortest path interval definition and theorem that gives way determination.
Definitions and results is a modification of the definition of critical path-interval and theorem to
determine the critical path method-interval, as discussed in Chanas and Zielinski (2001) and
Rudhito (2011).We also give some examples for illustration.

Definition 2. A path p € P is called an interval-shortest path in S if there exist a set of travel
times Aje [Ay, A1, (i, ) € A, such that p is shortest path, after replacing the interval travel

times A;with the travel time A;;.

Definisi 3. A pathway (k, ) € A is called an interval-shortest pathway in 8 if there exist a set
of travel times Ay e [A;, Efj 1. (i,j) € A, such that (k. ) is shortest pathway, after replacing the

interval travel times A; with the travel time A;;.

The following theorem is given which relates the interval-shortest path and interval-
shortest pathway.

Teorema 3. [f path peP is an interval-shortest path, then all pathways in the p are interval-
shortest pathway.

Proof : Let path p € P is an interval shortest path, then according to Definition 2, there exist a
set of times A;e [ A;, Zr‘j . (i, j) € A, such that p is shortest path, after replacing the interval
travel times A;; with the travel time A;; . Next, according to the definition of shortest path above,
all pathways in p are shortest pathways for a set of travel times A;; € [ A;;, ATU . (i.j) € A. Thus

according to Definiton 3, all pathways in p are interval-shorstest pathways. [ ]

The following theorem is given a necessary and sufficient condition a path is an
interval-shortest path.

Teorema 4. A path p € Pis an interval-shortest path in S if and only if p is a shortest path,

with interval travel times Ay e [ A, Afj I, (i, ) € A, have been replace with travel times Ay

which is determined by the following formula
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Ay {K,.,. jika(i, ye p 3

Ay jika(i, pep

Bukti : = : Let p is an interval-shortest path, then according to Definition 2, there exist a set of
travel times A;, Ajj € [ Ay, Zr}' I, (i.j) € A, such that p is shortest pathway, after replacing the
interval travel times A; with travel times A; , (i, j) € A. If the travel times for all pathway is
located at p is reduced from A;; to A; and for all pathway is not located p is increased&'om Ay
to Z ,then p is a path with minimum weight in § for new travel time formation. Thus path p is
a shortest path.

<= : Since path p a shortest path with a set of travel times A; € [ A Kr‘j |, which is determined

Hij»

by the formula (9), then according to Definition 2, path p is an interval-shortest path. m

Example 2. We consider the network in Example 1. We will determine all interval-shortest path
in this network. For path l—>3—>5—>nby applying formula (9), we have weight

3 &8 &8 & & € &
2 &8 £ & & & &
e 3 5 ¢ € & &l
g € 2 0 g g ¢
s & & 3 8 e
le & & 9 4 € |

Using MATLAB computer program, we have a shortest path 1 »3—5—7 with minimum weight
of path is 8. Thus 1-3—-5—7 is an interval-shortest path. The results of the calculations for all
possible path in the network are given in Table 1 below.

Tabel 1 Calculation results of all path

Weight . .

No Path p lntc:gval (Sv::‘; tf‘::ni‘;zh( ;’)) f‘:ff!’f:! Conclusion
| =357 [8.14] 123557, 8 Interval-shortest
2 | 153567 [15,23] | 153557 11 Not interval-

shortest
3 | 1939457 [9,16] | 15324557 9 Interval-shortest
1357
4 | 193945556 | [16,25] | 15354557 12 | Not interval-
7 15335557 shortest
5 | 1935467 [13,20] | 153945557 12 Not interval-
135557 shortest
6 | 12347 [12, 18] | |93—24—5>7 12 Interval-shortest
15347
1535557
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7 | 129224557 [7.13] | |=52—24—5>7 7 Interval-shortest
8 | 12245556 [14,22] | |52—4—5>7 10 Not interval-
7 shortest
9 | 19254567 [11,17] | 152—=4—25>7 10 Not interval-
shortest
10 | 152247 [10,15] | 22457 10 Interval-shortest
1525457
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