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Abstract 

Abstract algebra is a branch of mathematics which is studying algebraic structures of sets with respect to some operations on 
them. Each structure has its own axioms and properties. In some cases, to test what kind of structure is a given set and operations 
is difficult to be done manually. To help this, an application program to test algebraic structures is developed. In this article, we 
focus on two structures : division ring and fields, and an application program to test them is created by using Java, an open-
source based programming language. This application program provides testing of various input of finite set such as integers, 
matrices and alphabets. By this application, testing of algebraic structures can be done faster than the manual one and its results 
are accurate. In this article, we focus on testing division rings and fields, together with some examples. 
 
© 2015 The Authors. Published by Elsevier B.V. 
Peer-review under responsibility of organizing committee of the International Conference on Computer Science and 
Computational Intelligence (ICCSCI 2015). 

Keywords:Abstract Algebra; Division Rings; Fields; Computational Algebra 

1. Introduction 

 Abstract algebra, sometimes also called as modern algebra, is a branch of mathematics that is studying algebraic 
structures, such as groups, rings and fields1,2. Algebraic structures generally refers to a set with one or more finitary 
operations defined on it. An algebraic structure is characterized by properties of its operations. 
 There are many algebraic structures that are studied in abstract algebra, but now we will focus on ring theory. In 
ring theory, there are ring, commutative ring, integral domain, division ring, field, etc1,2. Each structure has its own 
definition, axioms and characterizations, and there are also relations among them. A set with respect to some 
operations might also be more than one structures. 
 Previously, an application program to test rings and fields has been developed3. The application is able to test 
ring, commutative ring, division ring, and field. In that application, we input the set by inputing its elements, and 
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also define the operations on that set. After that, the program will analyze the structure of the inputed set. As an 
output, it is shown what properties hold in the set, and what kind of algebraic structures is the set. 

Based on that application, in this paper, the authors delevop it by adding more algebraic structures to test and 
more kinds of input set. In the developed application, the input is added by matrix and alphabet input. For alphabet 
input, user can also input the Cayley table manually. In the previous work, the input of the set is limited to integers 
modulo n and the operation must be defined explicitly in a formula. By this addition, some various examples of 
algebraic structures can be tested. We can also obtain various results of testing in this application program and the 
difference among some algebraic structures can be shown clearer. 

 

2. Basic Concepts in Abstract Algebra : Division Rings and Fields 

In this section we will discuss some basic concepts and theories about abstract algebra. Specifically, we discuss 
about division ring and field. We must discuss about ring first, because division ring and field are derived class of 
ring. These concepts have been given in1,2. 

2.1 Rings 
A ring is an algebraic structure of a set that consisting two binary operations: addition and multiplication, in which 
the set is an Abelian group with respect to the addition, a semigroup with respect to the multiplication and the 
multiplication is distributive to the addition. In other words, a set R  with two binary operations: addition ( ) and 
multiplication ( ) is a ring if these following conditions hold for any , ,a b c R : 

a. a b R  and a b R  (closed property of addition and multiplication) 
b. a b c a b c  and a b c a b c  (associative property of addition and multiplication) 
c. There exists 0 R  such that 0 0a a a , for any a R  (existence of the identity element of 

addition). 
d. There exists a R  such that 0a a a a  (existence of additional inverse) 
e. a b b a  (commutative property of addition) 
f. a b c a b a c  and a b c a c b c  (distributive property) 

Some examples of rings are the set of integers (Z) with respect to usual addition and multiplication, the set of all 
n n  real matrices with respect to matrix addition and multiplication, and the set of integers modulo n  (Zn) with 
respect to addition and multiplication modulo n . By adding some conditions, some special classes of rings can be 
defined. This will be discussed in the next sub-sections.  

2.2. Division Rings and Fields  

A ring is an Abelian (commutative) group with respect to addition, because it satisfies all axioms of addition group 
and its addition operation is commutative. A ring is not always a multiplicative group. A ring is just a semigroup 
with respect to multiplication, i.e. it only satisfies closed and associative property. Multiplication in a ring is not 
always commutative, as multiplication in ring of all n n  real matrices is not commutative. Some rings might have 
identity element of multiplication (also called by unity), usually denoted by 1, such that 1 1a a a , for any 
a R , but some others might not. As an example Z has 1 as its multiplication identity, but the ring of even integers 
does not have any multiplicative identity. From this fact, two new classes of rings are defined: 

a. A ring is said to be a commutative ring if its multiplication is commutative, i.e. a b b a , for any 
,a b R . 

b. A ring is said to be a ring with unity if it has identity element of multiplication. 
Examples of commutative rings and rings with unity are Z and Zn. The set of all n n  real matrices is a ring with 
unity (the identity matrix), but not a commutative ring. 
Another axiom of multiplicative group that does not always hold in a ring is that every element has multiplicative 
inverse. This is because even the multiplicative unity of a ring does not always exists. However, in some ring with 
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unity, we can find that any nonzero element has multiplicative inverse, as in the ring of all rational numbers Q and 
ring of all real number R, and in some others not, as in the ring of all integer Z. In other side, existence of 
multiplicative inverse has no correlation with the commutativity of the multiplication. Therefore we can define two 
more classes of rings: 

a. A ring is said to be a division ring if it is a ring with unity (1) and any its nonzero element has multiplicative 
inverse, i.e. if a R  and 0a , then it exists 1a R  such that 1 1 1a a a a . 

b. A ring is said to be a field if it is a division ring and a commutative ring. 
Examples of fields (and also be examples of division rings) is the ring of all rational numbers Z and ring of all real 
numbers  with respect to usual addition and multiplication. The set of all integers Z is not a division ring, and so 
not a field. It is a little bit difficult to find an example of a division ring that is not a field, but it will be showed later. 

 

3. Methods 

In designing the application program, the Waterfall method model is used3, with the stages as follows4: 
A. Design of Screen Display 

There are four screen displays made on the stage is designing the application program of algebraic structure 
testing. The draft of the screen display design is as follows. 

B. Design of Prologue / Opening Screen Display 
This is what users see when the program running. The prologue display contains program title, user’s identity, 
supervising lecturer’s identity, and Jbutton. Jbutton is useful to close the prologue display and open the main 
display. 

C. Design of Algebraic Structure Testing Display 
The display provides users to perform ring, commutative ring, integral domain, division ring and field testing. 
On the screen, there are three main sub-tabs: Data Input, Analysis of Cayley Table and Results Analysis. Data 
Input sub-tab is used to input the elements of tested set and fill the Cayley table. Analysis of Cayley Table sub-
tab allows the user to see the testing result of the Cayley table. Result Analysis sub-tab shows conclusions of 
Cayley table testing results, that is what kind of structures is the tested set. 

D. Module Design (Pseudocode) 
In its development, the application program was built by forming the program modules. The are many modules 
in this application program as we need to check many axioms. Some of them are shown in this paper. Actually 
we use more modules. 

 
Module ClosedOperation (for checking closed property) 
Begin 

For any cell, repeat 
Begin 

If there is element of a cell that is not element of the set 
Begin 

   flag = false 
End 
Otherwise 
Begin 

   flag= true 
End 

End 
End  
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Module AssociativeOperation (for checking associative property) 
Begin 

Count=0 
 From i=1, to i=number of elements, repeat 

Begin 
From j=1 to j=number of elements, repeat 
Begin 

From k=1 to k=number of elements, repeat 
Begin 

    temp = j-th row, k-th column element 
location = column position temp 

    left = i-th row, location-th column element 
temp = i-th row, j-th column element 

    location = row position temp 
    right = location-th row, k-th column element 
    If left=right 
    Begin 
     Count=count+1 
    End 

End 
        End 
 End 

If count = number of elements of the set 
Begin 
  flag=true 
End 
Otherwise 
Begin 
       flag=false 
End 
End 
 

Modul CommutativeOperation (for checking commutative property) 
Begin 

Count=0 
From i=1, to i=number of elements, repeat 
Begin 

From j=1, to j=number of elements, repeat 
Begin 

Left = i-th row, j-th column element 
Right = j-th row, i-th column element 
If left=right 
Begin 

    Count = count+1 
End 

End 
 End 

If count = number of elements of the set 
Begin 

flag=true 
End 
Otherwise 
Begin 
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flag =false 
End 

End 
 
Module UnityOperation (for checking existence of unity) 
Begin 

flag =false 
From i=1, to i=number of elements, repeat 
Begin 

If row ke-i = row header dan column ke-i = column header 
Begin 

   unity = i-th element of the set 
flag = true  

End  
End 

End 
 
Modul InverseOperation (for checking inverse existence property) 
Begin 

If UnityOperation = true 
Begin 

Count=0 
From i=1, to i=number of elements, repeat 
Begin 

From j=1, to j=number of elements, repeat 
Begin 

If i-th row, j-th column element = unity 
Begin 

     Inverse of i-th element = j-th element 
     Count=count+1 

End 
   End 
        End 
       If count=number of elements of the set 
       Begin 

flag=true 
       End 

End 
End 
 
Module CayleyAnalysis (for Cayley table analysis) 
Begin 
 If ClosedOperation = true, AssociativeOperation = true, CommutativeOperation = true, UnityOperation = 
true, InverseOperation = true dan Distributive=true with respect to (+) 

Begin 
 Conclusion = RING 

If ClosedOperation = true, AssociativeOperation = true, CommutativeOperation = true with 
respect to (*) 
Conclusion = COMMUTATIVE RING 

Otherwise,  
Begin 
 Conclusion = Not COMMUTATIVE RING 
End 
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If UnityOperation = true, InverseOperation = true with respect to (*) 
Begin 
 Conclusion=DIVISION RING 
End 
Otherwise,  
Begin 
 Conclusion = Not DIVISION RING  
End 
If UnityOperation = true, InverseOperation = true , CommutativeOperation = true with respect to (*) 
Begin 
 Conclusion = FIELD 
End 
Otherwise,  
Begin 
 Conclusion = Not FIELD 
End 
End 
Otherwise,  
Begin 
 Conclusion = Not RING 
End 

End 
Based on that design method, an application program to test algebraic structures has been developed. We will see 
the result of this program in the next section. 

 

4. Some Testing Results 

 In this section, we will see some examples of algebraic structure testings using a computer program described in 
previous section. The program is a development from previous work3 so that its basic design and specifications are 
same. The first step in running this program is inputing the set that will be tested together with defining some 
operations, in this case addition and multiplication, on it. After that, by clicking Jbutton “Analysis”, we will obtain 
the analysis of Cayley table of our inputed set and the program will show what operation properties are satisfied in 
our set. Then in sub-tab “Result Analysis”,  it is shown what kind of structures is our set. 

We will see those processes in two examples: a set of ternary matrices:  
 

 
0 0 1 1 2 2

, ,
0 0 1 1 2 2

 

 
with respect to matrix addition and multiplication modulo 3, and a set of alphabet , , , , , ,x a b c d e f  with designed 
Cayley table. 

4.1 Testing set of matrices 

First the user input the set 
0 0 1 1 2 2

, ,
0 0 1 1 2 2

 and define matrix addition and multiplication modulo 3: 
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Figure 1. Input set of matrices by user. 

Then we execute the Cayley table analysis: 

 
Figure 2. Cayley table analysis of set of matrices. 

As the results, the program shows that that set of matrices is a ring and a commutative ring, but not a division ring 

and not a field. 

 
Figure 3. Conclusion of set of matrices. 
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4.2 Testing set of alphabet with designed Cayley table  

In this case, we see the testing of a set of alphabets , , , , , ,x a b c d e f  with designed Cayley table. Cayley tables of 
addition and multiplication are given below: 

+ x a b c d e f  + x a b c d E F 

x x a b c d e f  x x x x x x X x 

a a b c d e f x  a x a b c d E f 

b b c d e f x a  b x b c a e F d 

C c d e f x a b  c x c a b f D e 

d d e f x a b c  d x d f e a C b 

E e f x a b c d  e x e d f b A c 

f f x a b c d e  f x f e d c B a 

The user input the set of alphabet and the designed Cayley table: 

 
Figure 4. Input set of alphabet with designed Cayley table. 

Then we execute the Cayley table analysis: 
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Figure 5. Cayley table analysis of alphabet with designed Cayley table. 

As the results, the program shows that our inputed set is a ring and a division ring, but not a commutative ring and 
so not a field. 

 
Figure 6. Conclusion of set of alphabet with designed Cayley table. 

Why we need to test that set? Because if we test Z, we will have that its addition and multiplication are always 
commutative. Thus any tested set will result in commutative ring. To give an example of a set that is a ring but not 
commutative, we need to give different kind of input. Therefore, we need to consider matrix multiplication, that is 
not commutative. However, to create a non-commutative division ring, it is difficult if we use set of matrices 
because not all nonzero matrix has multiplicative inverse. So, to provide a non-commutative division ring, we need 
to define the addition and multiplication by defining their Cayley tables manually. 
 

5. Conclusion 

From previous section, we have seen that the application program is worked properly for some various examples. It 
gave same results as manual testing based on modern algebra concepts. In checking associative and commutative 
properties, it spend less time than manual testing, especially for testing set with many elements. Comparing with 
previous program, the developed program has some advantages such as: 

1. There are some new algebraic structure added, such as division ring. 
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2. Input of the application program are added by matrix and alphabet input, so it has more variation of set to be 
tested. The Cayley table can also be inputed manually. 

3. By more various input set, we can test some non-commutative structures, which are not able to be tested if 
the input is limited to integer modulo n. 

However the application program also has disadvantages such as: 
1. The input set is still limited to finite set. There are some structures of infinite set with well-defined operations 

and this program cannot test them. For example, the set of integers Z with usual addition and 
multiplication. This program still cannot test it. 

2. For alphabet input with designed Cayley table which has many elements, the user will spend more time to 
input the Cayley table and it can be ineffective. 

3. Some algorithms that are used in this program are brute-force type. Therefore, for testing set with too many 
elements, it might spend many time for running the application. 

This application program can still be developed by adding more algebraic structures to test and more variation of 
input set. So far, this application program has worked well and its results are accurate. 
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