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Abstract. Financial modeling is conventionally based on semi-martingale processes with stationary and independent
increments. However, empirical investigations on financial data do not always support these assumptions. Fractional
Brownian motion (fBm) is a continuous Gaussian process with dependent increments. Actually, the main problem of
applying fBm in finance is that an option with fBm is not arbitrage-free. To handle this problem, it is reasonable to use a
mixed fractional Brownian motion (mfBm) in order to capture fluctuations of the financial assets. The mfBm is a family
of Gaussian processes that is a linear combination of a Brownian motion and an independent fractional Brownian motion.
This paper deals with the problem of pricing European options by using mfBm. Based on quasi-conditional expectation
and Fourier transform method, we present a pricing model for a stock option and obtain a pricing formula for European
call options.
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\Abstract. Financial modeling is conventionally based on semi-martingale processes with stationary and independent
increments. However, empirical investigations on financial data do not always support these assumptions. Fractional
Brownian motion is a continuous Gaussian process with dependent increments. Actually, the main problem in applying a
fractional Brownian motion in option pricing is not arbitrage-free. To handle this problem, it is reasonable to use a mixed
fractional Brownian motion in order to capture fluctuations of the financial assets. The mixed fractional Brownian motion
is a family of Gaussian processes that is a linear combination of a Brownian motion and an independent fractional
Brownian motion. This paper deals with the problem of European option pricing by using the mixed fractional Brownian
motion. Based on quasi-conditional expectations and Fourier transform method, we present a pricing model for a stock
option and obtain a pricing formula for European call options.]

INTRODUCTION

An option is a contract that gives a person the right, but not the obligation, to buy or sell an underlying asset at a
specific price on or before a certain date. The right to buy is called a call option and the right to sell is called a put
option. The option contract can be either an American style or a European style. American options allow the owner
to exercise his option between purchase and the strike date, while European options can be exercised only on the
strike date. In this paper, we will concentrate on a European call option.

Black and Scholes [1] in 1973 proposed the famous Black-Scholes model in a stock market based on a geometric
Brownian motion and gave an option pricing formula. A Brownian motion is a semi-martingale process with
stationary and independent increments. The existence of sort memory or long memory in financial stock returns has
been an important subject of both theoretical and empirical research. If stock returns display the sort memory or long
memory, the series realizations are said to be not independent over time. This is the case of a fractional Brownian
motion. A number of studies have tested the sort memory and long memory hypotheses for the stock market returns,
for example [2-8].

The Fractional Brownian Motion is a stochastic process introduced by Kolmogorov [9] in 1940. Mandelbrot and
Van Ness [10] gave a representation theorem for Kolmogorov’s process and introduced the name of fractional
Brownian motion in 1968. The fractional Brownian motion has further been developed by Hurst [11,12] and
Mandelbrot [13]. Nowadays, the fractional Brownian motion plays an increasingly important role in many fields of
studies such as hydrology [12,14], insurance [15,16] and finance [17-19].
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The stochastic integral with respect to a fractional Brownian motion is different from the classical It6 integral
because a fractional Brownian motion is not a semi-martingale. Duncan et al [20] introduced the Wick product in the
definition of stochastic integration for a fractional It6's formula. They also introduced Girsanov’s theorem under the
fractional Brownian motion. Hu and @ksendal [21] and Elliott and van der Hoek [22] show that there is no arbitrage
if the Wick product is used in the definition of stochastic integration. Hu and Oksendal [21] derived a formula for
the price at time t = 0 of a European call option. Necula [23] extended the formula in [21] for t € [0, T]. Moreover,
Necula proved some results regarding the quasi-conditional expectation by using Fourier transform.

The formula for evaluation of a European call option obtained in [21] is arbitrage-free and complete market.
However, Bender et al. [24] and Bjork et al. [25] still saw the possibility of arbitrage opportunities in the resulting
model in [21]. Cheridito [26] and Bender et al. [27] proposed the mixed fractional Brownian motion to reduce
arbitrage opportunities. A mixed fractional Brownian motion is a linear combination of a Brownian motion and an
independent fractional Brownian motion.

The purpose of this article is to obtain the option pricing formula for European call options where the underlying
price is assumed to follow the mixed fractional Brownian motion model. This paper is organized as follows. Section
2 introduces definitions and properties of a mixed fractional Brownian motion. Section 3 explores some results
regarding the quasi-conditional expectation. Section 4 uses theorems in Section 3 in the study of the European
option pricing. Section 5 concludes.

MIXED FRACTIONAL BROWNIAN MOTION

Let O0<H <1. The fractional Brownian motion with Hurst parameter H is the Gaussian process

B" = (B“ (t);t zo) with mean E[B” (t)] =0 and covariance
1/ 20 2H 2H
E[B”(t)B”(s)]:E( e+ [P -] ) )

for all s,t>0. Here E[] denotes the expectation with respect to a probability measure P". The process has the
following properties :

« BY(0)=0and E[(BH(t))Z}thH, t>0;

e B"(t) has stationary increments, i.e., B" (t+s)—B"(s) has the same distribution with B" (t) for all

5,t>0;

e B"(t) is H-self similar, i.e., B" (at)=a"B" (t) for s,t>0;

e B"(t) has continuous trajectories.

If H=1, then B"(t) coincides with the standard Brownian motion B(t). The constant H determine the sign of
the covariance of the future and past increments. This covariance is negative when 0<H <1,
and positive when 3 <H <1. As a consequence, for 0<H <3 it has a short memory and for 7 <H <1 it has a

long memory.
A fractional Brownian motion is neither a Markov nor a semimartingale unless H =+. To avoid arbitrage

opportunities, the mixed fractional Brownian motion is introduced by Cheridito in [28]. A mixed fractional

Brownian motion of parameter H, a, and b is a stochastic process M " = (M H)t> 0): (M Rabt)t> 0) defined by
MM (t) =M "0 (t) =aB(t) + bB" ()

where B(t) is a Brownian motion and B" (t) is an independent fractional Brownian motion of Hurst parameter H.

zero when H =1

QUASI-CONDITIONAL EXPECTATIONS

In this section, we will present some results regarding the quasi-conditional expectation which is needed for the
rest of this paper. These results were introduced by Necula [23] and then developed by Sun [19] and Xiao et al [18]
for the mixed fractional Brownian motion. The proof of theorems in this section can be seen in [18]. Let
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(Q, F",P") be the probability space such that B(t) is a Brownian motion with respect to P* and B" (t) is an
independent fractional Brownian motion with respect to P*'.

Theorem 1. For every 0<t<T and A,& € C we have
]E[exp(/l(B(T)JrgB“ (I')))‘]—'H (t)}:exp(l(B(t)JrsBH(t))Jr%ﬂz (T—t)+ 4222 (T2 > ))
where F"(t) is a c-algebra generated by (BH (s);Ossgt) and IEH}'” (t)} denotes a quasi-conditional

expectation with respect to " (t) under a probability measure P".

Using Theorem 1, one can determine the quasi-conditional expectation of a function of the mixed fractional
Brownian motion as shown in the following theorem.
Theorem 2. Let f be a function such that E[f (B(T), B" (T))} <o, Then for every 0<t<T and 4,6 € C, we
have
H 2
1 ~(x-4B(t)- 2¢B" (1))
j exp
\/27;/12 (T-teer(t—e")) 22 (T-tee? (T —t))

f (x)dx.

]E[f (2B(T)+ 258" ()| " (t)} -

If f is an indicator function, f (x) =1,(x), then we can easily obtain following corollary.
Corollary 3. Let Ae B(R). Then
1 ~(x-2B(®) - 28" (1))
_[ exp
A\/zﬂﬂz (T-teer(r ) (2 (T-teef (120 )

E[lA(/lB(T)JrﬂsBH M) #" (t)] -

Let 4,6 eR and for 0<t<T, consider the process
9B (t) + OB (1) = 9B(t) - 9°t + HB" (1) - 6°t*". )
From the fractional Girsanov theorem in [29], there exists a probability measure P"" such that 9B"(t) + #B""(t) is
a new mixed fractional Brownian motion. We will denote &[] as a quasi-conditional expectation under the
probability measure P***. Now, we have defined the process
Z(t) =exp(-9B(t) -1+ $1-0B" (1) - 10" @)
where 0<t<T .

Theorem 4. Let f be a function such that E[f (B(T), B" (T))} <o, Then forevery 0<t<T, we have

x H H 1= H 7 H
E [f(SB(I')+HB m)|F (t)}:z(t)E[f(SB(I'HBB M)Zm)|F (t)]. )

Theorem 4 illustrates the relationship between the quasi-conditional expectation & with respect to P" and the
quasi-conditional expectation K" with respect to P"". Based on Theorem 4, a discounted expectation of the
function of a mixed fractional Brownian motion is calculated in the following theorem.

Theorem 5. The price at every t €[0,T] of a bounded F" (t) -measurable claim V e L2(P™) is given by
V()= TUE[VM|F 0] ®)

where r represents a constant riskless interest rate.



EUROPEAN OPTION PRICING

The purpose of this section is to derive the pricing formula for a European call option. Now let us consider a
mixed fractional Black-Scholes market with two investment possibilities:
1. amoney market account:
dA(t) = rA(t)dt, A(0) =1, 0<t<T, (6)
where r represents the constant riskless interest rate.
2. astock whose price satisfies the following:
dS(t) = pS(t)dt + oS(t)dB(t) + oS(t)dB (t),  S(0)>0, 0<t<T, %)
where u is an appreciation rate, o is a volatility coefficient, B(t) is a Brownian motion with respect to
P and B" (t) is a fractional Brownian motion with respect to BH

By using a change of variable B(t)+B" (t) = £t é(t) +B" (t) , then under a risk-neutral measure, we have that

dS(t) = rS(t)dt + oS (t)dB(t) + oS (t)dB" (1), S(0) >0, 0<t<T. (8)
Using the Ito formula in [29], we obtain the solution of (8){8}
S(t) = S(O)exp(rt+o—(a(t)+ B™(t))-Lo® (t+t™ )). )

Let C(t,S(t)) is the price of a European option at time t with a strike price K and maturity T. We present the pricing
formula for a European call option in the following theorem.

Theorem 6. The price at every t €[0,T] of a European call option with a strike price K and maturity T is given by
C(t,S(1) = S(N(d,) — Ke " IN(d,) (10)
where

|n[&]+ r(T-t)+0” (T—t+T? ™)
d

K
T T

, (11

=

In(%)+ r(T-t)-1c0®(T-t+T*" —t™)
d, = , (12)
o (TteT )
and N(-) is a cumulative probability function of a standard normal distribution.

Proof: Motivated from Theorem 5, the European call option with a strike price K and maturity T is theoretically
equivalent to

C(t,S(1) = B e max{S(T) - K,0}#" (1) |
= B[ TSN gy ~Ke T [ 0]
=B IS (TN oy |77 O]~ B[ Ke ™08, |77 O]
= ?’”*”]E[S(T)l{sm,(} K (t)] _Ke"TV E[lzsm»q | (t)]. 13)

Option holders would exercise the option only when S (T) > K. Solving for the boundary and using (9), we have

O'(B(T)+BH U))>|n(%]—ﬂ +%0‘2(T +T2H) ”
and set
. K
dZ:In[%J*TT+%GZ(T+T2H). -

Using Corollary 3, we have
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Btsmon 7" 0] - E{l{w;; (o(BT)+B" M) #" (t)}

- [ 1 (XiO'(B(t)JrBH (t)))2
- ] L‘m{-ijdz

2 (TftJrT2H —t2H )

o(B()+8" (1))-d;
o2 (T—t+T2H 21
= ( I )iexp —i dz
i NGY 2

=N(dy) (16)
a(B(t)+BH(t))—d;

where d, = . Furthermore, (9) can be write
2 2 2H
\/0' (T-t+T2H )
a(B(t)+BH (t)): In[%)—rt+%az (t+t2H ) an

Hence, we have
oB(t)+oB" (t) 7d;

2" \/02 (T S —tZH)
) In(%}rw%az(tﬂm){In[%}ﬂ +%0'Z(T +T2H )J
\/O'Z(T—'[+T2H -t")
In(%}rr(T —t)-10? (T-t+T2" —™")

- _ 18
\/0'2 (T-t+T2H ") 9

Let us consider the process
a(B*(t) +B" ()= G(B(t) +B" (t))—c;2 (t +12H ) (19)
for te[0,T]. The fractional Girsanov theorem assures us that there is the probability measure PH" such that
o-(B* )+ BH*(t)) is the mixed fractional Brownian motion under P"”. We will denote
Z@ :exp(o(B(t)+ BH (1)) -4 o? (t+t2" )) (20)
Using Theorem 4 and (20) we have that

(rT+o(BT)+BH (M))-30?(T+T2H)

B S5 |77 0] = E{S(O)e )1{5<T)>K} | (t)}



B[ SMsryon |77 0] = SB[ 2 (T) 151100 |77 0]

_ ]E[S(O)eﬁ e(U(B(T)+BH (M)-102(T472H)

- S(O)erTE[Z(T)l{Dd;} (U(B(T) +B" (r)))\f'* (t)}

= S(0eTZ(t)E" [1{X>d;} (e(sm+B" M) " (t)}

=S@eTZ(O)E 150y [F O]
Substituting (19) into (9) is obtained
S(t) = S(O)exp(rt+a(B(t)+ BH(1)-10? (t+t>" ))

- S(O)exp(rt+(a(B*(t)+ BH* (1)) + 02 (t+t ))—%02 (t+2H ))

- s(O)exp(rt+o(B*(t)+ B () + 107 (14t ))

Solving for the boundary S(T)> K and using (22) in time T, we have

o B*(T)+BH*(T) >In L ST 162 (T +T2H).
2

S(0)
If we denote
*_ K 1,2 2H
d, _In[%]—ﬂ—za (T+T )
we get

o [1{5m>K} \f” (t)} = [1{“1;} (a(B*(T) + BH*(T)))‘]-'H (t)}

)1{S(T>>K} a (t)}

. . 2
« 1 . { (X—o‘(B (t)+B" (t))) N

) d \/2710'2 (T —t+T2H M )

= T —,l_exp(—é]dz
d-o(B"()+8"" ) 27 2
JZ(TfHTZHleH)
o(B"(t)+B""(t))-dy
(8" +B™ (1)<
o2 (T—t+T2H ¢2H
= ( I )Lexp —é dz
2 N2rm 2

=N(d,)
a(B*(t)+BH*(t))—df

where d; = . Furthermore, (22){22) can be written as
\/0'2 (T —t+T2H —IZH)
* H* vy S() 1 2 2H
o-(B (t)+B (t)) = In[% ~rt-1lo (t+t )

Using (23){23) and (25)(25}, we get

202 (T-t+72 M)

cah)

(22)

(23)

(24)

(29)
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d :In(%}rtf%az(”tm)’(In[%}rT*%az(Tﬂ?H)J
1 \/O_Z(T—I+T2H —I2H>

In(%}r r(T —t)+%02 (T —t4T2H 2 )

\/0'2 (T-t+72" =)

Substitution of (24) into (21) yields
E[SU)1{S<T)>K} ‘fH (t)} =SOe"Z()E [I{SU»K} ‘fH (t)}

=S(0)eZ(t)N(d,)
=5(0)e"” exp(cr(B(t) +BH (D)~ 10? (t+t*" )) N (dy)
- erTe’”S(O)exp(a(B(t)+ BH (1)) +rt—1o? (t+t*" ))N(dl)
=e"TOS(t)N(d,).

Finally, from (16), (26)(26) and (13) we obtain

C((t,S(1) = e’r(T’t)E[S(I')l{S(T)>K} FH (t)} Ke"(T’I)E[l{S(T)>K} |+ (t)}
=e "MD" TS5 (t)N(d,) - Ke " T"UN(d,)

=S(t)N(d;) - Ke T IN(d,).
us, the proof of the theorem is complete. m
hus, th f of the th i [

(26)

CONCLUSION

in this paper, to capture the long memory property and to exclude the arbitrage opportunity in fractional
Brownian motion, the underlying price is assumed to follow the mixed fractional Brownian motion. By using the
theory of the quasi-conditional expectation, we present a closed-form option pricing formula for European call
options. TTis formula can be used by investors to predict the option price for a stock that has long memory
properties.
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1.100.000) should be paid by August 24, 2018.

Please upload the document by August 24, 2018 along with the TURNITIN result and proof of ICRIEMS
5 Scopus-indexed IOP Conference Proceeding Fee Payment. In order to avoid delay in the publication
process, please meet the deadline. Please note that the document received after the deadline may not be
considered to publish in the ICRIEMS 5 Scopus-indexed IOP Conference Proceeding. If you feel that you
could not meet the need, please choose another option in your account.

We thank you for your cooperation and patience.

Best Regards,
ICRIEMS 5 Committee

Ketua Panitia

Agung W. Subiantoro, Ed.D.
NIP. 19810127 200501 1 002
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Final Recommendation of ICRIEMS 5

ICRIEMS FMIPA UNY <icriems@uny.ac.id>
Sen 30/07/2018 09.33

Dear Participants,

We are pleased to inform you that final recommendation for your article submitted to
ICRIEMS 5, has been released.

Please log in to your account on http://seminar.uny.ac.id/icriems/ and see the result in
the “User Area” menu.

If you agree with the recommendation, please choose “Accepting”. If you want to cancel
your article, please choose “Withdrawing” button. Your choice should be pasted in the
blank space on your account. Please follow the recommendation and instruction available
your user account in the website.

Please remember that you have to submit your revised article before August 24, 2018
with all the documents needed.

We apologize for delaying the final announcement. We also thank you for your patience
and understanding.

Best Regards,
ICRIEMS 5 Committee

Untuk mendukung “Gerakan UNY Hijau”, disarankan tidak mencetak email ini dan lampirannya.
(To support the “Green UNY movement”, it is recommended not to print the contents of this email and its
attachments)

Universitas Negeri Yogyakarta
www.uny.ac.id

https://outlook.office.com/mail/deeplink?popoutv2=1&version=20230407001.12
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Information from ICRIEMS

ICRIEMS FMIPA UNY <icriems@uny.ac.id>
Sel 18/09/2018 12.15

Dear ICRIEMS participants,

We are glad to inform you that your manuscript has been submitted to
the Journal of Physics: Conference Series (JPCS) from IOP Publishing.

If there are no other circumstances, the entire process may take
roughly 3-6 months from the submission.

We will update you once we receive an update from the IOP. Please
check your email regularly or visit our ICRIEMS website.

Thank you for your cooperation.

Best Regards,
ICRIEMS 5 Committee

Untuk mendukung “Gerakan UNY Hijau”, disarankan tidak mencetak email ini dan lampirannya.
(To support the “Green UNY movement”, it is recommended not to print the contents of this email and its
attachments)

Universitas Negeri Yogyakarta
www.uny.ac.id

https://outlook.office.com/mail/id/AAQkADg1ZGVIN2EOLWNMNTEtNGJKYS04NTNKLTVKNzZNhM2YXNGVmMMgAQAPr%2FRphG9RVJoPazkX547... 1/1
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ICRIEMS updated information -- THE PROCEEDING HAS BEEN PUBLISHED!!

ICRIEMS FMIPA UNY <icriems@uny.ac.id>
Sen 15/10/2018 13.04

Dear ICRIEMS participants,

We are glad to inform you that “The 5th International Conference on Research,
Implementation, & Education of Mathematics and Sciences Proceeding” has been
published in the Journal of Physics: IOP Conference Series. Please visit
http://iopscience.iop.org/issue/1742-6596/1097/1.

We are thank you for your cooperation and patience during the submission
process.

Best Regards,
ICRIEMS 5 Committee

Untuk mendukung “Gerakan UNY Hijau”, disarankan tidak mencetak email ini dan lampirannya.

(To support the “Green UNY movement”, it is recommended not to print the contents of this email and its
attachments)

Universitas Negeri Yogyakarta

www.uny.ac.id

https://outlook.office.com/mail/id/AAQkADg1ZGVIN2EOLWNMNTEtNGJKYS04NTNKLTVKNzNhM2YXNGVmMMgAQAImBIWj2wiVDjlaMe8gBF98%3D  1/1
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Proceedings of The 5th International Conference on Research, Implementation, &
Education of Mathematics and Sciences now available online

|IOP Conference Series team <jpcs@iop.org>

melalui msgfocus.com
Jum 19/10/2018 22.06

Kepada: Enny Murwaningtyas <enny@usd.ac.id>

Your article [European option pricing by using a mixed fractional Brownian motion]European option pricing by
using a mixed fractional Brownian motion is online.
Visit iopscience.org/jpcs | View this email online | Unsubscribe

Proceedings of The 5th International Conference on Research, Implementation, & Education of
Mathematics and Sciences.

Thank you for publishing your paper 'European option pricing_by using_a mixed fractional Brownian motion' in
the Journal of Physics: Conference Series™. Your article has now been published online.

Create an account in ScholarOne
As part of our commitment to provide the best possible publishing service to our authors, we encourage you
to create an account in ScholarOne, so you can benefit from the following:

« Invitations to write and referee papers in your research area
o Stay up-to-date on resources available to help you with getting your work published and promoted
¢ Associate your existing ORCID ID with your account or create a free ORCID iD

Create a ScholarOne account >>

Thank you, and we hope to work with you again soon.

Anete Ashton, Conference Commissioning Editor
Journal of Physics: Conference Series

jREs@iop.org

IOPScience

IOP Publishing Ltd, Temple Circus, Temple Way, Bristol BS1 6HG a registered company in England and
Wales under company number 00467514.

For information about how we use your personal data, please see our privacy policy.

https://outlook.office.com/mail/inbox/id/AAQkADg1ZGVIN2EOLWNMNTEtNGJKY S04NTNKLTVKkNzNhM2YXNGVmMgAQAOhHI%2Bcna%2BhDqO...
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The Head of Commitee

0 D AgungW Subiantoro
198702 1 002 _ . N1P19810127 200501 1 002



	1. Screenshot Open Journal Systems Abstract Review Result
	2. File Abstract Review Result
	3. Screenshot Open Journal Systems Full Paper Review Result
	4. File Full Paper Review Result
	5. ICRIEMS 5 Scopus-indexed IOP Conference Proceeding Acceptance
	6. Rekomendasi Akhir ICRIEMS 5
	7. Information from ICRIEMS (18-09-2018)
	8. ICRIEMS updated information -- THE PROCEEDING HAS BEEN PUBLISHED!! (15-10-2018)
	9. Proceedings of The 5th International Conference on Research, Implementation, & Education of Mathematics and Sciences now available online (19-10-2018)
	10. Certificate 

