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> mathematical literature. The main purpose of using the Mathematics

> Subject Classification scheme is to help users find the items of present

> or potential interest to them as readily as possible.
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> If possible, please check MSC2020 database by this link:
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> Section Managing Editor
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> Distribution Protocol against Reflecting
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> 2. Electricity Spot Price Forecast by Modelling Supply and Demand

> Curve(http://www.mdpi.com/2227-7390/10/12/2012)
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> in its entirety or in part, or disclose its contents to anyone.
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>> Dear Professor da Silva,

>> Your paper has been assigned to Krystal Wang, who will be your main point of contact as your
paper is processed further.

>> Journal: Mathematics Manuscript ID: mathematics-2967439 Title: Green Measures for a Class
of non-Markov Processes Authors: Herry P. Suryawan, José L. da Silva * Received: 31 Mar 2024 E-
mails: herrypribs@usd.ac.id, joses@staff.uma.pt

>> You can find your paper here: https://susy.mdpi.com/user/manuscripts/
review_info/47c5be7a02b0e51868ed7f77aef5f215

>>

> >

> Manuscripts must be written in good English. Incorrect English can

>> result in rejection if reviewers cannot understand your work. If extensive English editing is
required, your manuscript could also be returned to you, which will delay its publication. MDPI
offers rapid English editing, completed in 1 day: Author Services (https://www.mdpi.com/authors/
english)

>> Please note that emails requesting any payment or collaboration with MDPI will be sent
exclusively from an “@mdpi.com” address. If you receive an email from someone posing as MDPI
not sent from an "@mdpi.com” address, please alert us as soon as possible.

>> More information can be found here: https://www.mdpi.com/authors/avoid-phishing-emails
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To:José Luis Da Silva <joses@staff.uma.pt>

Cc:Herry P Suryawan <herrypribs@usd.ac.id>;Mathematics Editorial Office <mathematics@mdpi.com>

Dear Professor da Silva,

Thank you again for your manuscript submission. Please be aware that there
may be an additional report to come. We will contact you when the final
report is received.

Manuscript ID: mathematics-2967439

Type of manuscript: Article

Title: Green Measures for a Class of non-Markov Processes

Authors: Herry P. Suryawan, José L. da Silva *

Received: 31 Mar 2024
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Probability and Statistics
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Your manuscript has now been reviewed by experts in the field. Please find
your manuscript with the referee reports at this link:

https://susy.mdpi.com/user/manuscripts/resubmit/47c5be7a02b0e51868ed7f77aef5f215

Please revise the manuscript according to the referees' comments and upload
the revised file within 10 days.

Please use the version of your manuscript found at the above link for your
revisions.

() Please check that all references are relevant to the contents of the
manuscript.

(Il) Any revisions to the manuscript should be highlighted, such that any
changes can be easily reviewed by editors and reviewers.

(Ill) Please provide a cover letter to explain, point by point, the details
of the revisions to the manuscript and your responses to the referees’
comments.

(IV) If the reviewer(s) recommended references, please critically analyze
them to ensure that their inclusion would enhance your manuscript. If you
believe these references are unnecessary, you should not include them.
(V) If you found it impossible to address certain comments in the review
reports, please include an explanation in your appeal.

(V) The revised version will be sent to the editors and reviewers.
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If one of the referees has suggested that your manuscript should undergo
extensive English revisions, please address this issue during revision. We
propose that you use one of the editing services listed at
https://www.mdpi.com/authors/english or have your manuscript checked by a
colleague fluent in English writing.

Please do not hesitate to contact us if you have any questions regarding the
revision of your manuscript or if you need more time. We look forward to
hearing from you soon.

Kind regards,

Krystal Wang

Section Managing Editor

Mathematics (http://www.mdpi.com/journal/mathematics)

MDPI Branch Office, Tianjin

Mathematics Editorial Office

Skype: live:.cid.3ab7c4d9dccc351

E-mail: mathematics@mdpi.com
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message in its entirety or in part, or disclose its contents to anyone.
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To:José Luis Da Silva <joses@staff.uma.pt>

Cc:Herry P Suryawan <herrypribs@usd.ac.id>;Mathematics Editorial Office <mathematics@mdpi.com>

Dear Professor da Silva,
We sent a revision request for the following manuscript on 11 April 2024.

Manuscript ID: mathematics-2967439

Type of manuscript: Article

Title: Green Measures for a Class of non-Markov Processes

Authors: Herry P. Suryawan, José L. da Silva *

Received: 31 Mar 2024

E-mails: herrypribs@usd.ac.id, joses@staff.uma.pt

Probability and Statistics
https://www.mdpi.com/journal/mathematics/sections/probability_and_statistics_theory

Please could you update us on the progress of your revisions?

If you have finished your revisions, please upload the revised version
together with your responses to the reviewers. The date that we hope to
receive your revised manuscript is 21 April 2024.

You can find your manuscript and review reports at this link:
https://susy.mdpi.com/user/manuscripts/resubmit/47c5be7a02b0e51868ed7f77aef5f215

If you have any questions, please feel free to contact us.

Thank you in advance for your kind cooperation and we look forward to hearing
from you soon.

Kind regards,

Krystal Wang

Section Managing Editor

Mathematics (http://www.mdpi.com/journal/mathematics)

MDPI Branch Office, Tianjin

Mathematics Editorial Office

Skype: live:.cid.3ab7c4d9dccc3f51

E-mail: mathematics@mdpi.com
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Self-Cited Papers Revision: [Mathematics] Manuscript ID: mathematics-2967439 -
Revised Version Received

Krystal Wang / MDPI <krystal. wang@mdpi.com>
Wed 4/24/2024 9:03 AM

To:José Luis Da Silva <joses@staff.uma.pt>
Cc:mathematics@mdpi.com <mathematics@mdpi.com>;Herry P Suryawan <herrypribs@usd.ac.id>

Dear Dr. da Silva,

Glad to contact you. We have received your revised version and found
that there are 5 your own papers (Ref 3,4,14,16,17) cited in the new
version.

Due to the high-self citation, we sincerely suggest removing a few of
the author's own articles in References or citing other authors' papers
instead during revision.Please send your revised version via email.

Thank you very much for your understanding and cooperation. In case of
any questions, please feel free to contact us.

Kind regards,

Ms. Krystal Wang

Section Managing Editor
Mathematics(https://www.mdpi.com/journal/mathematics)
Hot Papers for your reading:

1. Efficient and Secure Measure-Resend Authenticated Semi-Quantum Key
Distribution Protocol against Reflecting
Attack(http://www.mdpi.com/2227-7390/10/8/1241)

2. Electricity Spot Price Forecast by Modelling Supply and Demand
Curve(http://www.mdpi.com/2227-7390/10/12/2012)

The information and files contained in this message are confidential and
intended solely for the use of the individual or entity to whom they are
addressed. If you have received this message in error, please notify me
and delete this message from your system. You may not copy this message
in its entirety or in part, or disclose its contents to anyone.

On 2024/4/24 9:52, Mathematics Editorial Office wrote:

> Dear Professor da Silva,

>

> Thank you very much for providing the revised version of your paper:

>

> Manuscript ID: mathematics-2967439 Type of manuscript: Article Title:

> Green Measures for a Class of non-Markov Processes Authors: Herry P.

> Suryawan, José L. da Silva * Received: 31 Mar 2024 E-mails:

> herrypribs@usd.ac.id, joses@staff.uma.pt Probability and Statistics

> https://www.mdpi.com/journal/mathematics/sections/probability_and_statistics_theory
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> We will continue processing your paper and will keep you informed
> about the status of your submission.

>

> Kind regards, Krystal Wang Section Managing Editor Mathematics

> (http://www.mdpi.com/journal/mathematics) -- MDPI Branch Office,
> Tianjin Mathematics Editorial Office Skype:

> live:.cid.3ab7c4d9dccc3f51 E-mail: mathematics@mdpi.com Disclaimer:
> The information and files contained in this message are confidential
> and intended solely for the use of the individual or entity to whom

> they are addressed. If you have received this message in error,

> please notify me and delete this message from your system. You may
> not copy this message in its entirety or in part, or disclose its

> contents to anyone. http://www.mdpi.com/journal/mathematics/

>

> MDPI Postfach, CH-4020 Basel, Switzerland Office: St. Alban-Anlage
> 66, 4052 Basel
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[Mathematics] Manuscript ID: mathematics-2967439 - Accepted for Publication

leif.qi@mdpi.com <leif.qi@mdpi.com>
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Mathematics Editorial Office <mathematics@mdpi.com>
Thu 4/25/2024 11:09 AM

To:José Luis Da Silva <joses@staff.uma.pt>
Cc:Herry P Suryawan <herrypribs@usd.ac.id>;Mathematics Editorial Office <mathematics@mdpi.com>;Krystal Wang
<krystal.wang@mdpi.com>

Dear Professor da Silva,

Congratulations on the acceptance of your manuscript, and thank you for
submitting your work to Mathematics:

Manuscript ID: mathematics-2967439

Type of manuscript: Article

Title: Green Measures for a Class of non-Markov Processes

Authors: Herry P. Suryawan, José L. da Silva *

Received: 31 Mar 2024

E-mails: herrypribs@usd.ac.id, joses@staff.uma.pt

Probability and Statistics
https://www.mdpi.com/journal/mathematics/sections/probability_and_statistics_theory5

We will now edit and finalize your paper, which will then be returned to you
for your approval. Within the next couple of days, an invoice concerning the
article processing charge (APC) for publication in this open access journal
will be sent by email from the Editorial Office in Basel, Switzerland.

If, however, extensive English edits are required to your manuscript, we will
need to return the paper requesting improvements throughout.

We encourage you to set up your profile at SciProfiles.com, MDPI's
researcher network platform. Articles you publish with MDPI will be linked to
your SciProfiles page, where colleagues and peers will be able to see all of
your publications, citations, as well as other academic contributions.

We also invite you to contribute to Encyclopedia (https://encyclopedia.pub),
a scholarly platform providing accurate information about the latest research
results. You can adapt parts of your paper to provide valuable reference
information, via Encyclopedia, for others both within the field and beyond.

Kind regards,
Francisco Chiclana
Editor-in-Chief
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[Mathematics] Manuscript ID: mathematics-2967439 - Funding Information
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leif.qi@mdpi.com <leif.qgi@mdpi.com>

on behalf of

Mathematics Editorial Office <mathematics@mdpi.com>

Thu 4/25/2024 11:09 AM

To:Herry P Suryawan <herrypribs@usd.ac.id>;José L. da Silva <joses@staff.uma.pt>

Cc:Mathematics Editorial Office <mathematics@mdpi.com>;Krystal Wang <krystal. wang@mdpi.com>

Dear Authors,

When you submitted, you added the following funding information in the
system. Your manuscript has now been accepted. Please carefully check and
ensure that the funding information is correct in any places where it appears
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The paper "Green Measures for a Class of non-Markov
Processes" by Suryawan and da Silva focuses on exploring
Green measures associated with generalized grey Brownian
motions (ggBm), extending the analysis to include both fractional
Brownian motion and other non-Gaussian processes within a
multi-dimensional setting. This research is significant in
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theoretical underpinnings and real-world applications.
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of the Green measure for ggBm and its explicit representation.
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they relate to potential applications or how they advance the
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Abstract: In this paper, we investigate the Green measure for a class of non-Gaussian processes in R?. 1
These measures are associated with the family of generalized grey Brownian motions Bg,, 0 < <1, =
0 < a < 2. This family includes both fractional Brownian motion, Brownian motion, and other 3
non-Gaussian processes. We show that the perpetual integral exists with probability 1 for dx >2and 4

1 < a < 2. The Green measure then generalizes those measures of all these classes. 5
Keywords: Fractional Brownian motion; generalized grey Brownian motion; Green measure; subor- 6
dination 7
1. Introduction s

In recent years, there has been a significant amount of research devoted to fractional -
dynamics related to fractional Brownian motion and related processes. These processes 1o
lack both the Markov and semimartingale properties from a mathematical standpoint. As =~ u
a result, many traditional approaches in stochastic analysis do not apply, making their 1
analysis more challenging. These processes are capable of modeling systems that exhibit 1
long-range self-interaction and memory effects. 14
In 1992, Schneider introduced the g¢rey Brownian motion [1], a class of non-Gaussian  1s
processes, to solve the time-fractional diffusion equation with Caputo-Djrbashian derivative 1o
of fractional order. During the 1990s, Mainardi and his co-authors conducted a systematic 1
investigation into fractional differential equations; see [2] and references therein. They s

introduced the notion of generalized grey Brownian motion Bm for short), and the 1

corresponding time-fractional differential equations governing its densities. This famil 20
of processes is denoted by Bz, with parameters 0 < f<land 0 <a <2. If lthe =2

rocess Bj , is non-Gaussian with stationary increments and « /2 -self-similar; see Section2 22

for details. The process Bg, admits different representations (cf. (11) and (12) below) =s
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We would like to investigate the class of functions f for which the potential of f has the
representation

Vialf,x) = [, £0)Gpalrdy) @

where G(x, ) := Gp (¥, -) is a Radon measure on R? called Green measure corresponding

to the ggBm Bg 4, see Definition 2 below. If By , admits a generator Lg, , then the potential
V(x, f) can be obtained from the equation

—LV = f.

The Green measure can be seen as the fundamental solution for the generator Lg, of the
process By, . First, we establish the existence of the perpetual integral (cf. Theorem 1)

/wa(x+ By (1)) dt

with probability 1. This leads to an explicit representation of the Green measure for ggBm,
namely (cf. Corollary 1)

D
Wdy, de >2, 1<a<2,

|x
where D is a constant that depends on j, #, and the dimension d; see Theorem1-(16) for the
explicit expression. Note that as da > 2 and 1 < a < 2, the Green measure G 5,,,4(36, -) exists
ford > 2,sinced > 2/a € [1,2). The Brownian case (x = 1) is covered only for d > 3.

We emphasize that the existence of the Green measure for a given process X is not

always guaranteed. In addition, finding a proper space of functions f: R? — R that
guarantee the existence of (1) is crucial. As an example, the d-dimensional Brewnian
meotion(Bm)}-Bm starting at x € R has a density given by pi(x,y) = (2mt) =2 exp (—
Ix —y[?/(2t)), y € R Tt is not difficult to see that fo pi(x,y) dt does not exist ford = 1,2.
This-implies-the nen-existence-of-the Hence, the Green measure of Bm for d = 1,2 does
not exist. On the other hand, for d > 3, the Green measure of Bm on R exists and is given
by G(x,dy) = C(d)|x — y|*>* dy, where C(d) is a constant depending on the dimension d;
see [4] and the references therein for more details. In a two-dimensional space, the Green
measure of ggBm is determined by the parameter « that is related to the roughness of the
path. The Green measure of ggBm for d = 1 requires further analysis (for Bm see [7], Ch. 4)
which we will postpone for a future paper.

The paper is organized as follows. In Section 2 we recall the definition and main
properties of ggBm that will be needed later. In Section 3 we show the existence of the
perpetual integral with probability 1, which leads to the explicit formula for the Green
measure for ggBm. In Section 4, we discuss the results obtained, connect them with other
topics, and draw conclusions.

gﬁ,tx(xr dy) =

2. Generalized Grey Brownian Motion

We recall the class of non-Gaussian processes, called the generalized grey Brownian
motion, which we study below. This class of processes was first introduced by Schneider
[8,9], and was generalized by Mura et al. (see [10,11]) as a stochastic model for slow /fast
anomalous diffusion described by the time fractional diffusion equation.

2.1. Definition and Properties
For 0 < B <1 the Mittag-Leffler (entire) function Eg is defined by the Taylor series
Zn

=) T(pn+1)

n=0

z € C, 3)
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where -
I'(z) = / Fle7tdt, z€C, Re(z) >0
Jo

is the Euler gamma function.
The M-Wright function is a special case of the class of Wright functions W, ,, A > —1,
u € C, via

e} Z)n
M W_
P = W) = a1 B
The special choice = 1/2 yields the Gaussian density on [0, c0)
1 z?

M, (z) = ﬁexp (—4). 4)
The Mittag-Leffler function Eg is the Laplace transform of the M-Wright function, that is,
Eg(—s) = '/0 e *"Mpg(t)dT. )

The generalized moments of the density Mg of order § > —1 are finite and are given (see
[10]) by
r(o+1)

/Ooo T(SM/g(T) dt = (

o+ 1) ©)

Definition 1. Let 0 < B < 1and 0 < a < 2 be given. A d-dimensional continuous stochastic

process Bg, = {Bpq(t), t > 0} startingat 0 € R? and defined on a complete probability space

(Q, F,P),isaggBm in RY (see [11] for d = 1) if:

1. P(Bgq(0) =0) =1, that is, B, starts at zero P-almost surely (P-a.s.).

2. Anycollection {Bg(t1),...,Bga(tn) } with0 <t <ty < --- < t, < oo hasa characteris-
tic function given, for any 0 = (04,...,0,) € (R)" with O = (6x1,...0ka), k=1,...,n,
by

E

n d
exp <i Z(Gk, B/S,zx(tk))]]{d>‘| =Ep [—1 2(9 ],%xe )R"‘| , (7)

k=1 j=1

where [E denotes the expectation w.r.t. P and
n
Voo i = Yan 1= (B 15— [t — tj\'x)k,j:l-

3. The joint probability density function of (Bg(t1),...,Bp«(tn)) is equal to

nd
27w)" 2 ® nd _ d Nont
pu6,70) = iz [ He F TR ey

The following are the most important key properties of ggBm:

(P1). For each t > 0, the moments of any order of Bg,(t) are given by

{Eusﬁ,a(mznﬂ] =0,

2n)!
E“Bﬁrw(t”zn] = 2"r((;n)+1)tm'
(P2). The covariance function has the form
d o o o
E[(Bga(t),Bga(s))] = (14—t —s]%), ts>0. )

r(B+1)
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P3). For each t,s > 0, the characteristic function of the increments is %0
(
i(k,Bg o (£)—Bpa(s)) |k|2 d
]E[e Dpu B ] = Eg| — [t—s|*), keR% (10)

(P4). The process B B is non-Gaussian, « /2-self-similar with stationary increments. o1
(P5). The ggBm is not a semimartingale. Furthermore, B, g cannot be of finite variation in ez

[0,1] and, by scaling and stationarity of the increment, on any interval in R™. 93
(P5). For n = 1, the density pﬁ(x, f),x € R4, t > 0, is the fundamental solution of the o

following fractional differential equation (see [12]) o5

2
DP0p(x,t) = Aepp(x, 1),

where Ay is the d-dimensional Laplacian in x and }D)fﬁ is the Caputo-Dzherbashian o6
fractional derivative; see [13] for the definition and properties. o7

2.2. Representations of Generalized Grey Brownian Motion 98

The ggBm admits different representations in terms of well-known processes. It oo
follows from (7) that ggBm has an elliptical distribution, see Section 2 in [14] or Section 3 100
in [15]. On the other hand, ggBm is also given as a product (see [10] for d = 1) of two 102

processes as follows 102
{Bpa(t), t >0V £ { [YzB2(t), t > 0}. (11)
Here, £ means equality in law, the nonnegative random variable Y has density Mg and 103
B%/2 is a d-dimensional fBm with Hurst parameter a /2 and independent of Y. 108
We give another representation of ggBm By , as a subordination of {Bm (see Prop. 2.14 105
n [16] for d = 1) which is used below. For completeness, we give the short proof. 106
Proposition 1. The ggBm has the following representation 107
L
{Bpalt), t = 0} = {B/2(tY}/), t > 0}. (12)

Proof. We must show that both representations (11) and (12) have the same finite-dimensional :0s
distribution. For every 8 = (6y,...,0,) € (R%)", we have 109

exp(ii(Gk,B“ﬂ(thé/“)))] = /OOOIE

k=1
)
= E

exp <i Y. (6 Yg/ZB“/Z(tk))>] .

k=1

E

exp (i Z (6, B2 (txy"/ "‘))> ] Mg(y) dy

k=1

eXp< Z O,y /2B (t )))]Mﬁ(y)dy

= E

In the second equality, we used the a /2-self-similarity of fBm. This completes the proof. [1 110

3. The Green Measure for Generalized Grey Brownian Motion 111

In this section we show the existence of the Green measure for the ggBm, see (1) and 112
(2). Let us begin by discussing the existence of the Green measure for a general stochastic 11
process X. 114
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Let X = {X(t), t > 0} be a stochastic process in R? starting from x € R“. If X(¢),
t > 0, has a probability distribution px(;(x, -), then Eq. (1) becomes

Ve f) = [ [ F0) o (xdy) (13)

Then, applying the Fubini theorem, the Green measure Gx(x, -) of X is given by

Gx(x,dy) = [ pxip (x.dy) dt,

assuming the existence of Gx(x, -) as a Radon measure on R?. That is, for every bounded
Borel set B € B,(R?) we have

Gx(x,B) = | px(y (B dt < e

If the probability distribution px ;) (x, ) is also absolutely continuous with respect to the
Lebesgue measure, say px ;) (¥, dy) = pt(x,y) dy, then the function

gx(x,y) == /O pi(x,y)dt, VyeR?, (14)

is called the Green function of the stochastic process X. Moreover, the Green measure in
this case is given by Gx (x, dy) = gx(x, y) dy.

This leads us to the following definition of the Green measure of a stochastic process
X.

Definition 2. Let X = {X(t), t > 0} be a stochastic process on RY starting from x € R? and
px(t)(x, -) be the probability distribution of X(t), t > 0. The Green measure of X is defined as a

Radon measure on R by

Gx(x,B) = /0 ox(n)(x,B)dt, B € By(RY),
or

L f00xCedn = [ F0) [ oxxdy)a f e Co®?)

whenever these integrals exist.

In other words, Gx(x, B) is the expected length of time the process remains in B.

In-erderte-To state the main theorem which establishes the existence of the Green
measure for ggBm, first, we introduce a proper Banach space of functions f : RY — R
such that

/O'mf(x+3,3,a(t)) at

is finite P-a.s. Without loss of generality, we may assume that f > 0 above. We define the
space CL(R?) of continuous real-valued on R? by

CL(RY) := {f : R? - R | f is continuous, bounded and f € L'(R)}.
The space CL(R?) becomes a Banach space with the norm

fllce = lIflleo + lIflli,  Vf € CL(RT),

115
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where || - ||o denotes the sup-norm and || - ||1 is the norm in L' (R?). The choice of CL(R?) 13

allows us to show that the family of random variables (also known as perpetual integral 139

functionals) 140
A_ﬂx+BWODdh f e CLRY)

have finite expectations P-a.s. 141

Theorem 1. Let f € CL(R?) and x € RY be given and consider ggBm Bg, with da > 2 and a2
1 < a < 2. Then, the perpetual integral functional [;° f(x + B(t))dt is finite P-a.s. and its s

expectation equals 142
o x+
EL/ Flx+Bgalt } il dz% (15)
0 R |y
N DAy dn—1/a—br(d 1\T(-})
w”lereu—uklu,u,u/— Py 1\2 “}F(lff\l) : 145
r(-1
::D(ﬁﬂmd)::12u“ngr<d——1)(“). (16)
« 2 o« I’(l—g)

Proof. Given x € R? and f € CL(R?) non-negative, let pp(-,t*) denote the density of s
Bga(t), t > 0, given by (see (8) with n = 1) 147

1 S ly|2
Pﬁ(y/ta) = W/O /2 Zf“TMﬁ( )dT, yERd.

First, we show the equality (15). It follows from the above considerations that

[/ Flx+ Bpa(t) m] /)/)fx+y (y) dy .

ly?
—d/2 —
= / e f(x (2mu>d/2 / T Mg (T)e 2 dTdydt.
Using Fubini’s Theorem, we first compute the t-integral and use the assumption da > 2. 14
We obtain ) 149
[l e o)
0 (27‘[t”‘”[)d/2 ‘ |d 2/’
where 1 P 150
C(a,d 2 Ver i (S - 2.
(ad) := zx < 2 >
Next we compute the T-integral using (6) so that 151
ra-21
/ T VeMg(1)dT = ( “), a>1
0 ra-5)
Combining gives 152
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ra-;)
r(i-£)
Now we show that the right-hand side of (15) is finite for every non-negative f € CL(RY).
To see this, we may use the local integrability of |y|?~2/* in y and obtain

where D = D(B,a,d) = C(a,d) . Therefore, the equality (15) is shown.

fEy) g, :/ flx+y) +/ fx+y)
{ {

R |y[d-2/% lyl<1} |y|d=2/% yl>1) |yld=2/«

Cillflleo + Call flln < Cll fllcr-

Therefore, the integral in (15) is, in fact, well defined. In other words, the integral fooo f (x +
Bg,(t)) dt exists with probability 1. This completes the proof. [

IN

As a consequence of the above theorem, we immediately obtain the Green measure of
ggBm Bg ,, that is, comparing (2) and (15).

Corollary 1. The Green measure of ggBm Bg . for da > 2 is given by

D
Gpa(x,dy) = [x =y dy.,

where D is given by (16).

Remark 1. 1. It is possible to show that given f # 0, the perpetual integral f0°° flx+
Bgq(t)) dt is a non-constant random variable. As a consequence, for f > 0 the variance of
Jo flx+ Bg o (t)) dt is strictly positive. The proof uses the notion of conditional full support
of ggBm. We will not provide a detailed explanation of this result that closely follows the ideas
of Theorem 2.2 in [4] to which we address the interested readers.

2. Note also that the functional in (1)

Vgl x) : CL(RT) — R
is continuous. In fact, from the proof of Theorem 1 for any f € CL(R?) yields

Ve (f,¥)] <KllfllcL,
where K is a constant depending on the parameters B, a, and d.

4. Discussion and Conclusions

We have derived the Green measure for the class of stochastic processes called the
generalized grey Brownian motion in Euclidean space R? for d > 2. This class includes,
in particular, fractional Brownian motion and other non-Gaussian processes. To address
the case where d = 1, a renormalization process is needed. However, this will be post-
poned to future work. For f = a = 1 ggBm By ; is nothing but a Brownian motion. In
this case, the Green measure exists for d > 3. Green measures and Green functions are
well known to be intrinsically connected and applied to (stochastic partial) differential

equations. In this context, the Green measures discussed in this paper play the same
role for space-time-fractional derivatives. The presented method used can be applied to
other processes with sufficient information on the density and existence of the integrals.
If we consider a Markov process X that admits a Green measure and T a random time
change given by an inverse subordinator, then the Green measure of the subordinated

rocess X(T(t)) ,t > 0, exists only after renormalization; see [17]. Mixing different type of
processes, e.g. fBm and scaled Bm as described in [18] or Markovian and non-Markovian
as in [19], may lead us to a renormalization procedure in order to guarantee the existence

of the Green measure.
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The relationship between the Green measure and the local time of the ggBm can be  1e7
described as follows. For any T > 0 and a continuous function f : RY — R, the integral s
functional 189

[ Bt a7)

is well-defined. For d = 1 the integral (17) with f € L!(R) is represented as 190

T
| #patndt = [ fLpa(r, v,

where Lg (T, x) is the local time of ggBm up to time T at the point x, see [14,15]. The Green 11
measure corresponds to the asymptotic behaviour in T of the expectation of local time o2
Lgq (T, x). The existence of this asymptotic depends on the dimension d and the transient 105
or recurrent properties of the process. 194
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