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liouville fractional brownian motion coupled with
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Abstract. Air pollution can cause and provoke respiratory diseases. It is an
important topic to the public, particularly in developing countries. Since
there are many uncertain factors in the environment, stochastic differential
eqguation model is a powerful tool to study the changes of air pollution and
the transmission of infectious diseases. The removal of air pollutants as well
as the transmission of diseases can be influenced by random perturbations
with memories. In this research, we develop a mathematical model in the
form of a system of stochastic differential equations driven by fractional
Brownian motion of Liouville-type, coupled with seasonal air pollution, to
study the dynamics of infectious respiratory disease spread. As a result , by
using stochastic caleulus technigues, we derive the equation for the level of
air pollution.

1 Introduction

Air pollution has aroused a great concern all over the world, because it can cause and
aggravate respiratory diseases, see e.g. [1]. According to Alyousifi et al in [2] the level of
air pollution reaches epidemic levels, which is caused by increasing use of fossil fuels,
increasing vehicle exhaust emissions, the excessive industrialization and the destruction of
vegetation. Numerous epidemiological studies have shown associations of particulate air
pollution with risk for various adverse health outcomes, in which the most affected
pathologies are chronic obstructive pulmonary disease, lung cancer, influenza and respiratory
infectious diseases, see, for instances [3-5]. Hence, it is important to have a comprehensive
understanding through mathematical means of the change of air pollution, and to evaluate
the effects of air pollution on people’s health, Since there are many random factors in the
environment as mentioned in [6, 7], stochastic differential equation (SDE) model is a useful
tool to study the changes of air pollution and the transmission of infectious diseases [8, 9].
The air quality index (AQI) is commonly used as a standard measurement of air quality
in a quantitative description. Human activities are the main sources of air pollution and lead
to atmospheric contamination with a wide variety of pollutants such as fine particulate matter,
inhalable particles, carbon monoxide, ozone, nitrogen dioxide, and sulfur dioxide [10].
However, some pollutants may be cleared by vegetation or dispersed by wind. Some studies,
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suchasin[11, 12], show that high concentrations of air pollutants have a positive association
with respiratory symptoms or hospitalization. Chung et al. in [13] showed that hospital
admissions due to chronic obstructive pulmonary disease (COPD) and the increase in asthma
prevalence were associated with the level of outdoor air pollutants. In particular, some
epidemiological and experimental studies indicated an increased risk for respiratory viral
infections, see e.g. [ 14]. To study the impact of seasonal changes in air pollution and random

factors in the environment on infectious respiratory diseases, He et al in 2019 developed a

stochastic susceptible-infective-susceptible (S1S) model driven by random change of air

pollution, see [ 15]. This model has two features:

1. the equations of the value of AQI, denoted by F(t), and the number of infectives, denoted
by I(t), are both time-inhomogeneous, i.e., the coefficients in the equations are
constants.

2. the removal process of air pollution is disturbed by some random factors.

In reality, the periodic phenomenon in air pollution is widely observed in time series data
under varying climatic and environment conditions as studied in [16, 17]. Therefore, it would
be more realistic to assume the coefficients in the equation describing F(t) to be periodic
functions rather than constants. Deepa et al in [18] proved that there is a linear correlation
between particulate matter and respiratory disease. The risk of respiratory diseases is related
to the severity of air pollution. When we study the dynamics of respiratory diseases, the
infection probability of infectious respiratory diseases is positively correlated with the value
of AQIL In order to describe this, we assume that the transmission rate of the disease is a
function dependent on the AQL

In addition to seasonal changes, random disorder can also affect the disease dynamics,
see, for instances, [19-21]. Therefore, it is necessary to consider randomness in the change
of air pollution and respiratory disease transmission. He et al in [22] continued their study
by assuming that both the clearance process of air pollution and the infection of disease are
subject to random disturbance. Although there are many studies of periodic SDE and periodic
stochastic epidemic models, such as in [23-26], there is a lack of the analysis for
mathematical model that couples seasonal variations in air pollution with the dynamics of
respiratory infections. The dynamical behavior of the air pollutant concentration is an inflow-
clearance process and the equation of the change of AQI is independent of infection.
However, the change of AQI affects the risk of infection of respimatory diseases. Thus, the
periodicity of the whole system is caused by the periodicity of one equation. It is not trivial
to analyze the full coupled system directly. Therefore, mathematical analysis of such
stochastic periodic models needs to be investigated.

Motivated by the work of He et al in [22], in the present study we generalize the model
by replacing the noise source from standard Brownian motion to Liouville fractional
Brownian motion to capture the long memory property in the reality. The main section in the
paperisorganized as follows. First, we summarize a theoretical back ground on the Liouville
fractional Brownian motion. Next, we build the epidemic model driven by Liouville
fractional Brownian motion coupled with seasonal air pollution. Finally, since the level ofair
pollution in the model is independent of the number of infectious individuals, we start with
a derivation of a solution of the stochastic equation on the air pollution level by using the
stochastic calculus with respect to Liouville fractional Brownian motion developed via
semimartingale approximation.
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2 Model and analysis

2.1 Liouville rractional Brownian Motion

The fractional Brownian motion (fBm) of Hurst parameter H € (0,1) is a centered Gaussian
process B = (Bf"),., defined on some probability space (£, F,P) with the covariance
function

1
cov(t,s) = E(BYBY) = 5 (¢ + 574 — |t - s|2H)

This stochastic process is introduced by A.N. Kolmogorov in the 1940°s and is the only
Gaussian self-similar process with stationary increments. The fBm has attracted many
attentions due to its wide range of applications such as in mathematical finance, hydrology,

_ . 1 .

filtering theory, and queuing networks. In the case where H = 5 the process B is a standard
. . 1 N X .

Brownian motion. If H # > B is neither a semimartingale nor a Markov process and the

classical Ito stochastic calculus cannot be applied. There are various approaches to stochastic
calculus with respect to fBm by using some difficult tools such as: regulari zation approach
[27], Malliavin calculus [28], theory of Wick product [29], pathwise approach [30], and white
noise analysis [31]. However, it is not easy to find explicit solutions from these methods for
many practical problems.
Mandelbrot and van Ness in [32] proved a stochastic integral representation of fBm in the
form:
BH — ;{U + WH)
CTrH+n T
where (U,);sp is a stochastic process of absolutely continuous trajectories and
WH = (W) 2o with

t
WH = f (t —s)""zdB,
]

is called a Liouville fractional Brownian motion (LfBM). Here, (B;)=p is a standard
Brownian motion and I' is the Euler gamma function. Note that for H = %, W = B,. An

LfBm shares many properties of a fBm, such as Holder continuity of trajectories and long-
range dependence, except that it has non-stationary increments. For a more detailed
discussion see e.g. [33]. Moreover, Comte and Renault in [34] gave a nice application of
LfBm to finance. Because of these reasons and for simplicity we use W throughout this
paper. It is known that W' can be approximated in L?(2) by semimartingale (M£) oo, € >
0 with

t
Mf = j (t—s+e)'2dB,
1]

and the convergence is uniform in ¢t € [0,T]. Stochastic calculus with respect to LfBm
via semimartingale approximation was first introduced by Thao in [35] and then further
investigated by Dung, see [36-38]. In particular, the SDE of the form
dX, = b(t, X, )dt + c(O)X, dWH, X,=2x, (1)
is studied in [38]. In order to guarantee the existence and uniqueness of the solution of
Eq. (1), the following standard assumptions on coefficients are made. The volatility
a:[0,T] = R is a bounded deterministic function and the dnft coefficient b: [0, T] X R —
R is a measurable function in all their arguments and satisfies the following conditions: there
is a positive constant K such that
1) b(t,x) is a continuously differentiable function in x and |b(t,x) — b(t,¥)| <
K|x —y|forall x,y € R, t € [0, T], and
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2) |b(t,x)|<K(1+|x|)forallx e R, t €[0,T].

Theorem 2.1 ([38, Theorem 3.2])
SDE (1) has a solution which is given by

Y, = exp (—fld(s)dug”)

and Z; 1s the unique solution of the random differential equation
dzt = Ytb(t, Yt_lzt) dt, Zu = xu.

where

Note that the stochastic integral in ¥, is well-defined as an L?(Q))-limit of a sequence of
stochastic integrals with respect to semimartingale.

2.2 The model

In the study of infectious respiratory disease dynamics affected by air pollution, an
Susceptibe-Infectious System (SIS) model 1s used to describe the dynamic behavior of
epidemics, where S(t) and I(t) denote the number of susceptible and infectious individuals
at time t, respectively. The total population is assumed to be a constant N. The number of
susceptible individuals can be represented by N — I(t). Let f(t) be the disease transmission
rate function. The severity of air pollution affects the infectious respiratory disease
transmission rate. Thus, we assume that the disease transmission rate () depends on the
level of air pollution, denoted as F(t). It is assumed to be a function of F(t). This is the rate
at which susceptibles come into B(F(t)) potentially infectious contact with infected
individuals, which changes with the value of F(¢).In our model, the relationship is further
assumed to be linear, i.e. ,B(F{:t)) = [F(t). To incorporate the seasonality in the variation
of air pollutants, the clearance rate, denoted by u(t), is assumed to change over time with a
certain period. The inflow rate of pollutants is assumed to be a constant c. As mentioned in
the introduction, the dynamics of the concentration of pollutants and infected individuals are
stochastic. The diagram of the model is shown in Fig. 1.
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Fig. 1. Flow diagram of the coupled system [22].

In the model, we consider the situation in which both the disease transmission rate 8(t) and
the clearance rate of air pollutants p(t) are influenced by random perturbations. Thus, we

replace B(F(£)) by B(F(t)) + oyn,(t) and pu(t) by p(t) + 051, (t) . where ny(t) and

https://doi.org/10.1051/e3sconfl 202447502016
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1n2(t) are Liouville fractional white noises (the time derivative of LfBm in the sense of
generalized function), o4 and @, are two nonnegative real numbers, which represent the
intensities of noises 177 () and 1, (f), respectively. Modifying the model in the [22], the
seasonally forced stochastic model driven by L{Bm can be written as

( (N = 1())I(t)
N

dI(t) = | pF() —yI(0) |dt

1 w dWIH (t)

dF(t) = (c — p(OF (1)) dt — o, F(t) dW;(1)

Here, Wi dan Wy are independent LfBms, SF(t) is the infection rate, and y > 0 is the
recovery rate for infected individuals. In this paper, we choose the pollution clearance rate
u(t) to be

p(t) = po + py sin(wt + ), (3)
where @ = % is a periodic parameter assuming that there are 365 days in a year, ¢ and p,
are the phase parameter and offset parameter, respectively. The amplitude is controlled by
Y. It is clear that g — py < p(t) < pp + .

2.3 Analysis of the model

In model (2), the second equation of F(t) is independent of the first equation of I(t). The
explicit solution of F(t) can be obtained using Theorem 2.1 as follows. Let ¥, =
exp (— f; a5 dl-‘l-"s”) = exp(—a,W). The solution F(t) is given by F(t) = Y, 1Z,, where
Z, 18 the unique solution of the random differential equation

dZ, = Y,(c —u(t)Y'Z),
where u(t) is given by (3). Hence,

dZ, = exp(—a, W) (c — u(t) exp(a,W;")Z,)
= cexp(=o,W") — u(t)Z,.

Rewriting the last expression, we obtain a nonhomogeneous linear first order random
differential equation

iz,
E"’ n()z, = cexp(—o, W), Z, = F(0) = Fy (4)

Let us use the integrating factor

exp([ p(t)dt)
= exp([ (o + py sin(wt + ¢)) dt)
= exp (put - %cos(mt + ti:r)).
Then, multiply both sides of (4) by the integrating factor to obtain
exp (put - '1;—1 cos(wt + :p)) (% + _u(t)Zt)
= cexp (put - %1 cos(wt + qb)) exp(—a,WH).
The last equation is equivalent with

%(exp (put - 'I;—lms(mt + r,b)) Zt)
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= cexp (#Dt - %cos(mt +¢) — o, l-‘lf;”).

Integrating from 0 to ¢ gives

t
d
J; 75 &P (pos - %ms(ms + r,b))ZS ds

t
= f cexp (pus - 'u—lms(ws +¢)— o, l-‘lf;”) ds.
0 (-rJ
Applying the fundamental theorem of calculus we get

exp (pus - %cos(ms + r,b)) Z'g]t

0
t
= cf exp (pus - 'u—lcos(ws +¢) — azlrlﬂ';.”) ds
0 w
and hence
exp (put - 'L;—lms (wt + ¢)) Z,
H
= exp (— Ecos qb) Fy
L
+cf exp (pus - 'H—I(:os(ws +¢)— 0‘21-1';”) ds.
0 w

By dividing both sides with exp (put - %Cus(mt + r,b)) and simplifying the result gives the
solution of (4):

Z, = Fyexp (—p.'ut + %ms(wt +¢) — %cos qb)

t
te j exp(—io(t —5) — au W)
0

exp (H—(: cos(wt + ¢) — cos(ws + gb)) ds.

Now,

F(t)

=Yz,

= exp(a,W")Z,

= F, exp (—ﬂut +% (cos(wt + ¢) — cos¢p) + o‘zl-‘l';”) +c f; exp (—yu(t -5)+
a,(WH — WH) + % (cos(wt + ¢) — cos(ws + qb))) ds. (5)

Observe that the solution (5) is complicated and hence, cannot be directly substituted into the
first equation of model (2) for a further theoretical analysis. This makes it difficult to obtain
the properties of the equation of I(t). In view of this obstacle, one should first study some
properties of F(t) in model (2).

3 Conclusion

This preliminary study introduces a coupled periodic SDE model driven by L{Bm to study
the dynamics of infectious respiratory disease in an environment with air pollution. We
assume that the clearance process of air pollutant has seasonal variation and random
disturbance. In addition, the transmission rate of the disease is assumed to depend on the
concentration of air pollutants and also has random disturbance. The connection between the
air pollutants and the number of infected individuals is that the change of concentration of
air pollutants is independent of the disease mfection of human but affects the the
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susceptibility to infection. It is mathematically challenging to analyze this coupled stochastic
system by exact methods. So far, we are able to give analytical solution for F(t).
Unfortunately, this analytical solution of F(t) is intricate and cannot be directly used in the
equation of 1(t) for further analysis. For future research we plan to do a more deep study on
F(t) such as investigation of its boundedness and the existence of periodic solutions, It is
also planned to verify the theoretical results by numerical experiments. To see that our model
whether suitable for studying infectious respiratory diseases whose transmission can be
investigated by an SIS epidemiological model we should validate the model and estimate
parameter values by data fitting. This will be also considered in a forthcoming work.
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