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Abstract

Riccati differential equations have played important roles in the theory and practice of control systems

engineering. Our goal in this paper is to propose a new multistage successive approximation method

for solving Riccati differential equations. The multistage successive approximation method is derived

from an existing piecewise variational iteration method for solving Riccati differential equations. The

multistage successive approximation method is simpler in terms of computing implementation in

comparison with the existing piecewise variational iteration method. Computational tests show that

the order of accuracy of the multistage successive approximation method can be made higher by

simply taking more number of successive iterations in the multistage evolution. Furthermore, taking

small size of each subinterval and taking large number of iterations in the multistage evolution lead

that our proposed method produces small error and becomes high order accurate. © 2021, Institute of

Advanced Engineering and Science. All rights reserved.
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Citations per document
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received by a journal and the importance or prestige of
the journals where such citations come from It
measures the scienti�c in�uence of the average article

three and four years have been cited in the current year.
The two years line is equivalent to journal impact factor
™ (Thomson Reuters) metric.

Cites per document Year Value
Cites / Doc. (4 years) 2017 0.000
Cites / Doc. (4 years) 2018 1.938
Cites / Doc. (4 years) 2019 1.531
Cites / Doc. (3 years) 2017 0.000
Cites / Doc. (3 years) 2018 1.938
Cites / Doc. (3 years) 2019 1.531
Cites / Doc. (2 years) 2017 0.000
Cites / Doc. (2 years) 2018 1.938
Cites / Doc. (2 years) 2019 1.531

Total Cites Self-Cites

Evolution of the total number of citations and journal's
self-citations received by a journal's published
documents during the three previous years.
Journal Self-citation is de�ned as the number of citation
from a journal citing article to articles published by the
same journal.

Cites Year Value
S lf Cit 2017 0

External Cites per Doc Cites per Doc

Evolution of the number of total citation per document
and external citation per document (i.e. journal self-
citations removed) received by a journal's published
documents during the three previous years. External
citations are calculated by subtracting the number of
self-citations from the total number of citations received
by the journal’s documents.

Cit Y V l

% International Collaboration

International Collaboration accounts for the articles that
have been produced by researchers from several
countries. The chart shows the ratio of a journal's
documents signed by researchers from more than one
country; that is including more than one country address.

Year International Collaboration
2017 8.33
2018 17 07

Citable documents Non-citable documents

Not every article in a journal is considered primary
research and therefore "citable", this chart shows the
ratio of a journal's articles including substantial research
(research articles, conference papers and reviews) in
three year windows vs. those documents other than
research articles, reviews and conference papers.

Documents Year Value
N it bl d t 2017 0

Cited documents Uncited documents

Ratio of a journal's items, grouped in three years
windows, that have been cited at least once vs. those
not cited during the following year.

Documents Year Value
Uncited documents 2017 0
Uncited documents 2018 18
Uncited documents 2019 43
Cited documents 2017 0
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Metrics based on Scopus® data as of April 2020

Adam 5 months ago

Hi 

in Scopus (https://www.scopus.com/sourceid/21100826382), it shows the coverage is until 2021.

But here says till 2019! I think it should be updated here.

reply

Ali Nadhim 8 months ago

Hi, I submit my paper in this journal before 8 months until now nothing, just in review

reply

A

Melanie Ortiz 5 months ago

Dear Adam,

Thank you very much for your comment.

All the metadata have been provided by Scopus /Elsevier in their last update sent to

SCImago, including the Coverage’s period data. The SJR for 2019 was released on 11

June 2020. We suggest you consult the Scopus database directly to see the current index

status as SJR is a static image (the update is made one time per year) of Scopus, which is

changing every day.

For further information, please contact Scopus support:

https://service.elsevier.com/app/answers/detail/a_id/14883/kw/scimago/supporthub/scopus/

Best Regards, SCImago Team

M
SCImago Team

A

Melanie Ortiz 8 months agoM
SCImago Team
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Fareha Nizam 10 months ago

On Scoups website, if is showing that this journal is still indexed...

Can you please clear the doubt. 

https://www.scopus.com/sourceid/21100826382

reply

Mabrok 11 months ago

The rank of this journal was Q2 last month, but now i can see it as Q3. My question, when will be

the next update of ranking for this journal by SJR? Thanks

reply

Saurabh Bajpai 12 months ago

Dear Team

My article published in the Bulletin of Electrical Engineering and Informatics in march 2014

eddition, is this count in sci journal

Dear Ali,

thank you for contacting us.

We are sorry to tell you that SCImago Journal & Country Rank is not a journal. SJR is a

portal with scientometric indicators of journals indexed in Elsevier/Scopus. 

Unfortunately, we cannot help you with your request, we suggest you contact the journal’s

editorial staff , so they could inform you more deeply. 

Best Regards, SCImago Team

F

Melanie Ortiz 10 months ago

Dear Fareha, thank you very much for your comment. We suggest you consult the Scopus

database directly. Keep in mind that the SJR is a static image (the update is made one

time per year) of a database (Scopus) which is changing every day. 

Best Regards, SCImago Team

M
SCImago Team

M

Melanie Ortiz 11 months ago

Dear Mabork,

Thank you for contacting us. Our data come from Scopus, they annually send us an

update of the data. This latest SJR's update was published on June 11th, 2020. Thus, the

indicators for 2020 will be available in June 2021.

Best Regards, SCImago Team

M
SCImago Team

S
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reply

Jérôme FOLLA 1 year ago

Please member of thé BEEI, what is the impact factor of this journal ?

Is thé journal classi�ed in Thompson and Reuters list??

Thanks..

reply

mohammed alkhafagy 1 year ago

Good night

What is the period during which the research is studied and a report is sent to the researcher, how

long is the acceptance of publishing, and the period of publication

with regard.

reply

Duke 5 months ago

I submitted my paper to them, and �nally got accepted after 6months.

The editor was not responsive at all.

I suggest you to avoid this journal, as my previous experience with other journals were much

better.

Melanie Ortiz 12 months ago

Dear Saurabh,

Thank you for contacting us. SJR is a portal with scientometric indicators of journals

indexed in Elsevier/Scopus. Unfortunately, we cannot help you with your request referring

to the index status. We suggest you consult Scopus database (see the current status of

the journal) or other databases (like WoS) for further information. You can also check that

information in the journal’s website or contact directly with the editorial staff. Best

Regards, SCImago Team

M
SCImago Team

J

Melanie Ortiz 1 year ago

Dear Jérôme, thank you very much for your comment. 

SCImago Journal and Country Rank uses Scopus data, our impact indicator is the SJR.

Check out our web to localize the journal. We suggest you to consult the Journal Citation

Report for other indicators (like Impact Factor) with a Web of Science data source. Best

Regards, SCImago Team

M
SCImago Team

M

D
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jack 2 years ago

I have sent several emails to this journal over the last 7 months but so far received no response. I

don't know now what to do. Can I send my article to another journal without withdrawing?

Do not submit your article to this journal!

reply

Handrils 1 year ago

Hi Jack, You Should submit your paper through the OJS, not submitting via email

Heru Santoso Wahito Nugroho 1 year ago

I think you should submit article through online submission (not via email)

thank you

Muhamad 2 years ago

Hi, Jack. How long did they take to return the peer-review feedback to you?

Melanie Ortiz 1 year ago

Dear Mohammed,

thank you for contacting us.

We are sorry to tell you that SCImago Journal & Country Rank is not a journal. SJR is a

portal with scientometric indicators of journals indexed in Elsevier/Scopus. 

Unfortunately, we cannot help you with your request, we suggest you to visit the journal's

homepage or contact the journal’s editorial staff , so they could inform you more deeply. 

Best Regards, SCImago Team

M
SCImago Team

J

H

H

Melanie Ortiz 1 year ago

Dear Heru, thanks for your participation! Best Regards, SCImago Team

M
SCImago Team

M

Melanie Ortiz 2 years ago

Dear Jack,

thank you for contacting us.

Sorry to tell you that SCImago Journal & Country Rank is not a journal. SJR is a portal with

scientometric indicators of journals indexed in Elsevier/Scopus. 

M
SCImago Team
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Focus and Scope
Bulletin of Electrical Engineering and Informatics publishes original papers in the field of electrical, computer and informatics
engineering which covers, but not limited to, the following scope:

Computer Science, Computer Engineering and Informatics: Computer Architecture, Parallel and Distributed Computer,
Pervasive Computing, Computer Network, Embedded System, Human—Computer Interaction, Virtual/Augmented Reality,
Computer Security, Software Engineering (Software: Lifecycle, Management, Engineering Process, Engineering Tools and
Methods), Programming (Programming Methodology and Paradigm), Data Engineering (Data and Knowledge level Modeling,
Information Management (DB) practices, Knowledge Based Management System, Knowledge Discovery in Data), Network Traffic
Modeling, Performance Modeling, Dependable Computing, High Performance Computing, Computer Security, Human-Machine
Interface, Stochastic Systems, Information Theory, Intelligent Systems, IT Governance, Networking Technology, Optical
Communication Technology, Next Generation Media, Robotic Instrumentation, Information Search Engine, Multimedia Security,
Computer Vision, Information Retrieval, Intelligent System, Distributed Computing System, Mobile Processing, Next Network
Generation, Computer Network Security, Natural Language Processing, Business Process, Cognitive Systems.

 
Electronics: Electronic Materials, Microelectronic System, Design and Implementation of Application Specific Integrated Circuits
(ASIC), VLSI Design, System-on-a-Chip (SoC) and Electronic Instrumentation Using CAD Tools, digital signal & data Processing, ,
Biomedical Transducers and instrumentation, Medical Imaging Equipment and Techniques, Biomedical Imaging and Image
Processing, Biomechanics and Rehabilitation Engineering, Biomaterials and Drug Delivery Systems;

 
Electrical and Power Engineering: Electrical Engineering Materials, Electric Power Generation, Transmission and Distribution,
Power Electronics, Power Quality, Power Economic, FACTS, Renewable Energy, Electric Traction, Electromagnetic Compatibility,
High Voltage Insulation Technologies, High Voltage Apparatuses, Lightning Detection and Protection, Power System Analysis,
SCADA, Electrical Measurements;

 
Telecommunication and Information Technology: Modulation and Signal Processing for Telecommunication, Information Theory
and Coding, Antenna and Wave Propagation, Wireless and Mobile Communications, Radio Communication, Communication
Electronics and Microwave, Radar Imaging, Distributed Platform, Communication Network and Systems, Telematics Services and
Security Network;

 
Instrumentation and Control Engineering: Optimal, Robust and Adaptive Controls, Non Linear and Stochastic Controls,
Modeling and Identification, Robotics, Image Based Control, Hybrid and Switching Control, Process Optimization and Scheduling,
Control and Intelligent Systems, Artificial Intelligent and Expert System, Fuzzy Logic and Neural Network, Complex Adaptive
Systems;

 

 

Section Policies
 

Peer Review Process
This journal operates a conventional single-blind reviewing policy in which the reviewer's name is always concealed from the
submitting author. Authors should present their papers honestly without fabrication, falsification, plagiarism or inappropriate data
manipulation. Submitted papers are evaluated by anonymous referees for contribution, originality, relevance, and presentation.
Papers will be sent for anonymous review by at least two reviewers who will either be members of the Editorial Board or others of
similar standing in the field. In order to shorten the review process and respond quickly to authors, the Editors may triage a
submission and come to a decision without sending the paper for external review. The Editor shall inform you of the results of the
review as soon as possible, hopefully in 8-12 weeks. The Editors’ decision is final and no correspondence can be entered into
concerning manuscripts considered unsuitable for publication in this ournal. All correspondence, including notification of the Editors’
decision and requests for revisions, will be sent by email.
 

Open Access Policy
This journal adhere to the best practice and high publishing standards and comply with the following conditions:

1. Provides immediate open access to its content on the principle that making research freely available to the public supports a
greater global exchange of knowledge;

2. Allows the author to hold the copyright and to retain publishing right without restrictions;
3. Deposits content with a long term digital preservation or archiving program;
4. Uses DOIs as permanent identifiers;
5. Embeds machine-readable CC licensing information in articles;
6. Allows generous reuse and mixing of content, in accordance with CC BY-NC license;
7. Can Provide Provide article level metadata for any indexers and aggregators
8. Has a deposit policy registered wíth a deposit policy registry, e.g. Sherpa/Romeo.

https://app.dimensions.ai/discover/publication?or_facet_source_title=jour.1144063
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If you would like to make a donation and help us to support the cost of wide open access dissemination of research results, to
manage the various costs associated with handling and editing of the submitted manuscripts, and the Journal management and
publication in general, kindly please contact: info@journal.uad.ac.id
 

Archiving
This journal utilizes the LOCKSS system to create a distributed archiving system among participating libraries and permits those
libraries to create permanent archives of the journal for purposes of preservation and restoration. More...
 

Indexing and Abstracting
Bulletin of Electrical Engineering and Informatics indexed and abstracted by:

BASE - Bielefeld Academic Search Engine
CORE (COnnecting REpositories)
EBSCO
Goletty
Google Scholar
Indiana University
IPI Indonesian Publication Index
Islamic World science citation center (ISC)
JIB Jednotná informační brána
JournalClick Limited
JournalTOCs (Heriot-Watt University, UK)
Latest Journal Articles
MOBIUS (Columbia)
National Library of Czech Republic
ProQuest
SciLit
SHERPA/RoMEO
States Library New South Wales (Australia)
The European Library
The University of Hong Kong (HKU)
Western Theological Seminary
WorldCat

 
 

Publication Ethics and Publication Malpractice Statement
This statement clarifies ethical behaviour of all parties involved in the act of publishing an article in our journals, including the
authors, the editors, the peer-reviewers and the publisher (Universitas Ahmad Dahlan and Institute of Advanced Engineering
and Science). This statement is based on COPE’s Best Practice Guidelines for Journal Editors.

Ethical Guideline for Journal Publication
 

The publication of an article in a peer-reviewed IAES Journals is an essential building block in the development of a coherent and
respected network of knowledge. It is a direct reflection of the quality of the work of the authors and the institutions that support
them. Peer-reviewed articles support and embody the scientific method. It is therefore important to agree upon standards of
expected ethical behavior for all parties involved in the act of publishing: the authors, the journal editors, the peer reviewers, the
publisher and the society.  

 
Universitas Ahmad Dahlan (UAD) and Institute of Advanced Engineering and Science (IAES) as publisher of this Journal takes its
duties of guardianship over all stages of publishing extremely seriously and we recognize our ethical and other responsibilities. We
are committed to ensuring that advertising, reprint or other commercial revenue has no impact or influence on editorial decisions. In
addition, the UAD, IAES and Editorial Board will assist in communications with other journals and/or publishers where this is useful
and necessary.

Publication decisions
 

The editors of the IAES journals are responsible for deciding which of the articles submitted to the journal should be published. The
validation of the work in question and its importance to researchers and readers must always drive such decisions. The editors may
be guided by the policies of the journal's editorial board and constrained by such legal requirements as shall then be in force
regarding libel, copyright infringement and plagiarism. The editors may confer with other editors or reviewers in making this
decision.

 

Fair play
 

An editor at any time evaluate manuscripts for their intellectual content without regard to race, gender, sexual orientation, religious
belief, ethnic origin, citizenship, or political philosophy of the authors.

 

Confidentiality
 

The editor and any editorial staff must not disclose any information about a submitted manuscript to anyone other than the
corresponding author, reviewers, potential reviewers, other editorial advisers, and the publisher, as appropriate.

 

Disclosure and conflicts of interest
 

Unpublished materials disclosed in a submitted manuscript must not be used in an editor's own research without the express written
consent of the author.

 

Duties of Reviewers
 

Contribution to Editorial Decisions

Peer review assists the editor in making editorial decisions and through the editorial communications with the author may also
assist the author in improving the paper.

 

Promptness
 

http://lockss.org/
http://www.base-search.net/Search/Results?lookfor=+Bulletin+of+Electrical+Engineering+and+Informatics&type=all&ling=1&name=&thes=&refid=dcresen&newsearch=1
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https://www.beei.org/?ref=browse&mod=viewjournal&journal=5537
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http://sfx.jib.cz/sfxlcl3??url_ver=Z39.88-2004&ctx_ver=Z39.88-2004&ctx_enc=info:ofi/enc:UTF-8&rfr_id=info:sid/sfxit.com:opac_856&url_ctx_fmt=info:ofi/fmt:kev:mtx:ctx&sfx.ignore_date_threshold=1&rft.object_id=2670000000312281&svc_val_fmt=info:ofi/fmt:kev:mtx:sch_svc&
http://www.journalclick.com/
http://www.journaltocs.ac.uk/index.php?action=browse&subAction=subjects&publisherID=240&journalID=26754&pageb=1&userQueryID=&sort=&local_page=1&sorType=&sorCol=
http://latestjournalarticles.com/default.asp?tab=5&camefrom=&issn=2089-3191&eissn=blank
http://mobius.missouri.edu:2082/search~S0?/tBulletin+of+electrical+engineering+education/tbulletin+of+electrical+engineering+education/-3%2C0%2C0%2CB/frameset&FF=tbulletin+of+electrical+engineering+and+informatics&1%2C1%2C/indexsort=-
http://aleph.nkp.cz/F/?func=direct&local_base=NKC&doc_number=002461218
http://www.scilit.net/journals/21522
http://www.sherpa.ac.uk/romeo/search.php?source=journal&sourceid=23895&la=en&fIDnum=%7C&mode=advanced
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Any selected referee who feels unqualified to review the research reported in a manuscript or knows that its prompt review will be
impossible should notify the editor and excuse himself from the review process.

Confidentiality

Any manuscripts received for review must be treated as confidential documents. They must not be shown to or discussed with
others except as authorized by the editor.

Standards of Objectivity

Reviews should be conducted objectively. Personal criticism of the author is inappropriate. Referees should express their views
clearly with supporting arguments.

Acknowledgement of Sources

Reviewers should identify relevant published work that has not been cited by the authors. Any statement that an observation,
derivation, or argument had been previously reported should be accompanied by the relevant citation. A reviewer should also call to
the editor's attention any substantial similarity or overlap between the manuscript under consideration and any other published
paper of which they have personal knowledge.

Disclosure and Conflict of Interest

Privileged information or ideas obtained through peer review must be kept confidential and not used for personal advantage.
Reviewers should not consider manuscripts in which they have conflicts of interest resulting from competitive, collaborative, or other
relationships or connections with any of the authors, companies, or institutions connected to the papers.

Duties of Authors

Reporting standards

Authors of reports of original research should present an accurate account of the work performed as well as an objective discussion
of its significance. Underlying data should be represented accurately in the paper. A paper should contain sufficient detail and
references to permit others to replicate the work. Fraudulent or knowingly inaccurate statements constitute unethical behaviour and
are unacceptable.

Data Access and Retention

Authors are asked to provide the raw data in connection with a paper for editorial review, and should be prepared to provide public
access to such data (consistent with the ALPSP-STM Statement on Data and Databases), if practicable, and should in any event be
prepared to retain such data for a reasonable time after publication.

Originality and Plagiarism

The authors should ensure that they have written entirely original works, and if the authors have used the work and/or words of
others that this has been appropriately cited or quoted.

Multiple, Redundant or Concurrent Publication

An author should not in general publish manuscripts describing essentially the same research in more than one journal or primary
publication. Submitting the same manuscript to more than one journal concurrently constitutes unethical publishing behaviour and is
unacceptable.

Acknowledgement of Sources

Proper acknowledgment of the work of others must always be given. Authors should cite publications that have been influential in
determining the nature of the reported work.

Authorship of the Paper

Authorship should be limited to those who have made a significant contribution to the conception, design, execution, or
interpretation of the reported study. All those who have made significant contributions should be listed as co-authors. Where there
are others who have participated in certain substantive aspects of the research project, they should be acknowledged or listed as
contributors. The corresponding author should ensure that all appropriate co-authors and no inappropriate co-authors are included
on the paper, and that all co-authors have seen and approved the final version of the paper and have agreed to its submission for
publication.

Hazards and Human or Animal Subjects

If the work involves chemicals, procedures or equipment that have any unusual hazards inherent in their use, the author must
clearly identify these in the manuscript.

Disclosure and Conflicts of Interest

All authors should disclose in their manuscript any financial or other substantive conflict of interest that might be construed to
influence the results or interpretation of their manuscript. All sources of financial support for the project should be disclosed.

Fundamental errors in published works

When an author discovers a significant error or inaccuracy in his/her own published work, it is the author’s obligation to promptly
notify the journal editor or publisher and cooperate with the editor to retract or correct the paper.
 

Withdrawal of Manuscripts
Author is not allowed to withdraw submitted manuscripts, because the withdrawal is waste of valuable resources that editors and
referees spent a great deal of time processing submitted manuscript, money and works invested by the publisher. 

 If author still requests withdrawal of his/her manuscript when the manuscript is still in the peer-reviewing process, author will be
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punished with paying $200 per manuscript, as withdrawal penalty to the publisher. However, it is unethical to withdraw a submitted
manuscript from one journal if accepted by another journal. The withdrawal of manuscript after the manuscript is accepted for
publication, author will be punished by paying US$500 per manuscript. Withdrawal of manuscript is only allowed after withdrawal
penalty has been fully paid to the Publisher.
 

Checklist for preparing your paper for publication
1. Is your manuscript written in IAES format? At this stage, it is essential that you follow every detail of IAES format. Please try

to follow the format as closely as possible.
2. is your title adequate and is your abstract correctly written? The title of paper is max 10 words, without Acronym or

abbreviation. The Abstract (MAX 200 WORDS) should be informative and completely self-explanatory (no citation in
abstract), provide a clear statement of the problem, the proposed approach or solution, and point out major findings and
conclusions.

3. Authors are suggested to present their articles in the sections structure: Introduction - The Proposed
Method/Algorithm/Procedure specifically designed (optional) - Research Method - Results and Discussion –
Conclusion. Authors may present complex proofs of theorems or non-obvious proofs of correctness of algorithms after
introduction section (obvious theorems & straightforward proofs of existing theorems are NOT needed).

4. Introduction section: explain the context of the study and state the precise objective. An Introduction should contain the
following three parts:

 - Background: Authors have to make clear what the context is. Ideally, authors should give an idea of the state-of-the art of
the field the report is about.

 - The Problem: If there was no problem, there would be no reason for writing a manuscript, and definitely no reason for
reading it. So, please tell readers why they should proceed reading. Experience shows that for this part a few lines are often
sufficient.

 - The Proposed Solution: Now and only now! - authors may outline the contribution of the manuscript. Here authors have to
make sure readers point out what are the novel aspects of authors work.

 Authors should place the paper in proper context by citing relevant papers. At least, 5 references (recently journal articles)
are used in this section.

5. Method section: the presentation of the experimental methods should be clear and complete in every detail facilitating
reproducibility by other scientists.

6. Results and discussion section: The presentation of results should be simple and straightforward in style. This section
reports the most important findings, including results of statistical analyses as appropriate and comparisons to other
research results. Results given in figures should not be repeated in tables. This is where the author(s) should explain in
words what he/she/they discovered in the research. It should be clearly laid out and in a logical sequence. This section
should be supported with suitable references.

7. Conclusion section: Summarize sentences the primary outcomes of the study in a paragraph. Are the claims in this section
supported by the results, do they seem reasonable? Have the authors indicated how the results relate to expectations and
to earlier research? Does the article support or contradict previous theories? Does the conclusion explain how the research
has moved the body of scientific knowledge forward?

8. Language. If an article is poorly written due to grammatical errors, while it may make it more difficult to understand the
science.

9. Please be sure that the manuscript is up to date. It is expected that 10 to 20% of references are to recent papers.
10. Is the manuscript clearly written? Is the article exciting? Does the content flow well from one section to another? Please try

to keep your manuscript on the proper level. It should be easy to understand by well qualified professionals, but at the same
time please avoid describing well known facts (use proper references instead). Often manuscripts receive negative reviews
because reviewers are not able to understand the manuscript and this is authors' (not reviewers') fault. Notice, that if
reviewers have difficulties, then other readers will face the same problem and there is no reason to publish the manuscript.

11. Do you have enough references? We will usually expect a minimum of 20 to 25 references primarily to journal papers,
depending on the length of the paper. Citations of textbooks should be used very rarely and citations to web pages should
be avoided. All cited papers should be referenced within the text of the manuscript.

12. Figures and Tables. Relation of Tables or Figures and Text: Because tables and figures supplement the text, all tables and
figures should be referenced in the text. Authors also must explain what the reader should look for when using the table or
figure. Focus only on the important point the reader should draw from them, and leave the details for the reader to examine
on her own.

 Figures:
 a. All figures appearing in article must be numbered in the order that they appear in the text.

 b. Each figure must have a caption fully explaining the content
 c. Figure captions are presented as a paragraph starting with the figure number i.e. Figure 1, Figure 2, etc.

 d. Figure captions appear below the figure
 e. Each figure must be fully cited if taken from another article

 f. all figures must be referred to in the body of the article
 Tables:

 a. Material that is tabular in nature must appear in a numbered captioned table.
 b. All tables appearing in article must be numbered in the order that they appear in the text.

 c. Each table must have a caption fully explaining the content with the table number i.e. Table 1, Table 2, etc.
 d. Each column must have a clear and concise heading

 e. Tables are to be presented with single horizontal line under: the table caption, the column headings and at the end of the
table.

 f. All tables must be referred to in the body of the article
 g. Each table must be fully cited if taken from another article

13. Each citation should be written in the order of appearance in the text in square brackets. For example, the first citation [1],
the second citation [2], and the third and fourth citations [3,4]. When citing multiple sources at once, the preferred method is
to list each number separately, in its own brackets, using a comma or dash between numbers, as such: [1], [3], [5] or [4-8]. It
is not necessary to mention an author's name, pages used, or date of publication in the in-text citation. Instead, refer to the
source with a number in a square bracket, e.g. [9], that will then correspond to the full citation in your reference list.
Examples of in-text citations:

 This theory was first put forward in 1970 [9]."
Sutikno [10] has argued that...
Several recent studies [7], [9], [11-15] have suggested that....
...end of the line for my research [16].

14. Please be aware that for the final submission of regular paper you will be asked to tailor your paper so the last page is not
half empty.

 

Policy of Plagiarism Detection
The peer-review process is at the heart of scientific publishing. As part of IAES's commitment to protecting the integrity of the
scholarly record, IAES feels a strong obligation to support the scientific community in all aspects of research and publishing ethics.
All submitted manuscripts must be free from plagiarism contents. All authors are suggested to use plagiarism detection software to
do the similarity checking before submitting their manuscript to the journal (please use iThenticate or Turnitin to check the
similarity). Editors will also check the similarity of manuscripts in this journal by using a Turnitin or iThenticate software. The
manuscript will instantly be rejected if there is a plagiarism indicated or detected.

 
Final camera ready also will be checked again for similarity rate. The overall similarity rate of a manuscript should not exceed 25%,
and the similarity rate to a single source should not exceed 10%. Plagiarism check with Turnitin or iThenticate software. Using
another plagiarism software apart from Turnitin or iThenticate software can not be accepted.
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 Riccati differential equations have played important roles in the theory and 

practice of control systems engineering. Our goal in this paper is to propose a 

new multistage successive approximation method for solving Riccati 

differential equations. The multistage successive approximation method is 

derived from an existing piecewise variational iteration method for solving 

Riccati differential equations. The multistage successive approximation 

method is simpler in terms of computing implementation in comparison with 

the existing piecewise variational iteration method. Computational tests show 

that the order of accuracy of the multistage successive approximation method 

can be made higher by simply taking more number of successive iterations in 

the multistage evolution. Furthermore, taking small size of each subinterval 

and taking large number of iterations in the multistage evolution lead that our 

proposed method produces small error and becomes high order accurate. 
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1. INTRODUCTION  

Mathematical modelling and simulation have been applied extensively in the areas of 

telecommunication [1], [2], computing [3]-[5], electronics [6], [7] and control [8], [9]. One of important 

models in these areas is the Riccati differential equation. Riccati differential equations occur in control 

systems engineering. Control systems engineering itself has played important roles in electrical engineering 

and related areas [10]. Riccati differential equations are quadratic with respect to the unknown function. 

These equations are named after a Venetian mathematician, Jacopo Francesco Riccati (1676–1754) [11]. The 

term Riccati equation is also used to refer to an analogous matrix equation occuring in quadratic control 

problems. The non-dynamic steady-state version of them is referred to as the algebraic Riccati equation. 

Riccati equations and their properties are applied in recent publications [12]-[15]. A number of 

studies relating to Riccati equations are also reported in the literature [16]-[21]. Due to the importance of 

Riccati equations, we focus on proposing a computing method for solving Riccati differential equations.  

Amongst available methods in the literature, successive approximation and variational iteration 

methods are able to provide accurate solutions near the initial point of the domain. Successive approximation 

methods are successful in solving various problems [22]-[23]. Variational iteration methods are also powerful 

in solving a wide variety of mathematical models [24]-[27]. Interestingly, these two methods (successive 

https://creativecommons.org/licenses/by-sa/4.0/
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approximation and variational iteration methods) are identical for a particular setting, as reported by 

Jafari [28]. 

Our contribution (our goal) in this paper is to propose a new multistage successive approximation 

method for solving Riccati differential equations. We recall an existing piecewise variational iteration 

method due to Geng, et al. [29]. We modify the method of Geng, et al. [29] to obtain the multistage 

successive approximation method. The modification leads to a simpler implementation of the resulting 

method in terms of computation. Riccati differential equations have the following form 

 
𝑑𝑦

𝑑𝑥
= 𝑝(𝑥) + 𝑞(𝑥)𝑦(𝑥) + 𝑟(𝑥)𝑦2(𝑥) (1) 

 

on 0 < 𝑥 ≤ 𝑋, with initial condition 

 

𝑦(0) = 𝑦0 (2) 

 

where 𝑥 is the free variable, 𝑦(𝑥) is the unknown function dependent on 𝑥, 𝑋 is a known positive constant, 

and 𝑦0 is a given constant. We note that if 𝑝(𝑥) = 0, (1) becomes a Bernoulli equation. If 𝑟(𝑥) = 0, (1) 

reduces to a first order linear ordinary differential equation. The Riccati differential equation with the case of 

𝑝(𝑥) = 0 or 𝑟(𝑥) = 0 can be solved using standard methods for ordinary differential equations. In this paper, 

we consider that 𝑝(𝑥) ≠ 0 and 𝑟(𝑥) ≠ 0. Due to the important roles of Riccati differential equations in 

control systems engineering, a simple but accurate solver is desired. Providing a simple and accurate method 

for solving Riccati differential equations is the aim of this paper.  

This paper is organised as follows. We explain the problem that we want to tackle in section 2. We 

propose a multistage successive approximation method for solving Riccati differential equations in section 3. 

Results and discussion are provided in section 4. The paper is concluded in section 5. 

 

 

2. PROBLEM DESCRIPTION 

In this section, we recall an existing piecewise variational iteration method for solving Riccati 

differential equations due to Geng, et al. [29]. The variational iteration method itself, for the general case, 

was originally proposed by He [30]-[32]. 

Considering Riccati differential (1) with initial condition (2) on domain 0 ≤ 𝑥 ≤ 𝑋, Geng, et al. [29] took the 

correction functional 

 

𝑦𝑛+1(𝑥) = 𝑦𝑛(𝑥) + ∫ 𝜆(𝜉) [
𝑑𝑦𝑛(𝜉)

𝑑𝜉
− 𝑞(𝜉)�̅�𝑛(𝜉) − 𝑟(𝜉)�̅�𝑛

2(𝜉) − 𝑝(𝜉)] 𝑑𝜉,
𝑥

0
 (3) 

 

where �̅�𝑛 is a restricted variation, that is, 𝛿�̅�𝑛 = 0; 𝜆(𝜉) is a Lagrange multiplier, which should be determined 

optimally. Taking the variation of (3), we obtain 

 

𝛿𝑦𝑛+1(𝑥) = 𝛿𝑦𝑛(𝑥) + 𝛿 ∫ 𝜆(𝜉) [
𝑑𝑦𝑛(𝜉)

𝑑𝜉
− 𝑞(𝜉)�̅�𝑛(𝜉) − 𝑟(𝜉)�̅�𝑛

2(𝜉) − 𝑝(𝜉)] 𝑑𝜉,
𝑥

0
 (4) 

 

Simplifying (4), we obtain 

 

𝛿𝑦𝑛+1(𝑥) = 𝛿𝑦𝑛(𝑥) + 𝛿 ∫ 𝜆(𝜉) [
𝑑𝑦𝑛(𝜉)

𝑑𝜉
] 𝑑𝜉,

𝑥

0
 (5) 

 

Integrating (5) by parts, we have 

 

𝛿𝑦𝑛+1(𝑥) = 𝛿[(1 + 𝜆(𝑥))𝑦𝑛(𝑥)] + 𝛿 ∫ 𝑦𝑛(𝜉)𝜆′(𝜉)𝑑𝜉,
𝑥

0
 (6) 

 

Considering (6), we come to the following stationary conditions 

 

1 + 𝜆(𝑥) = 0, 𝜆′(𝜉) = 0. (7) 

 

Solving stationary conditions (7), we obtain that the optimal Lagrange multiplier is 

 

𝜆(𝜉) = −1. (8) 

 



Bulletin of Electr Eng & Inf  ISSN: 2302-9285  

 

A multistage successive approximation method for Riccati differential equations (Petrus Setyo Prabowo) 

1591 

Therefore, with Lagrange multiplier (8), the variational iteration method due to Geng, et al. [29] is 

 

𝑦𝑛+1(𝑥) = 𝑦𝑛(𝑥) − ∫ [
𝑑𝑦𝑛(𝜉)

𝑑𝜉
− 𝑞(𝜉)𝑦𝑛(𝜉) − 𝑟(𝜉)𝑦𝑛

2(𝜉) − 𝑝(𝜉)] 𝑑𝜉,
𝑥

0
 (9) 

 

which is for solving Riccati differential (1) with initial condition (2) on domain 0 ≤ 𝑥 ≤ 𝑋. 
Realising that the variational iteration method (9) produces analytical approximate solutions which 

are accurate only for points close enough to the initial position, Geng, et al. [29] implemented the method (9) 

piecewisely. By piecewisely, Geng, et al. [29] meant that the original interval 𝐼 = [0, 𝑋] was subdivided into 

a finite number of subintervals 𝐼𝑗 = [𝑥𝑗−1, 𝑥𝑗], where 𝑗 =  1, 2, 3, . . . , 𝐽 for a positive integer 𝐽. The width of 

each subinterval is assumed to be the same, that is, ∆𝑥 = 𝑥𝑗 − 𝑥𝑗−1 for all 𝑗. With this setting, we have 𝐽 + 1 

discrete points of the original interval 𝐼 = [0, 𝑋], that is, 𝑥0 = 0,  𝑥1 = ∆𝑥,  𝑥2 = 2∆𝑥, … , 𝑥𝑗 = 𝐽∆𝑥 = 𝑋. We 

denote 𝑦𝑗,𝑛(𝑥) the analytical approximate solution on the 𝑗th subinterval at the 𝑛th variational iteration. 

Suppose that the maximum number of variational iterations is 𝑁, where 𝑁 is a specified positive integer. This 

means that 𝑛 = 0, 1, 2, . . . , 𝑁. 
The piecewise variational iteration method due to Geng, et al. [29] works as follows. As the first 

step, on subinterval 𝐼1 = [𝑥0,  𝑥1], we take the initialization 

 

𝑦1,0(𝑥) = 𝑦(𝑥0) = 𝑦(0) = 𝑦0 (10) 

 

and iterations 

 

𝑦1,𝑛+1(𝑥) = 𝑦1,𝑛(𝑥) − ∫ [
𝑑𝑦1,𝑛(𝜉)

𝑑𝜉
− 𝑞(𝜉)𝑦1,𝑛(𝜉) − 𝑟(𝜉)𝑦1,𝑛

2 (𝜉) − 𝑝(𝜉)] 𝑑𝜉,
𝑥

𝑥0
 (11) 

 

for 𝑛 = 0, 1, 2, … , 𝑁 − 1. As shown in (10) and (11), as the second step, on subinterval 𝐼2 = [𝑥1,  𝑥2], we 

take the initialization 

 

𝑦2,0(𝑥) = 𝑦1,𝑁(𝑥1) (12) 

 

and iterations 

 

𝑦2,𝑛+1(𝑥) = 𝑦2,𝑛(𝑥) − ∫ [
𝑑𝑦2,𝑛(𝜉)

𝑑𝜉
− 𝑞(𝜉)𝑦2,𝑛(𝜉) − 𝑟(𝜉)𝑦2,𝑛

2 (𝜉) − 𝑝(𝜉)] 𝑑𝜉,
𝑥

𝑥1
 (13) 

 

for 𝑛 = 0, 1, 2, … , 𝑁 − 1. As shown in (12) and (13), as the next steps, on subintervals 𝐼𝑗 = [𝑥𝑗−1, 𝑥𝑗], where 

𝑗 = 3, 4, 5, … , 𝐽, we take the initialization 

 

𝑦𝑗,0(𝑥) = 𝑦𝑗−1,𝑁(𝑥𝑗−1) (14) 

 

and iterations 

 

𝑦𝑗,𝑛+1(𝑥) = 𝑦𝑗,𝑛(𝑥) − ∫ [
𝑑𝑦𝑗,𝑛(𝜉)

𝑑𝜉
− 𝑞(𝜉)𝑦𝑗,𝑛(𝜉) − 𝑟(𝜉)𝑦𝑗,𝑛

2 (𝜉) − 𝑝(𝜉)] 𝑑𝜉,
𝑥

𝑥𝑗−1
 (15) 

 

for 𝑛 = 0, 1, 2, … , 𝑁 − 1. Using (10)-(15), we obtain the solution on the whole domain. 

Now, the most expensive computation with the formulation of Geng, et al. [29] above lies on the 

part where we need to calculate the derivative 𝑑𝑦𝑗,𝑛(𝜉)/𝑑𝜉 and integrate the results from 𝑥𝑗−1 to 𝑥 ∈ 𝐼𝑗. 

These tasks are redundant. To obtain a simpler method for solving Riccati differential equations, we need to 

modify this piecewise variational iteration method of Geng, et al. [29]. This is the problem that we aim to 

solve in this paper. 

 

 

3. PROPOSED MULTISTAGE SUCCESSIVE APPROXIMATION METHOD 

In this section, we propose a modification of the piecewise variational iteration method of Geng, et 

al. [29], so that the modified method is simpler in terms of computing implementation, yet its accuracy does 

not change. We reconsider the iterative formula of the variational iteration method (9) and do the integration 

for the term having the derivative of the unknown function, so as shown in (9) becomes 
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𝑦𝑛+1(𝑥) = 𝑦0 + ∫ [𝑞(𝜉)𝑦𝑛(𝜉) + 𝑟(𝜉)𝑦𝑛
2(𝜉) + 𝑝(𝜉)]𝑑𝜉,

𝑥

0
 (16) 

 

where for 𝑛 = 0, 1, 2, … , 𝑁 − 1. Iterative formula (16) is Picard’s successive approximation method for 

Riccati differential (1). The iterative in (16) of the successive approximation method is equivalent to the 

iterative formula of the variational iteration method (9), but in (16) is simpler. 

Now, we shall implement the iterative (16) of the successive approximation method (SAM) 

piecewisely. The resulting method is called multistage successive approximation method (MSAM) for 

solving Riccati differential equations. Our MSAM works as follows. As the first step, on subinterval 𝐼1 =
 [𝑥0;  𝑥1], we take the initialization 

 

𝑦1,0(𝑥) = 𝑦(𝑥0) = 𝑦(0) = 𝑦0 (17) 

 

and iterations 

 

𝑦1,𝑛+1(𝑥) = 𝑦0 + ∫ [𝑞(𝜉)𝑦1,𝑛(𝜉) + 𝑟(𝜉)𝑦1,𝑛
2 (𝜉) + 𝑝(𝜉)]𝑑𝜉,

𝑥

𝑥0
 (18) 

 

for 𝑛 = 0, 1, 2, … , 𝑁 − 1. As shown in (17) and (18), as the second step, on subinterval 𝐼2 =  [𝑥1, 𝑥2], we take 

the initialization 

 

𝑦2,0(𝑥) = 𝑦1,𝑁(𝑥1) (19) 

 

and iterations 

 

𝑦2,𝑛+1(𝑥) = 𝑦2,0(𝑥) + ∫ [𝑞(𝜉)𝑦2,𝑛(𝜉) + 𝑟(𝜉)𝑦2,𝑛
2 (𝜉) + 𝑝(𝜉)]𝑑𝜉,

𝑥

𝑥1
 (20) 

 

for 𝑛 = 0, 1, 2, … , 𝑁 − 1. As shown in (19) and (20), as the second step, on subinterval 𝐼𝑗 =  [𝑥𝑗−1, 𝑥𝑗], we 

take the initialization 

 

𝑦𝑗,0(𝑥) = 𝑦𝑗−1,𝑁(𝑥𝑗−1) (21) 

 

and iterations 

 

𝑦𝑗,𝑛+1(𝑥) = 𝑦𝑗,0(𝑥) + ∫ [𝑞(𝜉)𝑦𝑗,𝑛(𝜉) + 𝑟(𝜉)𝑦𝑗,𝑛
2 (𝜉) + 𝑝(𝜉)]𝑑𝜉,

𝑥

𝑥𝑗−1
 (22) 

 

for 𝑛 = 0, 1, 2, … , 𝑁 − 1. Using (17)-(22), we obtain the solution on the whole domain. 

To optimise our MSAM further, in the computer implementation, we compute the successive 

approximation formula symbolically only once: 

 

𝑦𝑗,𝑛+1(𝑥) = 𝑦𝑗−1,𝑁(𝑥𝑗−1) + ∫ [𝑞(𝜉)𝑦𝑗,𝑛(𝜉) + 𝑟(𝜉)𝑦𝑗,𝑛
2 (𝜉) + 𝑝(𝜉)]𝑑𝜉,

𝑥

𝑥𝑗−1
 (23) 

 

for 𝑛 = 0, 1, 2, … , 𝑁 − 1. Then, the obtained symbolic formula from (23) is used to solve the Riccati 

differential equation on each subinterval 𝐼𝑗 consecutively for 𝑗 = 1, 2, 3, … , 𝐽. Here, we speficy that 

 

𝑦0,𝑛(𝑥0) = 𝑦0 (24) 

 

for all 𝑛. In (24) means that the given initial value is used as the starting point of solution. 

 

 

4. RESULTS AND DISCUSSION 

In this section, we provide research results on the performance tests of our proposed method and 

discuss about them. We take two computational tests, namely, a Riccati differential equation with constant 

coefficients and a Riccati differential equation involving a variable coefficient. Error on the considered 

domain is defined as the average of relative errors at all discrete points on the domain. 

 

4.1.  Riccati differential equation with constant coefficients 
As the first test, we consider the Riccati differential equation with constant coefficients [29]: 
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𝑑𝑦(𝑥)

𝑑𝑥
= 1 + 2𝑦(𝑥) − 𝑦2(𝑥), 0 < 𝑥 ≤ 4, (25) 

 

having initial condition 
 

𝑦(0) = 0 (26) 
 

The exact solution to this problem is 
 

𝑦(𝑥) = 1 + √2 tanh (√2𝑥 +
1

2
log (

−1+√2

1+√2
)). (27) 

 

Our computational experiments show that the standard SAM is not able to solve the problem on 

thewhole domain. In contrast, our proposed MSAM is able to solve the problem on the whole domain 

accurately. These phenomena are shown in Figure 1(a), where SAM and MSAM use 3 successive iterations, 

and in addition, for MSAM we use ∆𝑥 = 0.1. 

To investigate further about the performance of MSAM, we record the errors and their orders of 

convergence in Tables 1-4. We obtain that the number of successive iterations in the MSAM evolution 

determines the order of convergence of the solution. One successive iteration in the MSAM evolution leads 

that MSAM is a first order method. This is observed as ∆𝑥 approaches to zero, the order of convergence 

tends to one, as recorded in Table 1. Two successive iterations in the MSAM evolution leads that MSAM is a 

second order method, because as ∆𝑥 approaches to zero, the order of convergence tends to two, as recorded 

in Table 2. Three successive iterations in the MSAM evolution leads that MSAM is a third order method, 

because as ∆𝑥 approaches to zero, the order of convergence tends to three, as recorded in Table 3. Similarly, 

four successive iterations in the MSAM evolution leads that MSAM is a fourth order method, because as ∆𝑥 

approaches to zero, the order of convergence tends to four, as recorded in Table 4. In general, smaller ∆𝑥 

results in smaller error. Furthermore, more successive iterations results in higher order accurate method. 
 

 

Table 1. Error and order of convergence of MSAM solution for Riccati differential equation with constant 

coefficients, in which we use 1 iteration in the MSAM evolution. Error is computed on interval [0,4] 
∆𝑥 Average of Relative Error Order of Convergence 

0.25 4.420E-02 – 
0.125 2.425E-02 0.87 

0.0625 1.274E-02 0.93 
0.03125 6.536E-03 0.96 
0.015625 3.311E-03 0.98 

 

 

Table 2. Error and order of convergence of MSAM solution for Riccati differential equation with constant 

coefficients, in which we use 2 iterations in the MSAM evolution. Error is computed on interval [0,4] 
∆𝑥 Average of Relative Error Order of Convergence 

0.25 7.393E-03 – 
0.125 2.022E-03 1.87 

0.0625 5.395E-04 1.91 
0.03125 1.399E-04 1.95 
0.015625 3.565E-05 1.97 

 

 

Table 3. Error and order of convergence of MSAM solution for Riccati differential equation with constant 

coefficients, in which we use 3 iterations in the MSAM evolution. Error is computed on interval [0, 4] 
∆𝑥 Average of Relative Error Order of Convergence 

0.25 6.674E-04 – 
0.125 9.271E-05 2.85 

0.0625 1.252E-05 2.89 
0.03125 1.636E-06 2.94 
0.015625 2.094E-07 2.97 

 
 

Table 4. Error and order of convergence of MSAM solution for Riccati differential equation with constant 

coefficients, in which we use 4 iterations in the MSAM evolution. Error is computed on interval [0,4] 
∆𝑥 Average of Relative Error Order of Convergence 

0.25 7.349E-05 – 
0.125 5.049E-06 3.86 

0.0625 3.388E-07 3.90 
0.03125 2.205E-08 3.94 
0.015625 1.407E-09 3.97 
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4.2.  Riccati differential equation involving a variable coefficient 
As the second test, let us consider the Riccati differential equation with a variable coefficient [29]: 

 
𝑑𝑦(𝑥)

𝑑𝑥
= 1 + 𝑥2 − 𝑦2(𝑥), 0 < 𝑥 ≤ 4, (28) 

 

with initial condition 

 

𝑦(0) = 1 (29) 

 

The exact solution to this problem is 

 

𝑦(𝑥) = 𝑥 + 
𝑒−𝑥2

1+∫ 𝑒−𝜉2𝑑𝜉𝑥
0

 (30) 

 

For this second test, the standard SAM is not able to solve the problem, even for the first half [0,2] 
of the given domain [0,4], as shown in Figure 1(b). In contrast, our proposed MSAM is able to solve the 

problem on the whole domain [0,4] accurately. For this Figure 1(b), SAM and MSAM use 3 successive 

iterations, and in addition, for MSAM we take ∆𝑥 = 0.1. 
To investigate further about the performance of MSAM in solving this second test case, we record 

the errors and their orders of convergence in Tables 5-8. The behaviour of MSAM in this test case is 

consistent with that of MSAM in the previous test case. We obtain that the number of successive iterations in 

the MSAM evolution determines the order of convergence of the solution. One successive iteration in the 

MSAM evolution leads that MSAM is a first order method. This is observed as ∆𝑥 approaches to zero, the 

order of convergence tends to one, as recorded in Table 5. Two successive iterations in the MSAM evolution 

leads that MSAM is a second order method. This is observed as ∆𝑥 approaches to zero, the order of 

convergence tends to two, as recorded in Table 6. Three successive iterations in the MSAM evolution leads 

that MSAM is a third order method. This is observed as ∆𝑥 approaches to zero, the order of convergence 

tends to three, as recorded in Table 7. Similarly, four successive iterations in the MSAM evolution leads that 

MSAM is a fourth order method, because as ∆𝑥 approaches to zero, the order of convergence tends to four, 

as recorded in Table 8. Again, in general, smaller ∆𝑥 results in a more accurate method. Furthermore, more 

number of successive iterations makes MSAM to be higher order accurate. 

With our accurate results in this paper, we are confident that MSAM is a reliable method to be used 

for other kinds of initial value problems. The idea of MSAM could be adapted for continuous versions of 

discrete problems in computing [33], and it could be extended to be analysed using advanced mathematical 

tools, such as, algebraic geometry and conformal mapping. 
 
 

  
 

(a) 

 

(b) 

 

Figure 1. Exact, SAM, and MSAM solutions on interval [0, 4]. SAM solution is accurate only at points close 

to the initial condition. MSAM solution coincides graphically with the exact solution, (a) Results of the first 

test case, (b) Results of the second test case 
 

 

Table 5. Error and order of convergence of MSAM solution for Riccati differential equation involving a 

variable coefficient, in which we use 1 iteration in the MSAM evolution on interval [0,4] 
∆𝑥 Average of Relative Error Order of Convergence 

0.25 3.544E-02 – 
0.125 1.764E-02 1.01 

0.0625 8.802E-03 1.00 
0.03125 4.396E-03 1.00 
0.015625 2.197E-03 1.00 
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Table 6. Error and order of convergence of MSAM solution for Riccati differential equation involving a 

variable coefficient, in which we use 2 iterations in the MSAM evolution on interval [0,4] 
∆𝑥 Average of Relative Error Order of Convergence 

0.25 3.408E-02 – 
0.125 4.625E-03 2.88 

0.0625 9.436E-04 2.29 
0.03125 2.165E-04 2.12 
0.015625 5.202E-05 2.06 

 

 

Table 7. Error and order of convergence of MSAM solution for Riccati differential equation involving a 

variable coefficient, in which we use 3 iterations in the MSAM evolution on interval [0,4] 
∆𝑥 Average of Relative Error Order of Convergence 

0.25 6.406E-03 – 
0.125 6.894E-04 3.22 

0.0625 7.439E-05 3.21 
0.03125 8.555E-06 3.12 
0.015625 1.024E-06 3.06 

 

 

Table 8. Error and order of convergence of MSAM solution for Riccati differential equation involving a 

variable coefficient, in which we use 4 iterations in the MSAM evolution on interval [0,4] 
∆𝑥 Average of Relative Error Order of Convergence 

0.25 2.393E-03 – 
0.125 1.019E-04 4.55 

0.0625 5.294E-06 4.27 
0.03125 3.007E-07 4.14 
0.015625 1.790E-08 4.07 

 

 

5. CONCLUSION 

We have proposed successfully a new multistage successive approximation method for solving 

Riccati differential equations. The main advantage of the proposed method is that it is simpler than the 

existing variational iteration method for solving Riccati differential equations. The proposed method is 

analytically equivalent to the existing method, but simpler in terms of computing implementation. We have 

tested the performance of the multistage successive approximation method in cases that their exact solutions 

are known. The order of accuracy of the proposed method can be made higher by simply taking more number 

of successive iterations in the multistage evolution. Obviously, taking smaller size of each subinterval and 

taking more number of iterations in the multistage evolution lead that our proposed method produces smaller 

error and it becomes higher order accurate. With these results, in cases that the exact solutions to Riccati 

differential equations are not known, we are confident to propose the use of the multistage successive 

approximation method for solving them to obtain accurate approximate solutions. 
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