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The main aim of the International Journal of Applied Mathematics & Statistics (IJAMAS) is to publish
refereed, well-written original research articles, and studies that describe the latest research and
developments in the area of applied mathematics and statistics. This is a broad-based journal
covering all branches of mathematics, statistics and interdisciplinary research. International Journal
of Applied Mathematics & Statistics is a peer-reviewed journal and published four times a year . The
areas of interest include but are not limited to: Mathematics - Approximation Theory - Combinatorics -
Lattices, Algebraic Structures - General Algebraic Systems - Number Theory - Field Theory and
Polynomials - Rings and Algebras - Algebraic Geometry - Linear and Multilinear Algebra; Matrix Theory
- Category Theory; Homological Algebra - Group Theory and Generalizations - Topological Groups, -
Real Functions - Measure Theory and Integration - Functions of a Complex Variable - Potential Theory
- Ordinary and Partial Differential Equations - Dynamical Systems and Ergodic Theory - Difference and
Functional Equations - Fourier Analysis - Integral Equations - Discrete Mathematics - Fuzzy
Mathematics - Operator Theory - Coding Theory - Control Theory - Cryptology, Geometry - Information
Fusion - Neutrosophic Mathematics - Graph Theory - Functional Analysis - Image Processing, Signal
Processing and Tomography - Calculus of Variations - Algebraic Topology - Mathematical Economics
and Financial Mathematics - Numerical Analysis - Fluid Mechanics and Solid Mechanics - Statistical
Mechanics, Structure Of Matter - Operations Research, Optimization - Game Theory - Mathematical
Biology and Other Natural Sciences - Wavelets and Wavelet Transforms - Mathematical Physics.
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ABSTRACT

The concepts of finite field are used in coding theory, in which the finite field is the set of al-
phabets. To construct a finite field of order p™, where p is a prime integer and n is a natural
number, an irreducible polynomial of degree n over Z,, is needed. In this article, the number
of irreducible polynomial of degree n over Z,, is given and also proved using abstract alge-
bra approach. Because the number is always positive, for any prime integer p and natural
number n, an irreducible polynomial of degree n over Z,, always exists. Moreover, it implies
that a finite field of order p™ always exists.

Keywords: Finite Fields, Irreducible Polynomials, Existence of Finite Fields.

2000 Mathematics Subject Classification: 12E05, 12E20.

1 Introduction

In the study of coding theory, some concepts from abstract algebra, such as finite fields and
vector spaces over finite fields, are used. The finite field, which its basic concepts are given in
(Adkins and Weintraub, 1992), is used as the set of alphabets and the vector space is used as
the set of codewords. Cardinality of a finite field must be p™, where p is a prime integer and n
is a natural number. As in (Bose and Manvel, 1984) and (Ling and Xing, 2004), to construct a
finite field with p™ elements, an irreducible polynomial of degree n over Z, is needed.

In some books about coding theory, it is just stated that for any prime integer p and any natural
number n, a finite field with p" elements always exists. However, most of them do not give
the proof of the existence. To prove that existence theorem, it is sufficient to show that for
any prime integer p and any natural number n, an irreducible polynomial of degree n over Z,
always exists. In this article, the proof of that theorem will be shown using abstract algebra
approach. The idea of the proof is based on (Ling and Xing, 2004). In the next section, more
details about this will be discussed.
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2 Number of Irreducible Polynomials over a Finite Field and Its Proof

In abstract algebra, the field is defined as a nonempty set which is a commutative group with
respect to both of two operations: addition and multiplication, and distributive law holds for
those operations. The formal definition can be found in (Adkins and Weintraub, 1992). A finite
field is a field with finite number of elements. Moreover, a finite field with ¢ elements is denoted
as Fy.

Polynomial over a field can also be defined. Some terminologies about polynomial over a field
are similar with polynomial over real numbers. In (Adkins and Weintraub, 1992), a polynomial
over a field is said to be reducible if it can be factorized as a product of two polynomials of
lower degree. Otherwise, it is said to be irreducible.

In (Bose and Manvel, 1984) and (Ling and Xing, 2004), to construct a finite field with p" ele-
ments, where p is prime integer and n is natural number, an irreducible polynomials of degree
n over Z, is needed. In order to prove that for any prime integer p and any natural number n, a
finite field with p™ elements exists, it must be proved that the number of irreducible polynomial
of degree n over Z, is always positive.

Therefore, the main theorem of this article is about how many irreducible polynomials of degree
n over Z, exists. This is our main theorem:

Theorem 2.1 (Number of Irreducible Polynomials over Z,). The number of irreducible polyno-
mials of degree n over Z,,, denoted by I,,(n), is:

Iy(n) = % Y u(d) - p? (2.1)

dln

where 1 is the Mobius function.

Definition of Mobius function is also given in (Ling and Xing, 2004). The proof of Theorem 2.1
is not given now because in order to prove it, it is necessary to prove some lemmas first. These
are the five lemmas (Lemma 2.2-2.6) that need to be proved, which some of them are based
on (Ling and Xing, 2004). Now the proofs of all those lemmas and the relation between them
will be given:

Lemma 2.2. Any element of F,» is a root of an irreducible polynomial of degree d over Z,,
where d|n.

Proof. For any o € F», it can be found a polynomial f(z) € Z,[x] of smallest degree such
that f(«) = 0. The polynomial f(x) is irreducible, because if it is reducible, then there will be a
polynomial of smaller degree such that « is its root, which contradicts with the smallest degree
condition. The set Z,(«) is defined as an extension field of Z, that contains «. Let deg (f(z)) =
d, it needs to be proven that d|n. From the smallest degree condition, for any g(z) € Z,[z] with
deg g(z) < d, it is obtained that g(«) # 0. Partitioning Z,(«) into its congruence classes, Z,(«a)
will be a finite field with p? elements and contains both Zy and a. In other side, all elements
of Z,(cv) are contained in Fy,» since a € Fy» and Z, is a subfield of Fy,». Therefore Z,(«a) is a
subfield of F,» and there is an inclusion Fy» 2 Z,(o) 2 Z,,. If Z,(«) is a subfield of F., then
the cardinality of Z,(«) must divides the cardinality of F,». The last statement means p|p",
which implies d|n. O
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Lemma 2.3. Any irreducible polynomial of degree d over Z,, which d|n divides =" — .

Proof. From Theorem 2.1, if p(x) is an irreducible polynomial of degree d over Z,,, then Z,[x]/ (p(x))
is a finite field with p? elements. Let = € Z,[z]/(p(x)), then = = = + (p(x)). Therefore
we have 22 = 22 + (p(x)), 2% = 23 + (p(x)), ..., z¢ = 2% + (p(x)). Moreover, if we write
p(x) = po + pr& + pax® + ... + pax?, then we get:

p(x) = p(z+ (p(x))) = (po+prz+poz’+.. . +pax?) + (p(x)) = p(z)+ (p(z)) = 0+ (p(x)). (2.2)

So, x € Zy[z]/(p(z)) is a root of p(z) in Z,[z]/(p(x)). In other hand, z is a root of a?" — x over
F,a. In other words, 27" — 2 and p(x) have common factor in Fal].

Next we will show that 22" — = and p(x) have common factor in Zp|x]. Suppose that P -
and p(z) have no common factor in Z,[z], we have ged (a:”d —xz,p(x)) = 1in Zy[z]. Therefore,
there are g(x), h(x) € Zy[z] such that g(z) - (2?" — z) + h(z) - p(z) = 1. Because Zp[x] C Fyalz],
0 g(x), h(z) € Fjalz]. That means ged (2" — z,p(x)) = 1in F,a[x], which is equivalent with
a?" — z and p(z) have no common factor in Fq. It is contradiction with our previous result, so it
is true that 27" — 2 and p(x) have common factor in Z,[z]. Because p(x) is irreducible over Z,,
and its degree is smaller than p¢, we get that p(z)[2?" — . This means that all roots of p(z) are
also roots of 2" — z in Fa[x], which is equivalent with all roots of p(x) are contained in Fq.
Because F),. is a subfield of F,», we conclude that all roots of p(x) are contained in Fyn. O

Lemma 2.4. Two different irreducible polynomials p(x),q(x) € Z,[x] which deg (p(z))|n and
deg (¢(x))|n have no common factor in Fyn|x].

Proof. Because both p(z) and ¢(x) are irreducible over Z,, they have no common factor in
Zylz]. So we can find g(z),h(z) € Zy[z] such that g(z) - p(z) + h(z) - ¢(z) = 1. Because
g(z),h(z) € Fynlz], this means ged (p(x),q(x)) = 1 in Epn[z], i.e. p(z) and ¢(z) have no
common factor in Fyn [z]. O

Lemma 2.5. (Ling and Xing, 2004). If I,(d) denotes the number of irreducible polynomials of
degree d over Zy, then 3=, d - Iy(d) = p".

Proof. We consider the elements of F,» as the roots of polynomial 27" — z. From Lemma 2.2,
for any root « of 27" — z, there is an irreducible polynomial f(z) over Z, such that f(a) = 0
and deg (f(x))|n. In other side, from Lemma 2.3, any irreducible polynomial of degree d over
Z,, which d|n always divides 2P" — z. Since, from Lemma 2.4, any two different irreducible
polynomials over Z, have no common factor in F,», we can represent 27" — z as a product of
all irreducible polynomial of degree d over Z,, which d|n. Moreover we can write:

" —r = H p(z). (2.3)
p(x) irreducible
deg (p(z))[n
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Equalling the number of factors of left and right hand side, we will get an equality:

pr=>"d I(d), (2.4)
dln
where I,,(d) denotes the number of irreducible polynomials of degree d over Z,,. O

Lemma 2.6. (Ling and Xing, 2004). For any function H and h from N to Z, we have:

H(n) =Y h(d) = h(n) =" p(d) - H(g). (2.5)

dn dln

Proof. Write n = p’fl -p’§2 -...-pkm where p1, pa, . .., pm are m distinct prime integers. Consider
the form Zdln h(d). Partial sum of Zd‘n h(d) which does not contain h(n) are H (%), where d is
a factor of n and d # 1. All partial sums H({%), where 1 < j < k;, are contained in the partial
sum H(p%), foreachi =1,2,...,m. Therefore we can just consider all maximal partial sums
which do not contain h(n), those are H(pll), H(p%), H(plm). But any two of those partial
sums H(;*) and H(ﬁ) are intersected in H(pzfp] ), any three of those partial sums H (;"), H(ﬁ)
and H () are intersected in H(-—"—), and so on. Using the inclusion-exclusion principle, we

Pk PiPj Pk
get the formula:

H(n) = h(n) =32

H(%) - H(-2
pln G) Zmln,pzln,pl#pz ()

p prime Dp1, p2 prime

+ H(—* ) —
2 p1ln, pa|n, ps|n ()

1, P2, p3 distinct primes
+(_1)m+l Z

piln,peln, ... pmln G

D1, D2, - - -, P distinct primes

or equivalently:

h(n)=H(n)—>"

H() + H(-2
pln G) Zmln,pzlmm#pg (o)

p prime P1,p2 prime
H(—"——)+...

P1-p2-p3

p1ln, p2|n, psln
1, p2, p3 distinct primes

(—1ym+l H(—n
( ) Z p1|n7p2‘n,... 7p’m‘n (PI'P2‘-~'Pm)

P1,D2, - - -, P distinct primes

Remember that u(py-pa-...-pr) = (=1)F, where pi, pa, ..., pp are distinct primes and
u(p®-q) = 0, where p is a prime integer. In other hand, contribution of H(ﬁ), where p is
a prime integer and p? - ¢|n, are ignored. Therefore, we can formulate above equation in the
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form of Mobius function as below:

h(n) =p(l)-H(}) + 3 p(p) - H(%) + 3 plpr-p2) - H(575)
pln p1|n, p2|n, p1 # p2
p prime p1,p2 prime
+ uW(p1 - p2-p3) - H +o
2 piln,paln,psln ( ) H ) . (2.8

p1, P2, p3 distinct primes

* Z p1|n,p2\n, s ap’m‘n M(pl P2 pm,) (Pl'PZ'm'Pm)
P1,P2, - - -, Pm distinct primes
and the proof is completed. O

Proof of Theorem 2.1 It is wanted to be shown that 7,,(n) = £ - 3=, pu(d) - p"/. First, from
Lemma 2.5, we have p" =}, d - I,(d). Let H(n) = p" and h(n) = n - I;(n), that equation
becomes H(n) =3, h(d). From Lemma 2.6, it will imply:

Z wu(d ) < n-Iy(n) Zu ¢ o Iy(n) = Z w(d e, (2.9)

din
and it completes the proof.

O

One can show that for any natural number n, I,(n) is always a natural number. This means,
for any natural number n, at least one irreducible polynomial of degree n over Z,, can be found.
Therefore, a finite field with p™ elements always exists.

3 Conclusion

It has been proved that the number of irreducible polynomials of degree n over finite field Z,, is
equal to % . Zd‘"u(d) -p™/?® where 1 is the Mobius function. Because that number is always
a natural number, so it guarantees the existence of irreducible polynomial p(z) of degree n
over Z,. Thus, Z,[z]/(p(x)) becomes a finite field with p" elements. This implies that a finite
field with p™ elements always exists, for any prime integer p and any natural number n. This
fact is usually just used in some book about finite fields and its applications, such as (Ling and
Xing, 2004), but seldom to be proven.
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