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ABSTRACT
The concepts of finite field are used in coding theory, in which the finite field is the set of al-
phabets. To construct a finite field of order ", where p is a prime integer and n is a natural
number, an irreducible polynomialof degree n overZ, is needed. In this article, the number
of ireducible polynomial of degree n over Z, is given and also proved using abstract alge-
bra approach. Because the number is always positive, for any prime integer p and natural
numbern, an imeducible polynomial of degree n overZ, always exists. Moreover, it implies
that a finite field of order y always exsts.
Keywords: Finite Fields, Irreducible Polynomials, Existence of Finite Fields.
2000 Mathematics Subject Classification: 1205, 12€20.

1 Introduction

In the study of coding theory, some concepts from abstract algebra, such s finite fields and
vector spaces over finite fields, are used. The finite field, which its basic concepts are given in
(Adkins and Weintraub, 1992), is used as the set of alphabets and the vector space is used as
the set of codewords. Cardinality of a finite field must be p", where p is a prime integer and n
s a natural number. As in (Bose and Manvel, 1984) and (Ling and Xing, 2004), to construct a
finite field with p" elements, an irreducible polynomial of degree n over Z, is needed.

In some books about coding theory, it s just stated that for any prime integer » and any natural
number n, a finite field with p" elements always exists. However, most of them do not give
the proof of the existence. To prove that existence theorem, it is sufficient to show that for
any prime integer p and any natural number 7, an irreducible polynomial of degree n over Z,
always exists. In this article, the proof of that theorem will be shown using abstract algebra
approach. The idea of the proof is based on (Ling and Xing, 2004). In the next section, more
details about this will be discussed.
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ABSTRACT

The concepts of finite d are used in coding theory, in which the finite field is the set of al-
phabersn: construct a finite field of order p™, where p is a prime integer and n is a natural

er, an irreducible polynomial of degree n over £, is needed. In this article, the number
of irreducible polynomial of degree n over Z,, is given and also proved using abstract alge-
bra appmﬂ. Because the number is always positive, for any prime integer p and natural
numbern, an ireducible polynomial of degree n over I, always exists. Moreower, it implies
that a finite field of order i always exists.
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1 Introduction

In the study of coding theory, some concepts from abstract algebra, such as finite fields and
vector spaces over finite fields, are used. The finite field, which its basic concepts are given in
(Adkins and Weintraub, 1992), is usecmhe set of alphabets and the vector space is used as
the set of codewords. Cardinality of a finite field must be p", where pis a primager and n
is a natural number. As in (Bose and Manvel, 1984) and (Ling and Xing, 2004), to construct a
finite field with p™ elements, an irreducible polynomial of degree n over Z,, is needed.

In some books about coding theory, it is just stated that for any prime integer p and any natural
number n, a finite field with p” elements always exists. However, most of them do not give
the proof of the existence. To prove that existence theorem@¥gis sufficient to show that for
any prime integer p and any natural number », an irreducible polynomial of degree n over Z,
always exists. In this article, the proof of that theorem will be shown using abstract algebra
approach. The idea of the proof is based on (Ling and Xing, 2004). In the next section, more
details about this will be discussed.
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2 Number of Irreducible Polynomials over a Finite Field and lts Proof

In abstract algebra, the field is defined as a nonempty set which is a commutative group with
respect to both of two operations: addition and multiplication, and distributive law h@fg for
those operations. The formal definition can be found in (Adkins and Weintraub, 1992). A finite
field is a field with finite number of elements. Moreover, a finite field with ¢ elements is denoted
as F,.

Palynomial over a field can also be defined. Some terminologies about polynomial over a field
are similar vmpulynumial over real numbers. In {Adkins and Weintraub, 1992), a polynomial
over a field is said to be reducible if it can be factorized as a product of two polynomials of
lower degree. Otherwise, it is said to be irreducible. 7

In (Bose and Manvel, 1984) and (Ling and Xing, 2004}, n:unslrucl a finite field with p" ele-
ments, where p is prime integer and » is natural number, an irreducible polynomials of degree
n over Z, is needed. In order to prove that for any prime integer p and anlalural number n, a
finite field with p" elements exists, it must be proved that the number of irreducible polynomial
of degree n over Z, is always positive.

Therefore, the main theorem of this article is about how many irreducible polynomials of degree
n over Z, exists. This is our main theorem:

Theorem 2.1 (Number of Irreducible Polynomials over Z,). The number of irreducible polyno-
mials of degree n over Z,,, denoted by I,(n), is:

1 ;
I(n) = . Z;f{rﬁ} gt (2.1)

d|n

where 1 is the Mobius function.

Definition of Mobius function is also given in (Ling and Xing, 2004). The proof of Theorem 2.1
is not given now because in order to prove it, it is necessary fo prove some lemmas first. These
are the five lemmas (Lemma 2.2-2.6) that need to be proved, which some of them are based
on (Ling and Xing, 2004). Now the proofs of all those lemmas and the relation between them

will be given:
Lemma 2.2. Any element of F,» is a root of an irreducible polynomial of degree d over Z,,

where d|n.
Proof. For any & € Fj, it can be found a polynomial f(x) € Z,[x| of smallest degree such
that f(n) = 0. The polynomial f(x} is irreducible, because if it is reducible, then there will be a
polynomial of smaller degree such that « is its root, which contradicts with the smallest degree
condition. The set Z,(«) is defined as an extension field of Z, that contains n deg ( flx)) =
d, it needs to be proven that d|n. From the smallest degree condition, for any g(x) € Z,[z] with
deg glx) < d, itis obtained that g(a) # 0. Partitioning Z, (o) into its congruence classes, Z,(«)
will be a finite field with p? elements and contains both Z, and «. In other side, all elements
of Z,(n) are contained in F,» since o € F» and Z; is a subfield of F,». Therefore Z,(«) is a

subfield of F,» and there is an inclusion Fn 2 Zy(a) 2 Z,. 1T Z,(a) is a subfield of Fi-, then

the cardinality of Z,(n) must divides the cardinality of F,.. The last statement means ™,
which implies d|n. O
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Lemma 2.3. Any irreducible éo!ynomfaf of degree d over Z, which d|n divides 17" — x.

Proof. From Theorem 2.1, if p(x) is an irraducibl@momial of degree 4 over Z,,, then Z, [z / (p(x))
is a finite field with p? elements. Let + ¢ Z,[z]/{p(x)), then & = = + (p(x)). Therefore

we have r* = & & (p()), =¥ = =% 4 (p(x)), ..., 2* = 2% & (p(x)). Moreover, if we write
pla) = po + prr 4 pax? + ... 4 pyr?, then we get:
p(x) = p(x+ (p(2)}) = (po+piz+paa®+.. .+ par?) +(plx)) = plx) + (px)) = 0+ (p()}). (2.2)
24
So, z € Zy[z]/(p(x)) is a rggt of p(x) in Z,[z] /(p(x)). In other hand, z is a root of 27"~z over
F . In other words, P aff r(=) have common factor in . [].

Next we will show that »** — = and p(x) have common factor in Z,[x]. Suppose that P
and p(x) Bla no common factor in Z,[x], we have ged (z* — z.p(z)) = 1in Z,[x]. Therefore,
there are g(z), h(z) € Z,[z] suchthat g(x) - (27 — )+ h(x) - p(x) = 1. Because Z,[x] C Falz],
s0 g(z), h(z) € Fo [x]. That means ged (P — z,plz)) =1in F [x], which is equivalent with
27 — r and plx) have no common factor in F},.f. It is contradiction with our previous result, so it
is true that + — » and plx) have common factor in Z,[x|. Because p(x) is irreducible over Z,,
and its degree is smaller than p?, we get that Ju-[:x:}|;r"'f — . mmeans that all roots of p(x) are
also roots of +# — z in Fq[x], which is equivalent 1will roots of p(x) are contained in F,..
Because F . is a subfield of F,», we conclude that all roots of p(x) are contained in F,,». O

Lemma 2.4. Two different irreducible polynomials p(x),q(x) < Z,[x] which deg(p(x))|n and
deg (g(x))|n have no common factor in F . [x].

Proof. Because both p and g(x) are irreducible over Z,, they have no common factor in
Zp[r]. So we can find g(z), hiz) € @ such that g(z) - p(xz) + h{:m;{;r,} = 1. Because
glz), h(z) € Fp[z], this means ged (p(x), q(x)) = 1in Fp|z], ie. p(z) and g(z) have no
common factor in F,« [z]. O

Lemma 2.5. (Ling and Xing, 2004). If I.,(d) denotes the number of irreducible polynomials of
degree d overZ,, theny_ . d- I,(d) = p".

Proof. We consider the elemerrlm F, as the roots of polynomial 7" From Lemma 2.2,
for any root o of #*" — z, there is an irreducible polynomial f(x) over Z, such that f(a) = 0
and deg (f(x))|n. In other side, from Lemma 2.3, any irreducible polynomial of degree d over
Z, which d|n always divides +7" — r. Since, from Lemma 2.4, any two different irreducible

polynomials over Z, have no comman factor in £ ., we can represent " — r as a product of

P
all irreducible polynomial of degree d over Z, which «|n. Moreover we can write:

2 —x= H plx). (2.3)
plx) irreducible

deg (p(x))|n
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Equalling the number of factors of left and right hand side, we will get an equality:

pt= d-Ip(d), (2.4)
d|n
where [,(d) denotes the number of irreducible polynomials of degree d over Z,,. O

Lemma 2.6. (Ling and Xing, 2004). For any function H and h from ¥ te Z, we have:

H{n.}:zh{rf}:‘,-h{n.}zz,rr.{rf}-H{I—;}. (2.5)
[

d|n d|n
Proof. Write n = p’{" ‘p'_;'-", .. ‘p:‘ﬁ", where py, pa, .. ., pm are m distinct prime integers. Consider

the form Zdl” hid). Partial sum of Zdl” hid) which does not contain hin) are H{%}1 where d is
a factor of n and d # 1. All partial sums H{l;- ,where 1 < j < k;, are contained in the partial
¥

which do not contain h{n), those are H{ﬁ}, H{;—‘_}, e H{p’ﬁ}. But any two of those partial

sSums H{ﬁ} and H{%} are intersected in H{ﬁ |, any three of those partial sums H|( i}. Hi %}

and H{ﬁ |} are intersected in H{m}, and so on. Using the inclusion-exclusion principle, we
y T

sum H{;T‘}1 foreachi =1,2,..., m. Therefore we can just consider all maximal partial sums

get the formula: .
2
9}1 — h(n) = H(Z) — H{-=Z
)= hln) =2 pln 7 ZMmmhm%m o)
p prime P11, Pa prime
H(—2—) -

PP

Pl paln, paln
P, pa, pa distinct primes

___{_l}m+IZ H{;}

il paln, ... o0 PLP2.. Pm

(2.6)

Py Py oo, P distinet primes

or eguivalently:

H{Z)y+ H{-=Z
p|n }?} Zplln1p2|'-'11p1 %m {}?L'Pz}
p prime 1, Pa prime

H—/——)+...

PLP2'Pa

n)=Hn) -3,

piln, pzln, psln (2.7)

1, P, g distinct primes

___{_l}m-l-lz H{#}

pijn, pajn. oo pan plpepm
PPy oo s Py distinet primes
Remember l?"mf.{pl pa-...-pk) = (=1)%, where p1, ps, ..., pr are distinct ;:mas and
plp® - g) = 0, where p is a prime integer. In other hand, contribution of H{ﬁ , where p is

a prime integer and p* - ¢|n, are ignored. Therefore, we can formulate above equation in the
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form of Mobius function as below: .
2

hin) = p(1)- H() + 2 plp) - H(Z)+ 30 plpr-p) - H(Z5)

pln min,pn, m # pa PL P2
a;v prime M, P2 prime
+ ! g - ps) - H - +...
> P, paln, py|n #P1 P2 P3) {PL'}?:'E?:s ) .28
,u-_;. P distinct primes
=+ i o P . H PR S—
> piln,paln, ..., P pipe-p2 pm) - H\Gm )
PP, [ distinct primes
and the proof is completed. O

Proof of Theorem 2.1 It is wanted to be shown that I,(n) = % S i) - p™/?. First, from
Lemma 2.5, we have p" = Z:ﬂ” d-Ip(d). Let H{n) = p™ and h{n) = n - I,(n), that equation
becomes H{n} =%, h(d}. From Lemma 2.8, it will imply:

d|n

. 1 .
hin) = Z#{d} ‘H{%} sn-Iin)= z;f{d} PR e L) = =1 Zp(d} M (2.9)
dln dlm dl

and it completes the proof.

O

One can show that for any natural number n, [,(n) is always a natural number. This means,
for any natural number =, at least one irreducible polynomial of degree » over £, can be found.
Therefore, a finite field with p™ elements always exists.

3 Conclusion

It has be@fproved that the number of irreducible polynomials of degree n over finite field Z, is
equal to 5 - 30, pld) - p"/4, where y is the Mobius function. Because that number is always
a natural num so it guarantees the existence of irreducible polynomial p{x) of degree n
over Z,. Thus, Z,[z]/(p(x)) becomes a finite field with p” elements. This implies that a finite
field with p" elements always exists, for any prime integer p and any natural number n. This
fact is usually just used in some book about finite fields and its applications, such as (Ling and
Aing, 2004}, but seldom to be proven.
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